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Foreword 


More than a generation of German-speaking students around the world have worked their 
way to an understanding and appreciation of the power and beauty of modern theoretical 
physics—with mathematics, the most fundamental of sciences—using Walter Greiner’s 
textbooks as their guide. 

The idea of developing a coherent, complete presentation of an entire field of science 
in a series of closely related textbooks is not a new one. Many older physicians remember 
with real pleasure their sense of adventure and discovery as they worked their ways through 
the classic series by Sommerfeld, by Planck and by Landau and Lifshitz. From the students’ 
viewpoint, there are a great many obvious advantages to be gained through use of consistent 
notation, logical ordering of topics and coherence of presentation; beyond this, the complete 
coverage of the science provides a unique opportunity for the author to convey his personal 
enthusiasm and love for his subject. 

These volumes on classical physics, finally available in English, complement Greiner’s 
texts on quantum physics, most of which have been available to English-speaking audiences 
for some time. The complete set of books will thus provide a coherent view of physics that 
includes, in classical physics, thermodynamics and statistical mechanics, classical dynam- 
ics, electromagnetism, and general relativity; and in quantum physics, quantum mechanics, 
symmetries, relativistic quantum mechanics, quantum electro- and chromodynamics, and 
the gauge theory of weak interactions. 

What makes Greiner’s volumes of particular value to the student and professor alike is 
their completeness. Greiner avoids the all too common “‘it follows that. . .”” which conceals 
several pages of mathematical manipulation and confounds the student. He does not hesitate 
to include experimental data to illuminate or illustrate a theoretical point and these data, 
like the theoretical content, have been kept up to date and topical through frequent revision 
and expansion of the lecture notes upon which these volumes are based. 

Moreover, Greiner greatly increases the value of his presentation by including some- 
thing like one hundred completely worked examples in each volume. Nothing is of greater 
importance to the student than seeing, in detail, how the theoretical concepts and tools 
under study are applied to actual problems of interest to a working physicists. And, finally, 
Greiner adds brief biographical sketches to each chapter covering the people responsible 
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FOREWORD 


for the development of the theoretical ideas and/or the experimental data presented. It was 
Auguste Comte (1789-1857) in his Positive Philosophy who noted, “To understand a sci- 
ence it is necessary to know its history.” This is all too often forgotten in modern physics 
teaching and the bridges that Greiner builds to the pioneering figures of our science upon 
whose work we build are welcome ones. 

Greiner’s lectures, which underlie these volumes, are internationally noted for their 
clarity, their completeness and for the effort that he has devoted to making physics an 
integral whole; his enthusiasm for his sciences is contagious and shines through almost 
every page. 

These volumes represent only a part of a unique and Herculean effort to make all of 
theoretical physics accessible to the interested student. Beyond that, they are of enormous 
value to the professional physicist and to all others working with quantum phenomena. 
Again and again the reader will find that, after dipping into a particular volume to review 
a specific topic, he will end up browsing, caught up by often fascinating new insights and 
developments with which he had not previously been familiar. 

Having used a number of Greiner’s volumes in their original German in my teaching 
and research at Yale, I welcome these new and revised English translations and would 
recommend them enthusiastically to anyone searching for a coherent overview of physics. 


D. Allan Bromley 

Henry Ford II Professor of Physics 
Yale University 

New Haven, CT USA 


Preface 


Thermodynamics and Statistical Mechanics contains the lectures that form part of the course 
in theoretical physics at the Johann Wolfgang Goethe-University in Frankfurt am Main. The 
lectures are given for students in physics in their fifth or sixth semester and are preceded 
by Theoretical Mechanics I (first semester), Theoretical Mechanics II (second semester), 
Classical Electrodynamics (third semester), Quantum Mechanics I (fourth semester), and 
Quantum Mechanics II—Symmetries and Relativistic Quantum Mechanics (fifth semester). 
Graduate course work, which begins with Quantum Mechanics II and Thermodynamics and 
Statistics, continues with Quantum Electrodynamics, the Gauge Theory of Weak Interac- 
tions, Quantum Chromodynamics, and other, more specialized courses in Nuclear and Solid 
State Theory, Cosmology, etc. 

As in all other fields mentioned, we present thermodynamics and statistics according 
to the inductive method which comes closest to the methodology of the research physicist. 
Starting from some key experimental observations, the framework of the theory is devel- 
oped and, after the basic equations are obtained, new phenomena are investigated from 
thereon. 

The first part of the book covers basic thermodynamics with its wide range of applica- 
tions in physics, chemistry and engineering. A large variety of examples and applications, 
as well as detailed descriptions of the necessary mathematical tools, are inserted to guide 
the reader through this vast field. Emphasis is laid on the microscopic understanding and 
interpretation of macroscopic processes. Among the subjects covered in this first part are 
the statistical interpretation of temperature and entropy (which is discussed in great detail, 
especially in the second part of this volume), thermodynamic machines, phase transitions 
and chemical reactions. 

The second part deals with statistical mechanics. Microcanonical, canonical and 
macrocanonical ensembles are introduced and their various applications (ideal and real 
gases, fluctuations, paramagnetism and phase transitions) are demonstrated. 

The third part covers quantum statistics. Beginning with ideal quantum gases, we 
discuss Fermi- and Bose gases and show their multiple applications which stretch from 
solid state physics to astrophysics (neutron stars and white dwarfs) and nuclear physics 
(nuclei, hadronic matter and the possible phase transition to a Quark Gluon Plasma). 
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PREFACE 


The last part of this book presents a survey of real gases and phase transitions. Mayer’s 
cluster expansion and the Ising- and Heisenberg- models serve as a basis for an introduction 
into this challenging new field of scientific research. 

These lectures are now up for their third German edition. Over the years many students 
and collaborators have helped to work out exercises and illustrative examples. For this first 
English edition we enjoyed the enthusiastic input by Steffen A. Bass, Adrian Dumitru, 
Dirk Rischke (now at Columbia University) and Thomas Schonfeld. Miss Astrid Steidl 
drew the graphs and pictures. To all of them we express our sincere thanks. We are also 
grateful to Professor Jes Madsen of Aarhus University in Denmark and Professor Laszlo 
Csernai of the University Bergen in Norway for their valuable comments on the text and 
illustrations. We especially thank Professor Martin Gelfand from Colorado State University 
in Fort Collins and his group of students who collected numerous misprints and drew our 
attention to several physical problems. 

Finally, we wish to thank Springer-Verlag New York, in particular Dr. Hans-Ulrich 
Daniel and Dr. Thomas von Foerster for their encouragement and patience, and Ms. Margaret 
Marynowski, for her expertise in copyediting the English edition. 
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PART 


THERMODYNAMICS 


Equilibrium and 
state Quantities 


Introduction 


The theoretical description of systems consisting of very many particles is the center of 
interest in this volume of the series of lessons in Theoretical Physics. Such many-particle 
systems can be found everywhere in nature: on the one hand, e.g., the atoms and molecules 
in gases, fluids, solids or plasmas (with most of which one has daily experience) or on the 
other hand, the quantum gas of electrons in semiconductors or metals. 

In burnt-out suns (white dwarfs) one finds the electron gas and nuclear matter (in the 
center of neutron stars and in supernova explosions), which consists of many neutrons and 
protons. Our universe was created in the “big bang” from a many-particle system of leptons, 
quarks and gluons. 

In the following we will see that all these completely different systems obey com- 
mon and very general physical laws. In particular, we will discuss the properties of such 
many-particle systems in thermodynamic equilibrium. Special emphasis will be laid on 
the microscopic point of view of statistical mechanics. Nevertheless, classical macroscopic 
thermodynamics shall not fall short, since it is of great importance: the concepts of ther- 
modynamics are very general and to a great extent independent of special physical models, 
so that they are applicable in many fields of physics and the technical sciences. 

The task of thermodynamics is to define appropriate physical quantities (the state 
quantities), which characterize macroscopic properties of matter, the so-called macrostate, 
in a way which is as unambiguous as possible, and to relate these quantities by means 
of universally valid equations (the equations of state and the laws of thermodynamics). 
Proceeding from daily experience one first sets up relations which seem to have general 
validity independent of the special physical system under consideration. These relations 
are the axiomatic laws of thermodynamics. Hence in the beginning, we have to define 
certain state quantities to formulate and substantiate the laws of thermodynamics, i.e., the 
energy law and the entropy law. These laws are, however, supplemented by a variety of 
empirically established relations between the state quantities (the equations of state), which 
are valid only for special physical systems. It is then sufficient to specify a few state 
quantities, called state variables, so that all other state quantities have certain uniquely 
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defined values. Thermodynamics cannot and will not give reasons why a certain equation 
of state describes a system. It restricts itself to making assertions concerning the state 
quantities, if a particular equation of state is given. It is already of great value to know 
that an equation of state exists at all (even if one cannot give it in explicit form), to explain 
certain general relationships. 

However, the generality of thermodynamics, which is due to the fact that it is based 
on only a few empirical theorems, causes simultaneously a major restriction. The state 
quantities are phenomenologically defined by means of a prescription on how to measure 
them. Thermodynamics cannot make any assertions concerning reasons and interpretations 
on the microscopic level, which for the most part depend on a physical model. In particular, 
the very illustrative interpretation of the central concept of heat by means of the statistical, 
thermal motion of particles is not a subject of thermodynamics. Nevertheless, several times 
we will understand certain concepts only if we anticipate ideas pertaining to the microscopic 
regime. As already mentioned above, we are concerned with the equilibrium state. We 
will therefore precisely define this fundamental term and distinguish it from stationary or 
nonequilibrium states. Due to this restriction, equilibrium thermodynamics is not able to 
describe the temporal evolution of processes. However, it is possible, by a mere comparison 
of equilibrium states, to decide whether a process can happen or not. Here the concept of 
infinitesimal changes of state is extensively used. In thermodynamics one mostly deals 
with functions of more than one variable; hence we will often have to handle differentials 
and line integrals. We will not too much bother about mathematical rigor; rather we will 
try to gain insight into the physical fundaments. Many students regard thermodynamics as 
very abstract and “dry.” Hence we have included, as in the other volumes of this series, a 
variety of illustrative examples and problems, which shall illuminate the general notions of 
thermodynamics. 


Systems, phases and state quantities 


The concept of a thermodynamic system requires further specification. We define it to 
be an arbitrary amount of matter, the properties of which can be uniquely and completely 
described by specifying certain macroscopic parameters. The matter under consideration is 
confined by physical walls against the surroundings. If one makes further, special demands 
concerning these walls (i.e., the container), one distinguishes: 


a. Isolated systems 
These do not interact in any way with the surroundings. The container has to be im- 
permeable to any form of energy or matter. Especially, the total energy E (mechanic, 
electric, etc.) is a conserved quantity for such a system and can thus be used to char- 
acterize the macrostate. The same holds for the particle number N and the volume 
Vv. 

b. Closed systems 


Here one allows only for the exchange of energy with the surroundings, but not for 
the exchange of matter. Thus, the energy is no longer a conserved quantity. Rather, 
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the actual energy of the system will fluctuate due to the energy exchange with the 
surroundings. However, if the closed system is in equilibrium with its surroundings, 
the energy will assume an average value which is related to the temperature of the 
system or of the surroundings. One can use the temperature, in addition to N and V, 
to characterize the macrostate. 


c. Open systems 
These systems can exchange energy and matter with their surroundings. Hence, neither 
the energy nor the particle number are conserved quantities. If the open system is in 
equilibrium with its surroundings, mean values of the energy and the particle number 
are assumed which are related to the temperature and the chemical potential (defined 
below). One can use the temperature and the chemical potential to characterize a 
macrostate. 


It is obvious that at least the isolated system is an idealization, since in reality an 
exchange of energy with the surroundings cannot be prevented in the strict sense. However, 
by means of well-isolated vessels (dewars) isolated systems can be approximately realized. 

If the properties of a system are the same for any part of it, one calls such a system 
homogeneous. However, if the properties change discontinuously at certain marginal sur- 
faces, the system is heterogeneous. One calls the homogeneous parts of a heterogeneous 
system phases and the separating surfaces phase boundaries. A typical example for such 
a system is a closed pot containing water, steam and air. The phase boundary in this case 
is the surface of the water. One speaks of a gaseous phase (steam and air) and of a liquid 
phase (water). In some cases the macroscopic properties of a system depend on the size (and 
shape) of the phase boundaries. In our example, one has different macroscopic properties 
if the water covers the bottom of the pot or if it is distributed in the form of small drops 
(fog). 

The macroscopic quantities which describe a system are called state quantities. Besides 
the energy E, the volume V, the particle number N, the entropy S, the temperature T, the 
pressure p and the chemical potential jz, such quantities include also the charge, the dipole 
momentum, the refractive index, the viscosity, the chemical composition and the size of 
phase boundaries. On the other hand, microscopic properties, e.g., the positions or momenta 
of the constituent particles, do not fall under the definition of state quantities. We will see 
later on (cf., the Gibbs phase rule) that the number of state quantities which are necessary 
for a unique determination of a thermodynamic state is closely related to.the number of. 

|_ phases of a system. It is sufficient to choose a few state quantities (state variables), such 

‘ that all other state quantities assume values which depend on the chosen state variables. 
The equations which in this way relate state quantities are called equations of state. The 
equations of state of a system have to be specified by empirical means. To this end one often 
uses polynomials of the state variables, the coefficients of which are then experimentally 
determined. It is important to realize that in most cases such empirical equations of state 
are in reasonable accordance with experiments only in a very limited range of values of the 
state variables. In particular, we refer in this context to the concept of the ideal gas, which 
one often uses as a model for real gases, but which allows for reliable assertions only in the 
limit of low density. 
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In general one distinguishes two classes of state quantities: 


a. Extensive (additive) state quantities 

These quantities are proportional to the amount of matter in a system, e.g., to the particle 
number or mass. Characteristic examples of extensive properties are the volume and 
the energy. In particular, an extensive state quantity of a heterogeneous system is 
additively composed of the corresponding extensive properties of the single phases. 
Thus, the volume of a pot containing water, steam and air is the sum of the volumes 
of the fluid and gaseous phases. The most characteristic extensive state quantity for 
thermodynamics (and statistical mechanics) is the entropy, which is closely related to 
the microscopic probability of a state. 


b. Intensive state quantities 

These quantities are independent of the amount of matter and. are not additive for the 
particular phases of a system. They might assume different values in different phases, 
but this is not necessarily the case. Examples are: refractive index, density, pressure, 
temperature, etc. Typically, intensive state quantities can be defined locally; i.e., they 
may vary spatially. Consider, for instance, the density of the atmosphere, which is 
largest at the surface of the earth and continuously decreases with height, or the water 
pressure in an ocean, which increases with increasing depth. 


For the moment, however, we will confine ourselves to spatially constant intensive 
properties. To determine the spatial dependences of intensive state variables requires ad- 
ditional equations (e.g., from hydrodynamics), or one has to use further equations of state 
(without exact knowledge about their origin). One often passes over from extensive state 
quantities to intensive state quantities which essentially describe very similar physical prop- 
erties. For example, the energy, the volume and the particle number are extensive quantities, 
while the energy per unit volume (energy density) or the energy per particle, as well as the 
volume per particle, are intensive state quantities. Extensive variables change in proportion 
to the size of a system (if the intensive properties do not change and if we neglect surface 
effects), but this does not yield any new insight into the thermal properties of the system. 


Equilibrium and temperature—the zeroth law of thermodynamics 


Temperature is a state quantity which is unknown in mechanics and electrodynamics. It is 
specially introduced for thermodynamics, and its definition is closely connected with the 
concept of (thermal) equilibrium. Equality of temperature of two bodies is the condition 
| for thermal equilibrium between these bodies. Thermodynamic state quantities are defined 
(and measurable) only in equilibrium. 

Here the equilibrium state is defined as the one macroscopic state of a closed system 
which is automatically attained after a sufficiently long period of time such that the macro- 
scopic state quantities no longer change with time. However, it requires some caution to 
use the notion of thermodynamic equilibrium for such a system. For example, it is not 
yet clear whether our universe is converging toward such an equilibrium state. Thus we 
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exclusively restrict our considerations to situations where the existence of an equilibrium 
state is obvious. It is often reasonable to speak of thermodynamic equilibrium even if the 
State quantities still change very slowly. For instance, our sun is by no means in an equilib- 
rium State (it continuously loses energy through radiation). Nevertheless, the application 
of thermodynamic state quantities makes sense in this case, since the changes proceed very 
slowly. Suppose that, in an isolated system, one brings two partial systems, each formerly 
in equilibrium, into thermal contact (no exchange of matter) with each other. Then one 
observes, in general, various processes which are connected with a change of the state 
quantities, until after a sufficiently long time a new equilibrium state is attained. One calls 
this state thermal equilibrium. As experience has shown, all systems which are in thermal 
equilibrium with a given system are also in thermal equilibrium with each other. Since this 
empirical fact, which we will use as the foundation of our definition of temperature, is very 
important, one calls it also the zeroth law of thermodynamics. 

Hence systems which are in thermal equilibrium with each other have a common in- 
tensive property, which we denote as temperature. Therefore, systems which are not in 
thermal equilibrium with each other have different temperatures. However, thermodynam- 
ics tells us nothing about the time which passes until thermal equilibrium is reached. We 
now can precisely define the notion of temperature by specifying how and in which units 
temperature is to be measured. The measurement is done as follows: a system whose ther- 
mal equilibrium state is uniquely connected with an easily observable state quantity (i.e., a 
thermometer), is brought into thermal equilibrium with the system whose temperature is to 
be measured. The state quantity to be observed can be, for instance, the volume of a fluid 
(fluid thermometer) or of a gas (gas thermometer), but the resistance of certain conducting 
materials is also suitable (resistance thermometer). 

We want to mention at this point that the concept of temperature can also be extended 
to systems which are not as a whole in thermal equilibrium. This is possible as long as one 
can divide the total system into partial systems, to which one can assign local (position- 
dependent) temperatures. In this case, the system is not in so-called global equilibrium, 
but rather is in local thermal equilibrium. We encounter such systems, for example, in 
heavy-ion collisions or in stars, where different zones may have different temperatures. 

Moreover, it is not necessarily essential to put the measuring apparatus (thermome- 
ter) in direct contact with the system (in thermal equilibrium). For instance, the surface 
temperature of the sun or the temperature of the flame of a burner can be determined by 
measuring the spectrum of the emitted electromagnetic radiation. The supposition is that 
the local thermal equilibrium is not essentially disturbed by the processes which happen 
(radiation). We will return to these questions when we discuss global and local equilibrium 
more extensively. 

As we can see, the procedure of measuring the temperature is connected with an equa- 
tion of state, i.e., the relationship between the observed state quantity (volume, resistance) 
and the temperature. Therefore, we also have to choose a standard system by means of 
which we can fix a general temperature scale. Here one exploits the fact that many different 
kinds of gases behave similarly if they are dilute. One can use the volume of a certain 
definite amount of such a gas (at a certain non vanishing pressure) as a measure for the tem- 
perature, and can calibrate other thermometers accordingly. We define the thermodynamic 
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temperature JT with the help of the volume of such a dilute gas as 


T = To — (1.1) 
Vo 


at constant pressure and constant particle number. See Figure 1.1. 
By defining a particular temperature 7p for a standard volume Vo (e.g., at 


scale a pressure of one atmosphere) we can consequently also fix the scale. Today 
ee ae one usually takes the melting point of ice as T = 273.15 K, where the unit is 
Smccuns named in honor of Lord Kelvin, who made important contributions to the field of 
drop thermodynamics. Historically, the unit of temperature was fixed by defining the 
Anes temperature of the melting point of ice as 0°C and that of boiling water as 100°C 
gas (at atmospheric pressure), which is Celsius’ scale. The conversion to Fahrenheit’s 

Figure 1.4. Gas scale is y[°C}] = (5/9) (xP F]—32). . 
thermometer. If one plots the volume of a dilute gas versus the temperature in °C, one finds 

a crossing point with the abscissa at the temperature —273.15°C (Figure 1.2). 
Of course, one cannot experimentally measure the volume of 
Vv 


-273.15 


a gas at very low temperatures, since liquefaction sets in, but one 
can extrapolate to the crossing point. Thus we have constructed 
an idealized system (an ideal gas), the volume of which is just 
V = Om? at the absolute temperature (which we shall simply call 
the temperature) T = OK. At first sight, it may seem unpractical 
to use such an idealized system, which never can serve as a real 
thermometer (at low temperatures), to define the unit. 

From the statistical point of view, however, we shall see that 


-100 0 100 200 
T(°C) 


Figure 1.2. VT diagram of adilute gas. this notion of temperature yields very simple relationships in the 


kinetic theory of gases. For example, our absolute temperature is 
directly proportional to the mean kinetic energy of gas particles (cf. Example 1.1) and thus 
attains a simple and illustrative microscopic meaning. In particular, we can observe that 
there are no negative absolute temperatures in thermodynamic equilibrium, for if all particles 
are at rest (Zero kinetic energy), the mean energy is zero and thus also the temperature. 
Negative kinetic energies, however, are impossible. Later on we shall see that one can 
nevertheless define negative temperatures for certain nonequilibrium states or subsystems. 
It is of great importance to separate the notion of equilibrium from that of a stationary 
state. In a stationary state the macroscopic state quantities are also independent of time, but 
these states are always connected with an energy flux, which is not the case for equilibrium 
States. For instance, let us consider an electric hot plate, which can be found in many 
households. If one puts a pot with a meal on top of it, after some time a stationary state will 
be attained where the temperature of the meal will not change any longer. This, however, is 
not a State of thermal equilibrium as long as the surroundings have a different temperature. 
One must continuously supply the system with (electrical) energy to prevent the cooling of 
the dish, which continuously radiates energy (heat) into the surroundings. This system is 
not isolated, since energy is supplied as well as emitted. 
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Example 1.1: The ideal Gas 


To illustrate the basic concepts of thermodynamics, we will consider an ideal gas in greater 
detail. Such an ideal gas is characterized by the fact that the particles are considered (as in 
classical mechanics) to be noninteracting, pointlike particles. It is obvious that this is only 
a simple model of a real gas, the particles of which have atomic dimensions and do interact. 
The approximation is the better the more dilute a gas is. 

Already in 1664, R. Boyle, and shortly later (1676) but independently from him, E. 
Mariotte found a general relationship between the pressure and the volume of a gas at constant 
temperature (Figure 1.3): 


PV = poVo, T = const. 


where we define the pressure as the force per unit area which acts perpendicularly on the area 
O. Microscopically, the origin of pressure is the fact that particles hit the area, where they 
are reflected and transfer a certain momentum. Not until 1802 did Gay-Lussac consider the 
dependence of the volume of a gas on temperature. The corresponding equation is identical 
with our definition of the absolute temperature, 


V=—WV, Pp = const. 


The quantities po, Vo, and 7> are the pressure, volume, and temperature of 
an arbitrary but fixed state. Now we can ask what relationship holds between 
pressure, volume and temperature if we move from the state (9, To, Vo) toa final 
state (p, T, V). To this end we first change the pressure at constant temperature, 
until we reach the desired pressure p, where a volume YV, is attained 


p(10 Pa) 


PVs = PoVo, To = const. 


Now we change the temperature at constant pressure to obtain 
be @ & fs 


E le 
V(10°m*) V=7V, p= const. 
0 
Figure 1.3. pV diagram for 1 
mol of an ideal gas. If we eliminate the intermediate volume V,; from both equations we have 
V V 
Hag) EO const. 
T To 


Since the expression pV /T is an extensive quantity it must, under the same conditions, increase 
proportionally to the particle number; i.e., it must equal kN, where we introduce Boltzmann’s 
constant of proportionality k = 1.380658 - 10-% J K~!. We obtain 


V V 

Eg EES Se ae (1.2) 

a To 

This is the ideal gas law, as we will often use it; it is also an example of an equation of state: 
the pressure is the product of particle density p and the temperature. 
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Kinetic theory of the ideal gas 


We now show that the temperature of an ideal gas can be very simply understood as the 
mean kinetic energy of the particles. To this end we want to introduce at this stage some 
concepts of statistical mechanics which will be extensively used afterwards. Each particle 
of the gas has a velocity vector ¥ which will, of course, drastically change with time. For 
an equilibrium state, however, on average there will always be the same number of particles 
in a certain interval d*v of velocity, although individual particles change their velocities. 
Therefore, it makes sense to ask for the probability that a particle is in the interval d 34, i.e., to 
speak of a velocity distribution in the gas which does not change with time in thermodynamic 
equilibrium. We do not want to consider its exact form at this point; for our purpose it is 
sufficient to know that such a distribution exists! (In the next example we will investigate 
the form of the distribution in greater detail.) We write for the number of particles dN (v) 
in the velocity interval around v 


Beene: . 1d 
dN = Nf (v) d°u, f@) = ae (1.3) 


where f (Uv) is the velocity distribution, and of course it must hold that ‘ieee fv) 2 = 1. 

As mentioned above, the pressure of the gas originates from the momentum transfer of the 
particles when they are reflected at a surface A (e.g., the wall of the box). 

If we assume the z-axis of our coordinate system to be perpendicular 

to the area A, a particle of velocity v which hits that area transfers the 


a momentum p = 2mv-_. Now the question is, how many such particles with 


eS 2 velocity vector v hit the surface element A during a time df? As one infers 
A from Figure 1.4, these are just all the particles inside a parallelepiped with 


basis area A and height v, dr. 

All particles with velocity v travel the distance dr = v dt during the 
time dr and therefore hit the surface, if they are somewhere inside this 
parallelepiped at the beginning of the time interval. On the other hand, the 


Figure 1.4. Scheme for number of particles with velocity v inside the parallelepiped is just 


calculating the 


pressure. 


GV ON ee 
dN = Np ee v (1.4) 


if dV/V is the fraction of the total volume occupied by the parallelepiped. It holds that 
dV = Av, dt. Each particle transfers the momentum 2mv,, so that the impulse per area A 


1S 


es _Adt 
dF, dt = 2mv,dN = 2Nmv? f (3) a? ca (1.5) 


If we omit dt on both sides this is just the contribution of particles with velocity v to the 
pressure. The total pressure then results by integrating over all possible velocities with a 
positive component v- (since otherwise the particles move in the opposite direction and do 
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not hit the wall), 


ji N +00 +00 +00 
y= Fi far = Vv / avy | dv, | dv, f (v)2mv? (1.6) 
—co —0o 0 


With the help of a short consideration we are now able to further evaluate the right hand 
side of Equation (1.6). Since the gas is at rest, the distribution f(v) cannot depend on 
the direction of v, but only on |v|. Then, however, we can write the integral He auras 
; ae dv, and thus obtain 


+00 

py = mn f dv f (B)v? (1.7) 
ies) 

This integral represents nothing other than the mean square of the velocity in the direction 

perpendicular to the surface. This mean value, however, has to be the same in all spatial 

directions because of the isotropy of the gas, i.e., 


[esr@2 = (v2) = (v;) = (v2) (1.8) 
or, since 0? = v2 + v; + v?, 
I hes | 
(ot) = 4 (6) = 4 (02) + 62) + 02) (19) 
so that we finally have 
roemae) 
DV = EI (v ) = a (€xin) (1.10) 
Here (€xin) = 4m (v") is the mean kinetic energy of a particle. If we compare this with 
the ideal gas law, Equation (1.2), it obviously holds that (€xin) = 3kT; i.e., the quantity 


kT exactly measures this mean kinetic energy of a particle in an ideal gas. In the section 
concerning the equipartition theorem we will see that this relationship is not restricted to an 
ideal gas, but can be generalized. Consequently, the importance of Boltzmann’s constant 
k, which we introduced here only for an ideal gas, will become obvious. 


Example 1.2: Maxwell’s velocity distribution 


We will now determine the functional form of the velocity distribution in greater detail. Be- 
cause of the isotropy of the gas, f(v) can be a function only of |v], or equivalently of 0*. On 
the other hand, we may assume that the velocity distributions of the single components (v,, vy, 
and v.) are independent of each other; i.e., it must be that 


f (ur + uy + uz) = F (or) F (ey) F (22) (1.11) 


We may justify this equation in the following way: the function f(v*) corresponds to the 
probability density of finding a particle with velocity 0. This, however, has to be proportional 
to the product of the probability densities of finding a particle at v,, v, and v,, as long as 
these are statistically independent events. The only mathematical function which fulfills the 
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relationship (1.11) is the exponential function, so that we can write f @?) =C exp{av’}, 
where the constants C and a must not depend on v, but may be arbitrary otherwise. 

If we assume the function (v7) to be normalizable, it must obviously hold that a < 0, 
which corresponds to a Gaussian distribution of the velocity components. The constant C can 
be determined from the normalization of the function f(v;) for each component, 


+00 +00 
i= |i dv; f (vj) = ei dv; exp {—av;} 


oo —-oO 


where we now have written —a witha > 0. The value of this integral is well known; it is 
/m/a, i.e., C = ./a/m. Now we are even able to calculate the constant a for our ideal gas, 
if we start from Equation (1.10) 


= ie an i dv f (b)v? 


=m i du, f (v2) i Uy. (9) i dv,v? f (v2) 


oO —0O OO 


+00 
= mf dv, f (v;)v? 


—-oO 
a +00 

=m,/— / dv; exp {-av?} ue 
XT Sco 


a +00 
2m,/ — i dv: exp{—av:}v? 
Tw Jo = 


If we substitute x = av? we find, with dv, = 


a ] +00 
li — a — dxiema 
nicg lors 


We will often encounter integrals of this type. They are solved in terms of the P'-function, 
which is defined by 


1 dx 
2J/a Je’ 


+00 
E@ = i ane x 
0 


With P(1/2) = /x,P(1) = 1, and the recursion formula P(z+1) = zP(z), we may readily 
calculate arbitrary integrals of this type for positive integer and half-integer z. We have, with 


P3/2) = 1/2-P0/2) = /x/2, 


] 3 lm m 
i= ——Pf = = - _— — 
” SK (5) Dea as 


The velocity distribution in an ideal gas for a component v; therefore reads 


a m 2 
Op = [5 exp {a3} =, aaaF O*P {= Sart (1.12) 


and the total distribution is 


Ee m_ \3/2 —mv? 
f@) = (==) exp a (1.13) 
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These expressions are normalized and fulfill Equation (1.11). The total distribution was first 
derived by Maxwell and is named after him. In this derivation we have relied on several 
general heuristic assumptions. However, we will see that Equations (1.12) and (1.13) follow 
from first principles in the framework of statistical mechanics. 


—_—__eeeeeeee ee — 


Pressure, work and chemical potential 


In the last section we explicitly dealt with the central notion of temperature. Now we 
want to discuss several other state quantities. Further state quantities will be defined in 
the following sections. We will, in general, measure amounts of matter in terms of the 
particle number N. Since N assumes very large values for macroscopic systems, one often 
uses multiples of Avogadro’s number N4 = 6.0221367 - 1073. The atomic mass unit u is 
especially convenient for measuring masses of single particles (atoms and molecules); it is 
defined by 


i 
l= am 1.14 
D (1.14) 
i.e., via the mass of one atom of the carbon isotope !7C. This unit is very useful, since atomic 
masses are nowadays very precisely measured in mass spectrometers which are particularly 
easily calibrated with carbon compounds. Avogadro’s number is just the number of particles 


with mass 1u which altogether have the mass 1g, 


1 
Nie ~ = 6.0221367 - 103 (1.15) 
u 
The quantity V4 particles is also called 1 mole of particles. If a system consists of several 
kinds of particles, for instance Nj, No,..., N, particles of n species, the so-called molar 
fraction X is a convenient quantity for measuring the chemical constitution, 
Ni 
= (1.16) 
N, + No+---+N, 
As one can see from the definition, it always holds that Ss X; = 1. The molar fraction 


therefore denotes the fractional constitution of a system. It is an intensive variable and may 
assume different values in different phases. 

The pressure can be understood in purely mechanical terms as a force which acts 
perpendicularly to a known area A. 


Ee 
A 


We therefore have [p] = N m~” = Paas the unit. Interestingly enough, pressure has the 
same dimension as energy density, since 


ee (1.17) 


1Nm~? = Ikgms~? m~? = 1Jm73 
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We will often find for particular systems that the pressure is related to the energy density 
mostly in a very simple way. For the ideal gas this is immediately clear: the pressure is the 
product of the particle density and the kinetic energy of the particles, i.e., the temperature. 
Therefore p = ze, where e = p (Exjn) is the (kinetic) energy density of the ideal gas. 

Analogously to the temperature, the pressure also can be defined locally, i.e., in a small 
partial system. To measure the pressure one puts a small test area (unit area) into the system 
and measures the force which the system exerts on one side of the area. The other side 
of the test area has to be mechanically isolated from the system. On this side there may 
be a known reference pressure po. The pressure difference p — po between the system’s 
pressure and the internal pressure of the barometer causes an effective force which acts on 
the test area. 

A central quantity of thermodynamics (and physics in general) is the energy. We are 
well acquainted with kinetic and potential energy from mechanics, as well as with electrical 
or magnetic energy from electrodynamics and with the chemical energy, which is also 
of electrical origin. In thermodynamics, only the total energy of a system, which is a 
macroscopic quantity, plays a role: the energy of a single particle has no meaning, but the 
mean energy per particle E/N is very important. Thermodynamics does not tell us how 
the total energy is distributed over the individual particles. As an example for the forms of 
energy mentioned above we will use the concept of work from mechanics in thermodynamic 
problems. We have 


SW = —-F,-ds (1.18) 


if F; is the force exerted by the system and ds is a small line element. The minus sign in 
Equation (1.18) is purely convention in thermodynamics: we count energy which is added 
to a System as positive, and energy which is subtracted from a system as negative. As an 
example for work performed on a system we consider the compression of a gas against its 
internal pressure (Figure 1.5). In equilibrium, the external force F, is just equal to the force 
F; = pA which is exerted by the pressure p on a piston with area A. 

If one pushes the piston a distance ds further into the volume against the 
force exerted by the system, the amount of work needed is just 


5W = pAds > 0 (1.19) 


since ds and F; point in opposite directions. Now Ads = —dV is just the 
decrease of the gas volume dV < 0 in the container, and we have 


Figure 1.5. Concerning éW = —pdV (1.20) 
the compressional work. 

As one readily realizes, this equation also holds for an expansion. Note 
that we may only consider an infinitesimal amount of work, since the pressure changes 
during the compression. To calculate the total compressional work one needs an equation 
of state p(V). 

It is a general property of the energy added to or subtracted from a system that it is 
the product of an intensive state quantity (pressure) and the change of an extensive state 
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quantity (volume). We can illustrate this with further examples. If the system, for instance, 
contains an electric charge q, this charge gives rise to an electric potential @. If one wants 
to add another charge dq with the same sign to the system, one has to perform an amount 
of work 


dW = odq (1.21) 


The locally defined electric potential is the intensive quantity which describes the resistance 
of the system against adding another charge, just as the pressure is the resistance against a 
compression. The sign in Equation (1.21) is caused by the fact that adding a positive charge 
while the potential is positive corresponds to work performed on a system. 

If our thermodynamic system has an electric or magnetic dipole moment, adding 
another dipole to the system requires the work 


8We = E-dDe (1.22) 
bWinag = B ‘ Dive (1.23) 


Here the intensive field quantities are the electric and magnetic fields (E and B), while dD 
denotes the change of the total dipole moment, which is an extensive quantity. 

To complete our list of possible realizations of work we consider the work necessary 
to add another particle to a thermodynamic system. One might think that this does not 
require any work at all, but this is not the case. Our system should maintain equilibrium 
after adding the particle; therefore we cannot simply put the particle at rest into the system. 
Rather, it has to have a certain energy that is comparable to the mean energy of all the other 
particles. We define 


dbW =pudN (1.24) 


as the work necessary to change the particle number by dN particles. The intensive field 
quantity is called the chemical potential and represents the resistance of the system against 
adding particles. It is obvious that one can define and measure the chemical potential with 
the help of Equation (1.24) as well as one can measure the electric potential with Equation 
(1.21). If the system consists of several particle species, each species has its own chemical 
potential jz;, and dN; is the change in the particle number of species 7. This is valid as long 
as the particle species do not interact with each other. 

All different kinds of work have the generic property that they can be converted into 
each other without restrictions. For example, we can lift a weight with electrical energy 
or gain electrical energy from mechanical work with the help of a generator. There is no 
principle objection that these conversions do not proceed completely, i.e., with a rate of 
100%, although real energy converters always have losses. 


Heat and heat capacity 


The situation is completely different with another kind of energy which is of principle 
importance for thermodynamics: heat. From the historical point of view R.J. Mayer (1842) 
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was the first to realize, after some fundamental considerations by Earl Rumfort (1798) 
and Davy (1799), that heat is a special form of energy. It is a daily experience that work 
performed on a system (of mechanical or electrical origin) often increases the temperature, 
and one can use this property to define an amount of heat. We therefore define 


Oo — Cay (1.25) 


Here 5Q is a small amount of heat which causes the increase dT in the temperature of a 

system. The constant of proportionality C is called total heat capacity of the system. To 

fix a unit for C we have to define a standard system. Formerly, one had the thermochemical 

calorie as the unit for heat; this is the amount of heat which warms |g water from 14.5°C 
to 15.5°C. This corresponds to the definition Cy, 4,0, 1sec = 1 cal/°C. 

By precise measurements Joule was able to show around 

1843-49 that 1 cal of heat is equivalent to 4.184 Joule of 

~ —_—> mechanical work. By stirring, he conveyed an exactly de- 

fined amount of mechanical work to an isolated container of 

= water, and measured the corresponding increase in tempera- 

Ye = ture. Nowadays one produces a defined amount of heat mainly 

through the electrical resistance heater, which was also inves- 


Figure 1.6. Particles with a) parallel and b) tigated by Joule. The SI unit for the heat capacity is also 
statistically distributed momenta. be 


The principle qualitative difference between work and 
heat is very simply explained in the microscopic picture. According to that picture, heat 
is energy which is statistically distributed over all particles. For instance, let us consider 
some particles with parallel (ordered) momenta which move in one direction. The kinetic 
energy of these particles can be completely regained at any moment and can be converted 
into other forms of energy, e.g., by decelerating the particles through a force. However, 
if the particles move in a completely disordered and statistical manner, it is obviously 
not possible to extract all the kinetic energy by a simple device. For instance if one ex- 
erts a force on the particles, like in Figure 1.6a, some particles would be decelerated and 
others would be accelerated, so that one cannot extract the total kinetic energy from the 
system. 

It is therefore considerably simpler to change work into heat, which practically always 
happens by itself than to gain utilizable work from heat (here one always needs a thermo- 
dynamic engine). Here again the exceedingly large number of particles in macroscopic 
systems plays an important role. For instance, it might be possible to create, under certain 
circumstances, an appropriate (space-dependent) force field for the few particles in Figure 
1.6b, with the property that it decelerates all particles, while the particles transfer their 
kinetic energy to the creating mechanism of the field. However, for 10”° particles this is 
unimaginable, and in the thermodynamic limit N -> ©o it is impossible. 

At this point we want to return once more to the heat capacity defined in connection 
with Equation (1.25). Obviously, the amount of heat 4 Q is an extensive quantity, therefore 
also the total heat capacity has to be an extensive quantity, since temperature is an intensive 
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variable. Thus, one can define an intensive quantity, the specific heat c, via 
C = ae (1.26) 


with m being the mass of the substance. Itis also possible to define the specific heat on a mo- 
lar basis, C = ncpoi, withn = N/N,. The quantity c,,,; is the molar specific heat. When 
applying Equation (1.25), one has to take care of the fact that the heat capacity may depend 
on the external conditions under which heat is transferred to the system. It matters whether 
a measurement is performed at constant pressure or at constant volume. One respectively 
distinguishes cy and cp, the specific heats at constant volume and constant pressure, and 
denotes this by an index. Since we will investigate the relationship between cy andc p later 
on, we will now be content with noting that the definition cy,9 = 4.184 J K~! g7! holds at 
constant atmospheric pressure. 


The equation of state for a real gas 


As already mentioned, it is in general sufficient to fix a few state variables for a system. 
Then all other quantities assume values that depend on these state variables. We have 
encountered some examples: 


PV = poVo, i—- const. (1.27) 


or 
Y= — Vo, Pp = const. (1.28) 


As a standard example for a general equation of state which connects all relevant variables, 
we have the ideal gas law 


pV = NkT (1.29) 


which is, however, valid only for dilute gases (low pressure). Measuring the pressure of an 
ideal gas at constant temperature, particle number and volume, we can determine the value 
of Boltzmann’s constant with the help of Equation (1.29). In most cases one takes N = Na 
particles, i.e., just one mole, and obtains 


Nak = R = 8.31451 J K7! mol"! (1.30) 


The constant Nak = R is named the gas constant. 
In thermodynamics one often assumes equations of state to be polynomials of a variable. 
If Equation (1.29) is correct for low pressures (p ~ 0), the ansatz 


Devil a BU pCi lp 4 (1.31) 


should be a more sophisticated equation of state for larger pressures. As a first approximation 
terminates the virial expansion Equation (1.31)) after the linear term; the coefficient B(T) 
can be determined experimentally. The quantity B(T) is called the first virial coefficient. 
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If one does not expand the equation of state of a real gas in terms of low pressure, but rather 
in terms of low density, one obtains an analogous equation, 


/ N 2 N : 
pV NiT Bi) Gh) | ee (1.32) 


which is often also called the virial expansion. Figure 1.8 shows that many gases are 
described by the same virial coefficient, scaled to the main characteristic quantities of 
the interaction potential Uo between the particles. These characteristic quantities are the 
range of interaction ro, and the depth of the potential. Two possible forms of the potential 
between the atoms of, e.g., rare gases are illustrated in Figure 16.2. The potential vanishes 
for large interparticle distances; hence all these gases resemble an ideal gas for low densities 
(large mean particle distance). For medium distances (~ ro) the potential has an attractive 
region, while it is strongly repulsive for small distances. This repulsion is caused by a 
large overlap of the atomic electron clouds, as long as a chemical bond between these 
atoms is not possible (no mutual molecular orbits). Thus, one can assume the atoms to be 
approximately hard spheres with a certain proper volume, which is given by the (mean) radii 
of their electron clouds. Beyond this region, however, the atoms feel an attractive force 
(van der Waals interaction). Therefore, so-called simple gases (namely those for which 
our schematic interaction is a good approximation, like Ar, N2, etc.) show quite similar 
behavior. Differences are only due to the different sizes of the atoms (measured in terms of 
ro) and the different strengths of the interaction (measured in terms of Ug). Since the first 
virial coefficient has the dimension of a volume, one should obtain similar curves for all 
gases, if one plots B(T) in units of the atomic or molecular proper volume, ~ ae and if one 
plots the temperature, which is closely related to the kinetic energy of the particles, in units 
of the potential depth Up. Figure 1.8 shows that these considerations are indeed correct. 
Also shown is a numerical calculation of the virial coefficient, performed via methods of 
statistical mechanics (cf. Chapter 16) for a Lennard—Jones potential. The parameters ro and 
Up of the potential are fitted to obtain optimum agreement with the data. 

Another well-known equation of state for real gases is the equation of van der Waals 
(1873), which is made plausible by the following consideration: Equation (1.29) neglects 
the proper volume of the particles, which causes V — 0 for T — 0. We can mend this if 
we substitute for V the quantity V — Nb, where b is a measure for the proper volume of 
a particle. Furthermore, in an ideal gas one neglects the interaction between the particles, 
which is mainly attractive. Let us, for instance, consider a globe containing a gas with a 
particle density N/V. Inside the globe, the forces acting between the particles will be zero 
on the average. 

On the other hand, the particles on the surface feel an effective force in the direction of 
the interior of the globe. This means that the pressure of a real gas has to be smaller than 
that of an ideal gas. We can account for this in Equation (1.29) if we substitute the ideal 
gas pressure pjqg by P;eai + Po, Where po is the so-called inner pressure. (See Figure 1.7.) 

With pid = Preal + po, it is obvious that the pressure of a real gas is smaller by po than 
that of the ideal gas. The inner pressure po is, however, not simply a constant, but depends 
on the mean distance between the particles and on how many particles are on the surface. 
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Figure 1.7. Concerning the 
inner pressure. 
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Figure 1.8. Virial coefficients of various 
gases. 


Both dependences are in crude approximation proportional to the particle density N/V, so 
that po = a(N/V)?, where a is a constant. 
Van der Waals’ equation therefore reads 


N 2 
(> 4s (+) : (V — Nb) = NkT (1.33) 


Here a and b are material constants, which are mostly cited per mole and not per particle. 
Note that equations of state do not require any justification in thermodynamics! Solely 
decisive is the fact whether and in which region of the state quantities an equation of state 
yields an appropriate description of the behavior of a system. 


Figure 1.9. Van der Waals isotherms in the 
pV-diagram. 


In Figure 1.9 the pressure is shown as a function of the 
volume for T = const. according to Equation (1.33). The 
best parameters a and b for water are taken. Obviously, there 
is an error: for small temperatures and certain volumes the 
pressure becomes negative. This means that the inner pressure 
is too large in these regions. Furthermore, also for positive 
pressures there are regions where the pressure decreases with 
decreasing volume, i.e., where the system cannot be stable, but 
wants to compress itself spontaneously to a smaller volume. 

As we will see, the equation of state (1.33) is nevertheless 
much better than it may seem on first sight, if one additionally 
regards the gas-liquid phase transition. 

For high temperatures and low densities, van der Waals’ 
equation becomes the equation for the ideal gas. Typical 
values for the constants a and b are given in Table 1.1. 


As one notes, the proper volume b is a very small correction to the molar volume 
22.4 - 10-3 m?/mol of an ideal gas at 0°C. 


20 EQUILIBRIUM AND STATE QUANTITIES 1 


TABLE 1.1 Parameters of van der Waals’ equation 


of state 
Material a( Pa m® mol~*) b(10-3m? mol!) 
H, 0.01945 0.022 
H,0 0.56539 0.031 
N> 0.13882 0.039 
O 0.13983 0.032 
CO, 0.37186 0.043 


An often used approximation for van der Waals’ equation is obtained by setting N/V 
in the inner pressure equal to that of an ideal gas, N/V * p/kT. Then it holds that 


os 
(» 4 ce a) (V — Nb) = NkT (1.34) 
or 
V aes + pNb (1.35) 
p = op ie Pp 3 
Ee eraay 


For low pressures and high temperatures we have pa/(kT)? <« 1 and we can expand the 
denominator, with the result 


pV = NT +N (b~ —) p++ (1.36) 


As we observe, van der Waals’ equation can also be expressed by the virial expansion, with 
B(T) = N[b—a/(kT)]. If one compares this first virial coefficient with the measurements 
of Figure 1.8, one finds indeed a satisfying agreement. For high temperatures the virial 
coefficient determined from van der Waals’ equation approaches the constant value b, 
which determines the proper volume of the particles. For kT = a/b, B(T) = 0, and for 
small temperatures (kT — 0), B(T) becomes strongly negative. Van der Waals’ equation 
yields also higher order virial coefficients (C(T) # 0, etc.) in the virial expansion for low 
pressures. 


Specific heat 


In the following, we want to investigate the specific heat in more detail. As mentioned 
in the last section in context with its definition, the specific heat depends on the external 
conditions under which an amount of heat is transferred to the system. If this happens 
at constant pressure (e.g., atmospheric pressure) one obtains c,, while cy is measured at 
constant volume. The specific heats cy as well as c, can be considered functions of the 
state variables T and p, which are the most easy to control experimentally. For dilute gases 
(p -> 0), the specific heats are mainly independent of pressure and even approximately 
independent of temperature (at least for rare gases, cf. Figure 1.10). 
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Figure 1.10. Specific heat at constant volume for low pressure. 


If one interprets the specific heat as the ability of a substance to absorb energy in a 
statistically distributed way, it becomes clear that this ability increases with the number 
of degrees of freedom of a particle. For instance, particles in monatomic rare gases have 
only the possibility of translatory motion, while those in biatomic gases are also able to 
rotate. Polyatomic gases have still more degrees of freedom, e.g., those of oscillation of the 
particles relative to each other. If the pressure is no longer low, the specific heats become 
also pressure dependent. As an example we show the behavior of c, and cy for ammonia 
in Figure 1.11. The saturation line corresponds to the gas > liquid phase transition. 

At first one realizes, on inspecting Figure 1.11, that the specific heat at constant pressure 
Cp, 1s always larger than that at constant volume cy. If one adds a certain amount of heat 6Q 
to a system at constant pressure, the system will not only heat up, but in general also will 
expand, and thus it will perform volume work against the external pressure (atmospheric 
pressure). The amount of heat added is therefore not only stored in the gas in the form of 
statistically distributed kinetic and potential energy, but is also required to perform work 
against the external pressure. Thus, a system can in general store a larger amount of heat 
at constant pressure than at constant volume (c, > cy). A generally valid relationship 
between c, and cy will be derived in Example 4.12. 

Furthermore, the figure tells us that c, and cy increase strongly, if one approaches 
the phase transition from gaseous to liquid ammonia (saturation line) at constant pressure 
and decreasing temperature. A (strong) increase of the specific heat (or a divergence) as a 
function of temperature is a general sign for the onset of phase transitions. Further examples 
will prove this (cf., e.g., the figures in Chapter 17). 

The specific heats (c, and cy) increase also (continuously) with increasing pressure. 
The nearer they approach each other on average (high pressure, high density), the stronger 
are the forces between the particles of the gas. A part of the heat added is then also stored 
in the form of potential energy (not only as kinetic energy of the particles), which effects a 
larger specific heat at high densities (high pressures). 

For liquids and solids one almost always quotes the value of c, which is easier to 
measure. While liquids show quite different dependences on pressure and temperature 
(except, e.g., Hg and H20, with c, * const.), for metals the law of Dulong and Petit 
(1819) holds. According to this law, all metals have the constant specific heat c, = 
25.94J K~! mol7! over a wide range of temperatures. The specific heat is in general of great 
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Figure 1.11. Specific heats Cp and Cy of ammonia. 


importance in thermodynamics, since it is easy to measure and allows for the calculation 
of a lot of other properties. Furthermore, the precise measurement of specific heats at very 
low temperatures has shown that many properties of matter can only be understood with 
the help of quantum mechanics and quantum statistics, respectively. Thus, we will have to 
consider the specific heat quite frequently in the following. 

Finally we investigate an equation of state corresponding to an ideal gas equation for 
solids. In this case, the temperature and pressure dependence of the volume is given in a 
range of values by 


V(T, p) = Volt] + a@(T — To) — K(p — po)} (1.37) 


i.e., by a linear approximation. Here V(7, po) = Vo is an arbitrary initial state. The 
constants @ and k, 


1 0V 
e= — — (1.38) 
Vo OT |p m, 
1 aV 
—_— — (1.39) 


EXAMPLE 1.3: 
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are called the coefficient of expansion (at constant pressure) and the compressibility (at 
constant temperature), respectively. 

The coefficient of expansion of many materials is of the order of a ~ 10~> K~!, while 
the compressibility is of the order of k ~ 107!! Pa~!. This has the consequence that even 
small changes in the temperature at given constant volume may effect a very high pressure, 
i.e. large forces. 


Changes of state—reversible and irreversible processes 


It is a daily experience that a process in an isolated system proceeds by itself until an 
equilibrium state is reached. Since such processes do not reverse themselves, they are 
called irreversible. Examples of such processes are nearly all processes of daily life, in 
particular the expansion of a gas from a smaller into a larger volume or all processes which 
produce friction heat. For instance, a pendulum without a driving force will by itself cease 
to swing after some time, since its mechanical energy is transformed into heat by friction. 
The reverse process, that a pendulum starts to swing by itself while the surroundings cool, 
has never been observed. It is characteristic for irreversible processes that they proceed 
over nonequilibrium states. 

On the other hand, processes which proceed only over equilibrium states are called 
reversible. A reversible process is an idealization which is, strictly speaking, nonexistent, 
for if a system is in an equilibrium state, the variables of state have time-independent values 
and nothing happens. Reversible changes of state, however, can be simulated by small 
(infinitesimal) changes of the variables of state, where the equilibrium state is only slightly 
disturbed, if these changes happen sufficiently slowly compared to the relaxation time of the 
system. Such changes of state are also called quasi reversible. The importance of reversible 
changes of state is the following: for every small step of the process the system is in an 
equilibrium state with definite values of the state quantities, so that the total changes of the 
state variables can be obtained by integrating over the infinitesimal reversible steps. For 
irreversible processes this is not possible. During an irreversible process it is in general not 
possible to attribute values to the state quantities. 


Example 1.3: Isothermal expansion 


We consider the expansion of a gas at constant temperature (isothermal expansion, see Figure 
1.12). A constant temperature is practically realized by a heat bath, e.g., by a large vessel with 
water of a temperature T, which is attached to the system and which is in thermal equilibrium 
with the system. 

We can simply accomplish the isothermal expansion of the gas from the volume V, to 
V. by removing the external force F, which acts on the piston and maintains equilibrium. 
Thus, the gas will rapidly expand up to the volume V2, while during this process local pressure 
differences, turbulence, as well as temperature and density gradients will occur. 

This process happens by itself and would never reverse itself. Therefore it is irreversible. 
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During the expansion we cannot ascribe values to the macroscopic state quantities. We 
can do this only after an equilibrium state is reestablished. The work performed by the 
expansion of the system is zero as long as one uses an ideal massless piston. 

However, we can also perform this isothermal expansion reversibly, or at least quasi re- 
versibly, if we decrease the force at each step only by an infinitesimal amount and wait for the 
establishment of equilibrium in the new situation. The length of this waiting period depends 


T=const. 


Figure 1.12. on the relaxation time of the system. The major differences with the irreversible (isothermal) 
Isothermal expansion are that in this case the thermodynamic variables have definite values for each 
system. intermediate step and that, for instance, the equation of state is applicable. If we consider 


an ideal gas in our case, we have p = NkT/V, and we can calculate the total amount 
of work performed in the expansion of the system, 


irreversible 2 V2 veh AY V2 
i aw =— | pav = -wer [ — = —NkT ln V (1.40) 
| V v 


t 1 | 

Contrary to the irreversible expansion, our system has now done work against 
the external force F,. We note that this reversible work of the system is the maximum 
work that can be extracted from the system: there is no way to gain more work from 
a system than reversible work. 

Real expansions, of course, lie between the extreme cases of the completely 
irreversible expansion (AW = 0) and the completely reversible expansion (AW = 
—NkT |n(V2/V,)). The reversible and irreversible processes of our example are 
V, We V illustrated in Figure 1.13. 

In the irreversible case we can determine only the initial and final states, while 


P : all points of the pV -isotherm are attained during the reversible process. Although 
P; us evieiicilelle the initial and final states are identical for the reversible and irreversible process, the 
we performed work (energy balance) is completely different. Obviously, the irreversible 
P2 process wastes work. By the way, this is also the case if we consider isothermal 
0 ss aE compression. For a reversible process we need in this case the work 
tae eh Mi V V 
Figure 1.13. Different / dWw= -{ paV = —NET ln — = NET Ip 0 
ways to perform a 2 V2 V3 Vv 


process. 


Here itis assumed that in each step the force exerted on the piston is only infinitesimally 
increased. If we instead push the piston spontaneously with large effort, we have to spend 
more work, which is consumed in turbulences and finally transferred to the heat bath in the 
form of heat. 


As we see from this example, the work performed in the isothermal expansion depends 
on the way in which the process is carried out, although the initial and final states are the 
same in both cases. This is a special case of the daily experience that the work performed 
in a process, and also the transferred heat, not only depends on the initial and final state 
of the system, but also on the way of performing the process. This, however, means that 
work and heat are not suited to describing a macroscopic state in a unique way. They are 
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not state quantities! Mathematically, this means that work and heat are not exact (i.e., total) 
differentials. We will investigate this problem in detail in the next section. 

If one considers a state quantity as a function of certain variables of state (e122 
etc.), one speaks of a state function. As experience shows, the number of variables of state 
which are necessary to uniquely determine a state, depends on the possible kinds of energy 
which the system can absorb or emit. For many systems these are, for instance, heat 5Q 
and mechanical work 5 Wmech, aS well as chemical energy 6Wehem. To any of these kinds of 
energy belongs a variable of state (e.g., 7, V or N), and it is sufficient to determine these 
three quantities to fix all other state quantities. However, if the system consists of various 
particle species, a separate particle number belongs to each particle species. We will discuss 
this problem in detail when we study the thermodynamic laws and Gibbs’ phase rule. 

In the next section we want to investigate some generic properties of state functions, 
and we will restrict ourselves to functions of two state variables, for example, 


6 Ne D (1.41) 


It is often impossible to solve an equation of state for a certain quantity, and one has to be 
content with an implicit equation: 


f(@, y,z) =0 (1.42) 


It is characteristic of state quantities, and hence of state functions, that they depend only on 
the values of the state variables, but not on the way (i.e., on the procedure) in which these 
values are assumed. If one changes the state variables by dx and dy with respect to the 
initial values x and y, as is done in reversible changes of state, for the change of z we have 


_ af] yy AFC) 
) 


d 
Z By 


dy (1.43) 


y x 


It is common practice in thermodynamics to denote fixed variables in the partial differenti- 
ation in the form |, or |,. One should always do this carefully since y and x are often not 
independent from each other, but are related by the laws of thermodynamics. 


Exact and inexact differentials, line integrals 


We start from a state function 


z= f(x, y) (1.44) 
with the differential 
HAGE. 
(2 = af y) axe afte ») dy (1.45) 
Gx |, dy. 


We now introduce a more general and mathematically convenient notation. Equation (1.45) 
can namely also be interpreted as a scalar product of the gradient of f with the vector 
(4°) = dx, and be written in the form 


ERIC) =e SUG) oa: (1.46) 
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A property of such total differentials which has enormous importance for thermodynamics, 
is that the corresponding original function (state function) can be obtained, up to an additive 
constant, via line integration along an arbitrary curve. 


Ve ACHE / Tee (1.47) 
& 


The curve C leads from x = (3°) tox = (). If x(t) witht € (0, 1] is a parametric 
representation of this curve, the explicit calculation is done via 


dx(t) 
dt 


Here the integrand is only a function of the parameter t. Now the question is when a given 
differential is total, or equivalently, under what conditions the integration in Equations 
(1.47) or (1.48) does not depend on the integration contour. This is no trivial matter, of 
course, as we have already seen in considering the work 6A, which is not a total differential. 
By the way, the problem connected with Equations (1.47) and (1.48) is already known from 
classical mechanics, where we use the same formalism to calculate work! There, however, 
work is a total differential, in contrast to thermodynamics, as long as the force can be deduced 
from a potential via F = —VV(r). The existence of a potential is, in the mathematical 
sense, necessary and sufficient for Equation (1.47) to be independent of the integration 
contour. If an arbitrary differential F(x) - dx is given, this differential is complete (or 
total), if F(x) = Vf (x) fora potential f(x). The existence of a potential is still not a very 
practical criterion on which to decide whether a given differential is complete. However, 
from classical mechanics we know a simple condition for deciding whether a force possesses 
a potential. It is necessary and sufficient that 


Vx F=0 (1.49) 


1 
NO) = Ge / dt Vf GN) - He) 
0 


or 
OF, OF, OF, OF oF, OF, 
= ~ = 0 g 0 - 


a = = VU, = —"() 1. 
i oe az ax Ae nu UP) 


fF=V f is valid, Equations (1.50) reduce to 
07 f 0 f << 07 f a7 f a a7 f a? f 


dyaz  azdy Ss azdx = xz‘ WOCXOyY ~~ OYA 
This, however, means nothing else than the right to interchange the sequence of differenti- 
ation, which holds certainly for a function f(x, y, z) which is totally differentiable. Thus, 
if a differential F - dx is given (with an arbitrary number of variables), we only have to 
prove the validity of Equation (1.50) to know whether the differential is exact. 


a0) (1.51) 


eee 
Example 1.4: A simple differential 
Consider the differential 


F .d¥ = yx dx + x? dy 


EXAMPLE 1.4: A SIMPLE DIFFERENTIAL 


It is not exact, since then 


We lee COR ee 


ay ax say “Ox. 


== 2 = =i (1.52) 


should vanish, which is not the case. However, 
F .dxX = ydx +x dy (1.53) 
is exact, since 


OF, OF, _ dy ax 
oy ax ay Ox 


In this case we can calculate the function whose (total) differential is given by Equation (1.53). 
To this end we integrate along the contour 


ae x(t) a Xo + t(x — Xo) te [0,1] 
y(t) yo + t(y — yo) 


and we have, according to Equation (1.48), 
f(x, y) — fo(xo, yo) 
= i typ + #(y — yo))(& — x0) 
ae Cone? Cem) a Yo) 


\ (1.54) 
ea ee = Lig) ae A (y — yo)(x — Xo) 


1 
+ X9(y — Yo) + 5 (x — xo)(y — yo) 
= xy — Xo Yo 


By differentiating we readily confirm that 


of 
Ox 


of 
dy 


=y and =X 


i x 


Now we show that the same result is obtained via another curve C2. (See Figure 1.14.) Thus, 


let 
t 
( t € [xo, x] 
x(t) Yo 
SNe = 
t € [yo, y] 


t 
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where we have to add the integrals over both parts of the curve (the parameter ¢ has not 
necessarily to be normalized on (0, 1)): 


x 


fe i Hen CeO) 


xo 


y 
+f dt(t-0+x-1) 
y 


yo 
= yo(x — X0) + x(y — Yo) 
= XY — Xo yo 


dy(t)  __ cy gi) 
where 7, = Vonpat land = — 0, — lon part 2. 


As one notices, the result is identical with Equation (1.54). For many prac- 
tical cases the curve C2 is very convenient. It is possible to construct an exact 
differential from a nonexact differential F() - dx by multiplication with an ap- 
propriate function g(x). The determination of the function g(x), however, requires 
the solution of a system of partial differential equations. Let g(x) F(x) - dx be 
the corresponding total differential. Then we have (cf. Equation (1.50)) for n 
variables: 


= jl, 


dx(t) 
dt 


Figure 1.14. a a 
Representation of the aa (g(X) F(X) = —- (8) F;()) 
integration contours. Ox; es 
Kale eer? (1.55) 


For a given F(X), these are determining equations for the unknown function g(x). One calls 
g(x) the integrating factor. 


SSeS 
Example 1.5: The integrating factor 


Again, let the differential from Example 1.4 be given, 
F -d% = yx dx +x? dy 

We now try to determine g(x, y) insucha way that 
gF . dx = g(x, y)yx dx + g(x, y)x* dy 


—— ae, Ns — Xe x qi .56) 


Here the system of Equations (1.55) reduces to a single partial differential equation for g(x, y). 


We try to solve this via the product ansatz g(x, y) = 81(x)g2(y). If we insert this in Equation 
(1.56), it follows that 


dg\(x) 
dx 


dgo(y) 
dy 


2x81 (x)g2(y) + x7 20(y) 


= x8) (x)g2(y) + xygi(x) 
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If we divide this equation by xg, (x)g2(y) # 0, it follows after rearranging terms that 


x dgi(x) _ _y_ dgn(y) 
g(x) dx a(y) dy 


(1.57) 


Here we have achieved a complete separation of the variables x and y. We may now argue 
that Equation (1.57), which should be valid for all combinations x and y, is fulfilled only if 
both sides of the equation have constant values, i.e., if 


x dgi(x) _ poe ae) dgr(y) 
Bi(x) dx Buy) dy 
Each of these equations is readily solved. From 
d In gi(x) C= 1l d In g2(y) C 
————— = — and oS 
dx dy y 


it follows that 

In gi\(x) = (C — 1) Inx + Ky and In g2o(y) = Clny+ Kk2 
or 

Reyer e) = 1 KK ete 


where the constants C, K, and K2 are arbitrary. Since we only want to determine one special 
function g(x, y), we may choose C = 0, K; = —Kz, ie., g(x,y) = x7', Thus our 
differential is now 


= a ] 
gk dt = —(xydx +x? dy) = ydx +xdy 
5 


This is just the differential of Equation (1.53), which we already know to be anexact differential. 


ep 


Exercise 1.6: Exact and inexact differentials 
Consider the differential 
F . dx = (x? — y)dx +xdy (1.58) 


Is it exact? Calculate i C; F . dx where C; are the contours from (1, 1) to (2, 2) in Figure 
1.15. If it is not an exact differential, what is the integrating factor? Determine the original 


function. 
Solution If the differential (1.58) were exact, 
OF, OF, Le a(x? — y) = Ox ne 
ay ie ax 


would necessarily vanish, which is not the case. Therefore it is not an exact differential. We 
calculate the integrals i CG; F - dx as line integrals with an appropriate parametrization: 


F d 
c 0 
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We use 


= (1.59) 
G) (;) E 
= tel—-,l 
y OT 2 


The corresponding line integral reads 


Figure 1.15. 
Representation of 
the integration 


. 1/2 
contours. / Paes = 2 | areas = 1) +f dt2-2 
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1/2 
= ee = 
ae xe 
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For the curve C2 we analogously have 


ei) > Weal ee aOR 60 
a Pe ae ea € [0, 1] (1.60) 


The integral reads 


mn 1 
[ Fe -az= [aes t-test nen 
(G5) 0 


1 
i ditt +1) 
0 
7 
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Finally, the curve C3 is given by 


()=(ois) rea] 
GI) se [2a] 


and the integral along this curve is 


(1.61) 


nae S 1/2 1 
/ F(x) - dx = || di2- | +f UNA CG} fs) fers) 
C3 0 1/2 


1 
ier 8 | tdt 
1/2 
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All three curves yield, as expected, different values for the integral, since the differential 
is not exact. We now try to determine the integrating factor. If we denote it by g(x, y), it must 
hold that 


S (3? = ype 2 (xg, y)) =0 
dy ya(x, y)) — ry ia) = 


We will try the product ansatz g(x, y) = g1(x)g2(y). This leads to 


dgr(y) _ 
dy 


x82(y) = 22;(x)g2(y) 


(x? — y)gi(x) aos) 
dx 


or after division by g;(x)g2(y) 4 0 (g(x, y) is assumed to be nonzero, otherwise it would be 
a trivial integrating factor), 


(x2 — y @ 1 aves = 
y) 7 n go(y) — x In gi(x) = 2 
y dx 


The derivative of In(g2(y)) has to vanish, since there is otherwise no possibility to choose 
functions g; and go, so that the lefthand side equals the righthand side for arbitrary x and y. 
The reader may confirm this fact by distinguishing between all possible cases. The second 
term depends only on x, and on the right we have a constant. It follows that 


d 2 1 
Ae Ingi === = 210) 
x x x 


while g2(y) = 1, and therefore one may choose In(g2(y)) = 0. Hence we have found 
g(x,y) = © -. Indeed, 


aes 1 
gk di =(1- 5) dx+ — ay (1.62) 
x x 
is an exact differential because of 
a 1 re) 1 1 
Bie e=5 2 (2)=-z 
ay ie x? ax \x x 


We now show that the integrals f 2 oF . dx have the same value for all integrations contours. 
With the parametrizations of Equations (1.59-61), it follows that 


. 1/2 1 | 
F.dx / (1— as) 2+ | — -2dt 
iL . : (Qt + 1)? vo 


3 ie 2 dt 
7 o (at +1) 


and also that 


2! ee 1 1 
[ st-a= | (0-4 )+ apes! 
. ‘ ml pad 
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= 2 — all 


That is, along the contours C,, C2 and C3 (and along all others), one obtains the same value. 
There exists a primitive function, which we now want to determine. We integrate, starting 
from any initial point (xo, yo) to the final point (x, y) along the most convenient path: 


t 
C= ay = - t € [xo, x] 
y(t) ee — Xo) + yo Bi 
xX Xo 


and we obtain for the primitive function f(x, y) — fo(xo, yo) = f, ee gF(x) «dx 


a ] — 1 = 
F(,9) ~ falso. 0) = f aft 3 (2=2a-w+n)+t? x 
0 


xO if SE 395) 


i i —_ 
=f arfi+ i € ~ xo ~ yn} 
xo lf aA — AO 
ata) ea) 
= = 29 = Xo — Yo -- 
pS SH) xX Xo 


=x-x+ (GQ wie~ we aio) x2) 


A — AH XXO 
ee ere mee ened) 
XG Xo Bg 


=x-m+(2 : 22) 
xX XO 


By differentiation one immediately shows that this is the correct primitive function for 
Equation (1.62). 


eee 
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The Laws of 
Thermodynamics 


The first law 


In the last section we realized that heat is nothing but a special form of energy. This was 
the discovery of R.J. Mayer (1842). The perception of heat as energy which is statistically 
distributed among the particles of a system, was established by Clausius (1857): he intro- 
duced the statistical concept of the mean square of the velocity and derived the ideal gas 
law from kinetic theory. 

In physics, the principle of conservation of energy is of fundamental importance, and 
experience asserts the assumption that this principle is correct in macroscopic as well as 
in microscopic dimensions. Therefore, besides the work which is performed by or on a 
system one has also to consider the heat exchanged with the surroundings. Thus we can 
assign an internal energy U to each macroscopic system. For an isolated system which does 
not exchange work or heat with its surroundings, the internal energy U is identical to the 
total energy E of the system known from mechanics or electrodynamics. However, if the 
system is able to exchange work or heat with its surroundings, an energy law holds which is 
extended with respect to mechanics or electrodynamics. The change of the internal energy 
for an arbitrary (reversible or irreversible) change of state is given by the sum of the work 
5W and heat 5Q exchanged with the surroundings. We write 


First law: dU =6W+45Q (2.1) 


Here it is of crucial importance that the work and heat exchanged with the surroundings in a 
small change of state may depend on the way in which the procedure takes place; 1.e., they 
may not be exact differentials. Therefore we write 5 for the changes to distinguish them 
from exact differentials. 

On the other hand, the change of the total energy is independent of the way the procedure 
takes place and depends only on the initial and final state of the system. The internal energy 
therefore possesses an exact differential. Once again we explicitly remark that, e.g., the 
work has the form 5W,ey = —p dV only for reversible processes, for irreversible processes 
it may be that 5W;,, = 0. The same holds for the exchanged heat: 6Qrey = Cy dT is only 
valid for reversible processes, while Equation (2.1) is always true. 
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There exist many formulations for the first law of thermodynamics, which all have the 
same meaning, namely that in the energy balance of a system the exchanged work and heat 
together yield the total change of energy of the system. This perception is mainly due to 
R. Mayer (1814-1878) and J.P. Joule (1818-1889), who was able to prove with his precise 
experiments that heat is a special form of energy. 

Here we want to present at least a selection of these formulations of the first law, which 
are all equivalent: 


a. The internal energy U of a system is a state function. This means that the total energy 
content of a system is always the same for a given macroscopic state. 


b. There is no perpetuum mobile of the first kind. A perpetuum mobile of the first kind is 
an engine which permanently generates energy, but does not change its surroundings. 
It is for instance not only an engine which permanently works without rest, which 
would, in good approximation, also be true for our planetary system, but it is an engine 
which effectively performs work without a source of energy. 


c. The change of the internal energy for an arbitrary infinitesimal change of state is a total 
differential. 


The equivalence of assertions a) and c) follows from the preceding section: If dU 
is a total differential, there exists a state function U and vice versa. Assertion b) is also 
equivalent to c): If b) were not true, there would be a working material fora thermodynamic 
process where energy would be always generated, although after some time the system 
reached its initial state; this would contradict the contour-independence of integrating a 
total differential. 

We again stress that the energy law holds independently from the procedure for 
reversible as well as for irreversible changes of state. 


ee eee 


Example 2.1: Internal energy and total differential 


As an example we calculate the internal energy of an ideal gas. In the section “kinetic theory 
of the ideal gas” we have already derived the following equation: 


2, 
pV = NkT = a (€kin) 


where (€xin) was the mean kinetic energy per particle. In the case of the ideal gas the particles 
possess only kinetic but no potential energy; hence (€,in) is also the total mean energy. How- 
ever, the internal energy in the statistical interpretation is nothing but the total mean energy of 
the system, i.e., with U = (Exin) = N (€in) 


3 
U = 5NkT (2.2) 


In addition we want to determine the specific heat of the ideal gas. Let us consider a container 


with an ideal gas at constant volume in a heat bath of temperature 7’. If the temperature is 
changed by dT we have 


dU =5W+5Q 
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On the other hand, the work exchanged with the surroundings is, because of 
6W = —pdV =0 V = const. 


equal to zero. (Remark: changes of state at constant volunie are called isochoric). Hence it 
holds that 


Gh = Ce) ait (2.3) 


Here we have used the heat capacity Cy at constant volume. Note that 6Q can be integrated 
for the present procedure. For dilute gases the specific heat is constant (cf. figure in section 
“Specific heat’), so that we are able to integrate Equation (2.3), 


DP) = Unig) = Cv? = Iq) 


If we additionally consider that the total heat capacity is proportional to the particle number, 
Cy = Ney, we find 


U(T) — Up{To) = Ney(T — 1) (2.4) 


where cy is the constant specific heat per particle of the ideal gas. By comparison with 
Equation (2.2) one obtains 


3 3 
cy = 5k or Cyr = mo 


respectively. Again we realize the large practical importance of the specific heat. With the 
help of Equation (2.3) we can determine the internal energy of real gases from their measured 
specific heat. Quite generally, we can identify the total heat capacity at constant volume with 


aU 


o—— 
Dae wes 


since Equation (2.3) holds always for V = const. By the way, Equation (2.4) is more general 
than it seems on first sight: the specific heat of many materials may be assumed to be constant 
for a certain range of temperatures. Hence Equation (2.4) holds, e.g., also for metals and real 
gases as long as the considered differences in temperature are not too large. 


no 


Example 2.2: Adiabatic equations for the ideal gas 


We now ask for the relationship between the temperature and the volume of an ideal gas if there 
is no heat exchanged with the surroundings. A process in which there is no heat exchange is 
called an adiabatic process. According to the first law, with Q = 0 and 6W,y = —p dV it 
holds that 


dU = 5Wry = —pdV 


for a reversible adiabatic process. If the system is compressed by the volume dV, i.e., 1f work 
is performed on the system, the energy content of the system increases by dU = —pdV > 0 
(dV < 0). From equation 2.2 we know that for an ideal gas quite generally (also fordV # 0) 
it holds that dU = CydT. Therefore we obtain a relationship between dT and dV for 
adiabatic changes of the volume of an ideal gas: 


Cy dT =—pdv 
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If we insert the ideal gas law for p(V, T) we obtain 


NkT 
Cy one dV (2.5) 
This is a differential equation which describes the relationship between V and T for adiabatic 


changes of state. Since Cy = const. we can integrate Equation (2.5) by separation of variables 
from an initial state (7), Vo) to a final state (T, V), 


ds VY dv Cy Tr V 
eee = —— = —— fh — = I — 
t% Nk T ee NE 3 Vo 


If we insert Cy = 3 Nk and rearrange terms, we obtain 


3/2 
( T ) = 6 (2.6) 
ra V 


With the help of the ideal gas law we can derive equivalent equations for the relations between 
p and V or p and T, respectively; for reversible adiabatic processes, e.g., 


7 \ 5/2 Vv, \53 
(=) Se a 2 (2) (2.7) 
To Po Po 4 


Equations (2.6) and (2.7) are the adiabatic equations of the ideal gas. Note that they differ 
logically from the ideal gas law, since here we have considered a specific process (an adiabatic 
Process): exactly as for processes with constant temperature (isotherms), constant pressure 
(isobars), or constant volume (isochores) we can eliminate a variable of the ideal gas equation. 
As we will see, for adiabatic, reversible processes the total entropy of the system is constant 
(they are isentropes). Because of pV°/3 = const. the adiabates (isentropes) ina pV diagram 
are steeper than the isotherms, for which the law of Boyle and Mariott (pV = const.) holds. 


eee 


As already mentioned, the first law holds independently of whether a change of state 
is reversible or irreversible: 


Oe — 5 Wrey qe RS = b Win oF 00k (2.8) 


From the example of the isothermal expansion of an ideal gas we have already learned 
that in general the absolute value of perjormed work is larger for reversible processes 
than for irreversible processes. Analogously, the required work for an irreversible process 
(compression) is always larger than for the reversible process. Quite generally it holds, 
taking into account the sign, that 


5Win > SWrey = —pdV (2.9) 


In an irreversible process the absolute value of the (negative) waste heat radiated off is 
always larger than in a reversible process and less heat is needed: 


d Qin < 5 Qrey (2.10) 


This follows from Equation (2.8), since 6 Win > 5Wyey. Example 1.3 illustrates the validity 
of these relations. In other words, for reversible processes one requires the least work or 
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produces the most work, espectively, while for irreversible processes a part of the work is 
always converted into heat which is radiated out of the system (counted with a negative sign). 
Simultaneously the entropy of the system increases. This increase of entropy, however, 
cannot be reversed; thus originates the notation “irreversible.” 

From a practical point of view, cyclic thermodynamic processes are of special interest. 
They form the basis for all thermodynamic engines, which we will discuss in more detail 
later on. Some fundamental statements, however, can be made now with the help of the 
first law. For instance, for a cycle, where a working material regains its initial state after a 
series of changes of state, the equation 


pau =0 (2.11) 


has to be fulfilled, since dU is a total differential and thus contour-independent. If such 
a cycle nevertheless performs utilizable work, obviously a corresponding amount of heat 
(extracted from the surroundings) has been converted into this work. We want to study such 
a cycle with an ideal gas in more detail. 


Carnot’s process and entropy 


This cycle, with an ideal gas as the working material, was presented by Carnot in 1824. 
Its importance originates from the fact that it is not only to be interpreted as an idealized 
limiting case of real cycles, but that it will make some principle ideas clear to us. The 
Carnot process is performed in four successive reversible steps, which we will illustrate in 
a pV diagram (Figure 2.1): 

Step 1. Isothermal expansion from volume V; to volume V2 at constant temperature 
T;,. For the isotherm it holds that 

uz = a (2.12) 

V\ P2 
From Example 2.1 we know that the energy of an ideal gas, which is the working 
material in our case, cannot be changed at constant temperature. Consequently it 
holds that 


AU, = AW, + AQ, = 0 (2.13) 


From this we can calculate AQ, with the help of Equation (1.40): 


Vv, V4aV2 V3 V 


V. 
AQ, = —AW, = NkT In — (2.14) 
Figure 2.1. Carnot Vi 


process in the pV a ; ; : 
diagram. This is the amount of heat exchanged with the heat bath in the first step. Since 


V, > Vi, AQ, > 0; ie., the amount of heat AQ, is added to the gas at the 
expense of the heat bath. 
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Step 2. Adiabatic expansion of the isolated working material from V2 to V3. Here the 
temperature changes from Tj, to T.. The indices hf and c denote hot and cold, i.e., Th > Te: 


3/2 
ea lo (2.15) 
V> ie, 


Since AQ») = 0 (for adiabatic processes) the work performed in the expansion is taken 
from the internal energy, 


AW, = AU2 = Cy(T. — Th) (2.16) 


The sign corresponds to the direction 7, — T.. For an ideal gas, Cy — 3NK/2 1.6. Cys 
a constant independent of temperature and volume. The difference of the internal energies 
for this part of the process is given by Equation (2.16), although the volume changes, too. 

Step 3. We now compress the system isothermally from V3 to Vz at the (constant) 
smaller temperature T.. Analogously to Step 1 we have 


Ve _ Ps 

V3 pa 
The work performed during the compression is, because AU; = Oat T = const., submitted 
to the heat bath in form of heat: 


AU; = AW3+ AQ3 =0 (2.18) 


AQ; = —AW; = NkT.|n we (2.19) 
V3 
This is the amount of heat absorbed by the heat bath in this step. Since Vz < V3, it follows 
that AQ3 < 0; i-e., the gas loses this amount of heat. 
Step 4. Finally we restore the system to the initial state via an adiabatic compression 
from Vz to V;. The temperature increases again from T, to Ty: 


(2.17) 


Be OE 3/2 

yu AF, (2.20) 
Since AQ, = O it follows 

AW, = AU4 = Cy(T, — T.). (2.21) 
Let us first check the total energy balance of the process. We have 

AU ota = AQ; + AW, + AW, + AQ3 4+ AW; + AW, (2.22) 

—— $$ —— le SS 
1 2 3 4 


If we insert Equations (2.14), (2.16), (2.19), and (2.21), we immediately recognize that 
indeed AU ota) = 0, as it should be for a cycle. We have AQ; + AW, = O and similarly 
AQ; + AW; = 0, and furthermore AW, = —AW,. In addition, we have the following 
equations for the amount of heat exchanged with the heat bath: 


V. V, 
AQ) = NkT In 7 NOy Non a (2.23) 


t 3 
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state variable 2 


On the other hand we have, according to Equations (2.15) and (2.20), that 


Ve v7, . ie Vix | . 
—_- = — (6) —_- = — ° 
Van) Vi V; Sao 


Then, however, for AQ, and AQ3 we have, according to Equation (2.23), that 


NOC AO; 
4 = (0 2.2 
i” es 
This equation is of great importance, for it is valid not only for our special Carnot process, 
but according to all experience, for any reversible cyclic process. The quantity AQ/T is 
also known as reduced heat. If we decompose the Carnot process into infinitesimal parts, 
we may obviously write instead of Equation (2.25) 


SQrey 
f a 0 (2.26) 


If we are now able to prove the validity of this equation also for arbitrary closed contours 
and not only for Carnot’s process, then we have shown according to our considerations in 
the section “Exact and inexact differentials, line integrals” that the reduced heat A Qyey/T 
is contour-independent and thus an exact differential. In other words: 1/T is the integrating 
factor of the nonexact differential 5Q. 

One can deduce the equivalence of Equation (2.26) and the statement that 
5Q/T is an exact differential also from the following consideration: if one 
integrates from state 1 to state 2 and back again, it follows that 


5Q _ 5Q dQ _ 
fP-L PL Fo ss 


If one reverses the direction of integration on the curve Cz (i.e., changes sign), 
one realizes that the integral /f, 5Q/T is contour-independent. 


Tate waniabled To show that Equation (2.26) is contour-independent for an arbitrary cycle 


(and not only for Carnot’s) we divide the arbitrary cycle (Figure 2.2) into a 


Figure 2.2. Carnotcycle. sequence of infinitesimal Carnot-like parts (N — oo), as illustrated in Figure 


2.3. All dashed parts are passed twice by neighboring processes, but for each 
process in opposite direction, and thus they do not contribute. For sufficiently large N one 
can always approximate the exact shape of the general cycle by Carnot processes, to any 
desired accuracy. 

Of course, for each of these Carnot processes Equation (2.26) is fulfilled, but therefore 
also for the sum of all processes and consequently for an arbitrary cycle. 

As can be experimentally confirmed, Qyey/T is an exact differential not only for ideal 
gases, but for any other reversible thermodynamic process. In other words, there has to 
exist a state function, the total differential of which is 5Q/T. This extensive state function 
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Figure 2.3. Decomposition 
of an arbitrary cycle AW 
into many small Carnot 


processes. 
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is the entropy S, which is defined via 


5 Qrev Os, 
oS = a = i = (2.28) 
Of course, Equation (2.28) can also serve as a measuring instruction. To 
this end, one has to measure the amount of heat reversibly exchanged by 
the system at a given temperature 7’. However, by this method only entropy 
differences are determined, not absolute values of entropy. 

In the 7S plane the Carnot process is just a rectangle: T = const. in 
steps | and 3 and S = const. in steps 2 and 4. The Carnot process effectively 
performs a work AW, as can be seen from the corresponding equations, since 
the compressional work to be performed in steps 3 and 4 is smaller than the 
expansion work set free in steps 1 and 2, namely, 


= AW, + AW, + AW3 + AW, 


V. V 
== NET, ne ee ne (2.29) 
V V3 
and using Equation (2.24) 
V. 
AW = —NK(T, — T;) In =e = —(A0; + A003) (2.30) 
1 


Since T, > T, and V, > Vj, this is a negative quantity. Hence, AW is work performed 
by the gas. Obviously, a Carnot engine is an engine which transforms heat into work. The 
work performed by the engine increases with the temperature difference 7;, — T, and with 
the compression ratio V2/V,. We now want to calculate the efficiency of this engine. As 
efficiency we define the ratio between the heat transformed into work and the total heat 
absorbed, 


AW A +A A 
_ IAW! _ AQ: +40; _ |, AQ 


= = = 2.31 
AO, AO, AQ, oe 

If we insert Equation (2.25), we have 
Fee eel agee 2.32 
T;, Th is ! 


Thus, the efficiency increases with the temperature difference JT, — T.. However, since one 
cannot avoid losing a certain amount of heat A Q3, which is radiated off into the cooler heat 
bath (with 7), the efficiency (2.32) is appreciably smaller than 1. Therefore, even with 
this (idealized) engine it is not possible to transform the heat A Q;, completely into work, 
except for the case where the cooler heat bath has the temperature T. = 0 (or the hotter heat 
bath the temperature 7, —> 00). We will see that there is in principle no heat engine with 
a better efficiency than Equation (2.32). The impossibility of constructing such an engine 
leads us to the formulation of the second law of thermodynamics. 
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Entropy and the second law 


The state quantity entropy was introduced by R. Clausius in 1850. It is defined via Equation 
(2.28) as the amount of heat reversibly exchanged at a temperature 7. Since the amount of 
heat 6 Qj, exchanged in an irreversible process is always smaller than that exchanged in a 
reversible process, 5 Qrey, it holds (sign!) that 


OC io Onn= ao (2.33) 


Especially for isolated systems, we have 6Q,ey = 0. Therefore, in an isolated system the 

entropy is constant in thermodynamic equilibrium (reversibility!), and it has an extremum 

because dS = 0. Every experience confirms that this extremum is a maximum. All 

irreversible processes in isolated systems which lead into equilibrium are connected with 

an increase of entropy, until the entropy assumes its maximum, when equilibrium is reached. 

This is already a formulation of the second law, which can be abbreviated by a formula: 
Second law: For isolated systems in equilibrium it holds that 


ds =; Se eee (2.34) 
and for irreversible processes it holds that 
ds = 0 (2.35) 


In irreversible processes the system strives for a new equilibrium state. During this process 
the entropy of the system grows, until it reaches a maximum in equilibrium. Note that the 
entropy of a system can also decrease, if the system exchanges heat with its surroundings. 
For isolated systems, however, 6Q = 0 and in this case Equation (2.34) is correct. The 
entropy is obviously an extensive quantity, since the internal energy as well as the amount 
of heat are extensive quantities. Therefore, when heat is exchanged at temperature 7, the 
entropy is a quantity analogous to the volume, when compression work is performed against 
a pressure p. To specify this we once again denote the first law for reversible changes of 
state in explicit form, 


HU Owen one = fas =ipdy dN ode (2.36) 


Here we have taken into account all possible energy forms that the system may exchange 
with its surroundings, and we observe that the entropy just fits in the set of extensive 
state quantities (S, V, N, g,...) which describe the change of the internal energy under 
the influence of intensive, locally definable field quantities (T, p, u, @, ...). In Equation 
(2.36), the internal energy is a function of the so-called natural variables S, V, N,q,... 
Here we can also read off the number of state variables which are necessary to uniquely 
describe a certain state. This is just the number of terms in Equation (2.36), as long as there 
are no subsidiary conditions to be fulfilled by the state. Such a condition is, for example, 
the coexistence of various phases. If the function U(S, V, N,q,...) is given, we can 
determine T, p, U, @,... via 


aU aU aU 
ers ’ = = Bap ’ [i == Bae 
as VN,q,... dV aN Gee aN SEVEO nar 


ces (2.37) 
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The function U(S, V, N,...) gives one complete knowledge of the system. Thus, 
= U(S,V,N,...) is also called the fundamental relation. Equations (2.37) are the 
corresponding equations of state. The intensive state quantities are therefore nothing but 
the derivatives of the fundamental relation with respect to the corresponding extensive state 
quantities. On the other hand, if one knows a sufficient number of equations of state, one 
can determine U(S, V, N, ...) up to some integration constants. One may also denote the 
entropy as a function of the other extensive state quantities: § = S(U,V,N,...). The 
fundamental relation illustrates that the entropy is actually a new notion in thermodynamics. 
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The state of equilibrium is defined as the state of maximum entropy, dS = 0. 


Example 2.3: 


Entropy of the ideal gas 


We want to determine the entropy of an ideal gas at constant particle number as a function of 
T and V. 
For a reversible change of state the first law reads 


dU =TdS— pdV (2.38) 


fordN = 0. With the equations of state 
g 
a= 5 NkT pV = NkT 


for an ideal gas we can solve Equation (2.38) for dS: 


3 dT dV 
dS = ~Nk— + Nk — 
2 le om V 


Starting from a state Ty, Vo with entropy So, we integrate this equation, 


0 


3 T V PCy 
S(T, V) — So(T%, Vo) = ~Nk In — In — = Nk ne me 
( ) 0(To, Vo) 3 Wire ae MD van {(Z) ( ) 


and, if we substitute V « T/p, 


rT \5? 
5. p)~ Sit wo) = an {(Z) (2)| 
2D ; 


Thus, the entropy of an ideal gas increases with temperature and volume. Note, however, that 
although N appears in Equation (2.39), the equation does not contain the full dependence on 
N for systems with a variable particle number! 

To this end, we should have added the term u dN in Equation (2.38), and we would have 
to know the function 4(N, V, T). Nevertheless, we may conclude the following: since the 
entropy is an extensive quantity, it has to be proportional to the particle number JN, i.e., 


T \5/2 
SN, Fp) = NK | solar nayei uy 2.40 
Th - (2.40) 
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where So(To, Po) is an arbitrary dimensionless function of the reference state (Tp, po). In the 
statistical treatment we will directly calculate values for so(To, po). 


Up to now we have considered the entropy from a purely thermodynamic point of view 
and have assumed some facts known from experience without substantiating them. The 
meaning of entropy, however, becomes immediately obvious, if we consider its microscopic 
interpretation. 


Insertion: Microscopic interpretation of entropy and of 
the second law 


Statistical considerations are of enormous importance for gaining deeper insight into the 
purely phenomenological relationships of thermodynamics. As we will see, it is just the 
second law which establishes a very close connection between the statistical and the phe- 
nomenological point of view. The second law formulates the well-known fact that all 
isolated physical systems converge toward an equilibrium state, where the state quantities 
do not change anymore after a certain relaxation time. Furthermore, it asserts that this 
process never reverses itself. A nice example for this fact is a gas which one spontaneously 
offers a larger volume and which will homogeneously fill this volume after a certain time 
period. A spontaneous gathering of the gas in one corner of the volume, however, has never 
been observed, although this would not contradict the law of energy conservation. 

The entropy is the state quantity that uniquely characterizes this tendency. Processes 
which happen spontaneously and lead to equilibrium are connected with an increase in 
entropy. In equilibrium the entropy thus assumes its maximum value and does not change 
anymore. Ludwig Boltzmann was the first to show, in his famous H-theorem (pronounced 
Eta-Theorem, H=greek Eta) in 1872, that this tendency can also be founded on a statistical 
description and classical mechanics. In mathematical statistics one can uniquely assign to 
an arbitrary random event a measure for the predictability of this event. This function is 
commonly denoted by H and is called uncertainty function (see Chapter 6). Boltzmann 
was able to show that the uncertainty associated with an arbitrary nonequilibrium velocity 
distribution can only grow or at least remain equal as a function of time. The Maxwell- 
Boltzmann velocity distribution (equilibrium distribution) 1s characterized by a maximum 
of the uncertainty function. This means that for the Maxwell-Boltzmann distribution the 
prediction of the momentum of a particle in a gas at given temperature is associated with the 
largest uncertainty. Analogously, a homogeneous distribution of the particles in coordinate 
space is associated with the largest uncertainty with respect to the prediction of the coordi- 
nates. Other distribution functions (e.g., all particles gathered in a corner of the box) allow 
for a better prediction. In Chapter 6 the close relationship between the uncertainty function 
and the entropy is more extensively discussed (both are simply proportional to each other). 
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An important consequence of the H-theorem is that an arbitrary (nonequilibrium) 
distribution of particles changes, after a sufficiently long period of time, into the Maxwell- 
Boltzmann velocity distribution presented in Example 1.2 and that the latter is the only 
possible equilibrium distribution (cf. also Quantum Theory: Special Problems, Exercise 
6.5). Many renowned physicists of Boltzmann’s day were of the opinion that this seemed to 
contradict invariance with respect to time reversal, which is a known principle of classical 
mechanics. This principle guarantees that if one reverses the momenta of all particles in 
the final state, the process should as well be reversed. In other words, if the diffusion of a 
gas into a larger volume can be understood in purely mechanical terms, the reverse process, 
namely the gathering of the gas in a small part of the container, should also be possible, 
if all momenta of the final state are reversed. This seeming contradiction is resolved by 
statistical investigation of the problem. 

In classical mechanics a state of motion of N particles is uniquely determined by 
the 3N coordinates and 3N momenta (q,, p,) of the N particles at a certain time. The 
set (gy, Pv) is also called the microstate of the system, which of course varies with time. 
Each microstate (q,, py) corresponds to one point in a 6N-dimensional space, the phase 
space. The set (q,,, py) 1.e., the microstate, can therefore be identified with a point in phase 
space. Let us now consider the diffusion of a gas in an initial state (q,(to), pv(to)) from 
a smaller into a larger volume. If one is really able to reverse all momenta in the final 
state (q.(t¢), pv(ty)) and to prepare a state (q, (ty), —py(t-)), the process would in fact 
be reversed. From a statistical point of view, however, this is an event with an incredibly 
small probability. For there is only one point (microstate) in phase space which leads to an 
exact reversal of the process, namely (q,(t;), —p,(ty)). The great majority of microstates 
belonging to a certain macrostate, however, lead under time reversal to states which cannot 
be distinguished macroscopically from the final state (i.e., the equilibrium or Maxwell- 
Boltzmann distribution). The fundamental assumption of statistical mechanics now is that 
all microstates which have the same total energy can be found with equal probability. 
This, however, means that the microstate (q,, —p,) is only one among very many other 
microstates which all appear with the same probability. 

Let us illustrate this. Although the microstate of the system drastically changes with 
time also, in macroscopic equilibrium we nevertheless always observe the same macro- 
scopic state quantities such as pressure, temperature, volume, etc. This means that many 
microstates lead to the same macroscopic state quantities. We will denote by Q the number 
of these microstates “compatible” with a given macrostate. However, we can readily con- 
vince ourselves that the number of available microstates for a gas which homogeneously 
occupies a volume V is overwhelmingly larger than the number of available states compat- 
ible with a smaller volume. If we characterize the macrostate by the volume V available to 
our N particles, the number of microstates 22(V) available to one particle is proportional to 
V. In fact, a single particle may assume all possible momenta —oo < p, < oo and all co- 
ordinates q, in the volume V. However, the number of coordinate cells is just proportional 
to the volume V. For N particles which are independent from each other, the numbers 
of microstates available to each particle have to be multiplied, so that OV ce VTE 
we now compare {2(V) with the number of microstates in a volume half the size, then 
$2(V/2) is proportional to (V/2)". Thus, this case is less probable by a factor (1/2) than 
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the case where the gas would homogeneously occupy the whole volume. However, for a 
macroscopic number of particles, e.g., of the order of Avogadro’s number N, ~ 1023, this 
is an incredibly small number: (1/2)!*”. 

Thus, we can interpret the statement derived from the second law—that the gathering 
of gas particles in one half of the container is impossible—in statistical terms and assert 
that it may be possible, but unimaginably improbable. In particular, we thus realize that 
thermodynamics is a special case of statistical mechanics for very many particles(N — oo), 
since then we have (1/2) —> 0, and the gathering of all particles in one half of the container 
has zero probability. Note that this holds also for any other arbitrary partial volume of the 
container, since gq’ — Oforg < land N > oo. 

Despite this simple explanation of the seeming contradiction between classical me- 
chanics and the H-theorem, Boltzmann had to fight against sharp criticism of his ideas 
during his lifetime. Besides the criticism concerning the time reversal invariance of clas- 
sical mechanics, presented mainly by Loschmidt, there were objections by Zermelo, who 
emphasized the quasiperiodical behavior of isolated systems (Poincaré cycles). 

Objections were raised by Ostwald and Mach, who were pure “thermodynamicists,” 
even against the foundation of Boltzmann’s theory, the molecular or atomistic kinetic theory 
of gases. This last criticism was evidently defeated by Einstein’s and Smoluchowski’s 
investigations of brownian motion in 1905. 

As we have already realized with the help of a simple consideration, the number of 
microstates {2 compatible with a given macrostate is a quantity very similar to the entropy of 
this macrostate. The larger &2, the more probable is the corresponding macrostate, and the 
macrostate with the largest number Qhmax of possible microscopic realizations corresponds 
to thermodynamic equilibrium. Hence, if the particles of a system have arbitrary given 
coordinates and momenta in the beginning (e.g., a gas which gathers in one corner of 
a box), (g,, Pv) assume some other values in the course of time, i.e., another possible 
microstate. All of the many possible microstates correspond to only one macrostate, namely 
the equilibrium state: thus, after a long period of time, one observes only the equilibrium 
state, with a probability that is very near to unity. In particular, in this statistical point of view 
deviations from the equilibrium state are, for a finite number of particles, not impossible 
(as thermodynamics claims), but only extremely improbable. Especially for very small 
systems or systems in extreme situations (e.g., gases at the critical point) one may indeed 
observe deviations from the equilibrium state in the form of fluctuations which have, of 
course, appreciable size only under certain conditions. 

We are now able to go one step further and try to establish a connection between the 
entropy and the number of microstates compatible with a macrostate. For two statisti- 
cally independent systems the total number of compatible microstates (2; is obviously the 
product of the numbers for the individual systems, namely Qko¢ = (2;822. We have seen 
that entropy is an extensive state quantity which is simply added for both partial systems: 
Stot = 5S; + S2. Furthermore, according to our conclusions after Equation (2.37), the 
entropy S has to assume a maximum for the equilibrium state, just as the number of com- 
patible microstates 2 assumes a maximum in equilibrium. If we now assume that there is 
a one-to-one correspondence between entropy and £2, for instance S = f (£2), there is only 
one mathematical function which simultaneously fulfills Sjo¢ = S) + Sp and Qi = 4 Qo: 
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the logarithm. Therefore it must hold that S a In Q, and this is in fact the fundamental 
relationship between thermodynamics and statistical mechanics, which we will extensively 
discuss in the course of this book. In particular, we recognize that the equilibrium state 
of thermodynamics with a maximum in entropy is the state with the largest number of 
microscopic possibilities of realizing this state. 

With the help of a simple example we can show that even small deviations from the 
equilibrium state reduce the number Q of compatible microstates so drastically that they 
may be observed in nature only as small fluctuations around the equilibrium state. 


Example 2.4: Microstates in a simple system 


Again we consider a container with volume V, whichis homogeneously filled with N particles 
of a gas in equilibrium. We now imagine the container to be divided into two compartments 
with volumes V, and V2, where V; + V2 = V, and with N, and N) particles (NV; + N2 = N), 
respectively. We set V,| = pV and V, = qV. For the fractions p and q of the total volume 
we of course have p + q = 1. 

The total number of microstates compatible with N particles and the total volume 
V has to be proportional to V, as we have already seen. According to the binomial 
theorem we have 


Es 
Qo(N,V) «VY =(V, + V2)" = SE ie AE ieee (2.41) 
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Figure 2.4. Model N\=0 


system. 


where N — N, = N2. On the other hand, 
OH Wace WA 
and 
Q2(N2, V2) « V3? 


are just the numbers of microstates compatible with the partial volumes V; and V, and the 
particle numbers N, and N2, respectively. Equation (2.41) therefore attains a very illustrative 
meaning. Let us consider a macrostate with N particles in the partial volume V;. Obviously 
there are exactly G,) possibilities of selecting these particles from a total of N enumerated 
particles. The number of corresponding microstates is proportional to en , while for the 
remaining N2 = N — N, particles in the volume V3 there are still ye? microstates which can 
be assumed. Each term in the sum is therefore the total number of microstates, if there are N; 
particles in the volume V,. One now obtains the total number of all possible microstates by 
summing over all possible particle numbers in V,;. Therefore, we may interpret the expression 


N 
Q(V1, V2, K,N) = ie) Vey ne 


as the number of microstates of the situation where K particles are in V, and N — K particles 
in V., Then we can furthermore interpret 


Q(V,, Vo, N, K) l N = N 
ae = One = ay (e (AV EQN) a (] pq’-* (2.42) 
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Figure 2.5. Probability of finding K particles in the volume 
V, = 0.6V. The total number of particles is N = 20. 


as the probability that there are just K particles in the fictitious volume V, and N — K particles in 
V,. With Equation (2.42) we can now immediately find the average particle number in volume 
V,. This number is by definition 


ye ~ - N K N-K 
K=) pxrK =) > ” Kp*q (2.43) 


We now apply a trick often used in the calculation of such average values and write K p* as 
p a (p*), so that 


N 
—— P= DE ie p¥qh-* = p> (p +4)” = Np(p +9)" 
P xy \ & dp 

Since p + q = 1 we have K = Np, or K/N = V,/V. On the average, there will be just 
as many particles in the fictitious volume V; as corresponds to the fraction V;/V. This is 
of course obvious, since equilibrium corresponds to a homogeneous distribution of particles. 
Furthermore, we can evencalculate the fluctuations around this value and ask for the probability 
of finding a value that deviates from K = Np. To this end we simply plot the probabilities px 
as a function of K (Figure 2.5). The maximum in the figure just corresponds to the average 
(Kimax = K). 

For our example, with a total of N = 20 particles and a volume V, = 0.6V it is therefore 
still quite probable to find 11 or 13 particles in V, instead of K = 12 particles. A definite 
measure for the size of these deviations from the average value is the mean square deviation. 


This is defined as 
——___, = ay — a —2 
(AK)? = (K — K)? = > px(K — KY => pe? -K (2.44) 
K=0 K=0 
since 
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The calculation of Equation (2.44) proceeds as in Equation (2.43), but now we have to put 


aj 
K? p* = (p—)?p* 
ap 


and we have 


—— a) 
(AK) = (P) a) i 


a 
p— (pN(p + q)""!) — (pny 
ap 


p| New +q)""! 


+ pN(N — 1)(p+ o| —(pN)y 


if we again insert p + q = 1, it follows that 
(AK? Np NN re Ny orn 


This means that the width of the distribution, measured via 


A*K = /(AKY 


increases with VN. The relative width, i.e., the width A* K with respect to the average particle 
number in the volume Yj, is then 


A*K  <JSNpq _ fq 1 
K Np Vp JN 


This represents the fluctuation relative to the (mean) particle number. Here we clearly see 
that the relative deviation from the equilibrium distribution decreases as N~'/? and is very 


1 

small for macroscopic particle numbers N4 ~ 10% = N,? * 10-'?. Hence macroscopic 
fluctuations (e.g., all particles suddenly in V,) are extremely improbable. However, small 
deviations in small spatial regions are quite natural. If we choose a very small partial volume 
(p — 0), fluctuations can nevertheless be quite large. This corresponds, for example, to local 
density fluctuations in gases, which are, however, of appreciable size only on a microscopic 
scale (10-8-10-'° m). As already mentioned, these fluctuations can become observable in 
special situations. For instance, the density fluctuations of a gas in the vicinity of the critical 
point are especially large. They can be observed by a change in the scattering of light in the 
gas (critical opalescence). It is very difficult to understand this phenomenon without the help 
of the statistical point of view. 


a 


Now we want to critically review the arguments leading to the important formula 
S o In 8&2. We will see that two fundamental problems arise, which up to now we implicitly 
have taken for granted. We started from the example of a gas gathered in a part of the 
volume of a container, with values (g¢, (to), Pv(to)) for the coordinates and momenta. We 
then assumed that in the course of time the coordinates and momenta statistically attain some 
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values and that we therefore find, by counting all possible values (), the macrostate with 
Qmax as the equilibrium state. Exactly at this point, however, we assumed that all microstates 
(qv, Pv) Compatible with our macrostate have “equal rights,” i.e., equal probability. In an 
isolated system the macrostate is characterized by the total energy, the particle number and 
the volume of the system. We determine Q by counting all microstates compatible with 
these values of E, N and V. It may of course be possible that these microstates do not have 
equal probablities. Let us again consider an example: 


Example 2.5: Concerning the equal probability of all microstates 


We imagine a box-shaped container and initialize all gas particles at time fo in the vicinity of 
the point P with parallel momenta (Figure 2.6). Obviously, this is a microstate which is far 
from equilibrium. However, if our system behaves ideally, it will never reach equilibrium! 
For if each particle is reflected at the walls in an ideal way, the trajectories will forever stay 
parallel, and certain regions of coordinate space will never be reached. 

In addition, the velocities of the particles will change (for pointlike particles with- 
out mutual influence) only with respect to the direction, but not with respect to their 
absolute values. Thus, the Maxwell-Boltzmann distribution will never be reached. 
This, however, means that we may not assume that all microstates for this system have 
equal probability. A more detailed consideration shows us that this system is much 
too idealized. The fundamental objection is that, because of the quantum mechanical 


Figure 2.6. Model uncertainty relation Ax Ap > h, one cannot in principle construct such an initial state, 


system. 


so that the particles move randomly in all directions even after a short period of time. 

But even in the framework of classical mechanics, where such an initial state 

is possible, there are actually no ideally reflecting walls and pointparticles without mutual 

interactions. Even the microscopic structure of a real wall is sufficient to distribute the particles, 

after a short time, homogeneously over the whole container (not to mention the thermal motion 

of the particles of the wall and the mutual collisions of the gas particles). Moreover, even 

the initial conditions (q,(to), p,(to)) can only be determined up to a certain measurement 
uncertainty, which also leads to diffraction of the beam. 


Anyhow, we see that the equal probability of all compatible microstates is an assumption 
which can only be justified by an experimental examination of the consequences. Up to now, 
no one has invented an experiment which disproves this assumption. We are now likewise 
able to illustrate another fundamental problem of statistical mechanics with the help of our 
example. We have stated that asystem whichis initialized at time fo in a nonequilibrium state 
assumes, with high probability after a certain relaxation time, only microstates (q,(t), py(t)) 
which belong to the macroscopic equilibrium state, since their number is by far larger than 
the number of all other microstates. However, here we presuppose that in the course of time 
the system comes at least very close to each microstate (qg,, p,) which is compatible with 
the equilibrium state. For if certain microstates are never reached (not even approximately), 
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we actually must not count them in the calculation of Q! We return to this problem in Part I 
of this book. 

In summary we may therefore say: for every macroscopic thermodynamic state there 
exists a large number of microscopic realization possibilities. The fact that an isolated 
system assumes an equilibrium state after a sufficiently long period of time can be traced 
back to the fact that more microstates belong to the equilibrium state than to a nonequilibrium 
state. Therefore we may understand the effort of a system to reach a maximum in entropy 
also as a transition into the most probable state, i.e., into the state with the largest number 
of microscopic realization possibilities. In particular, the entropy is thus a measure for the 
number of possible microstates of a system when a macrostate is given. 

In a manner similar to the first law we can now formulate also the second law of 
thermodynamics in different ways. 

With respect to the energy law we may for example say: 

a) There is no perpetuum mobile of the second kind. A perpetuum mobile of the 
second kind is an engine which does nothing but perform work while cooling a heat 
bath. Thus it is an engine which transforms heat into work with 100% efficiency. 

From the microscopic point of view the following formulation is especially 
instructive: 

b) Each isolated macroscopic system wants to assume the most probable state, 


Figure 2.7. The i.e., the state which is characterized by the largest number of microscopic realization 
considered system. possibilities. 


Now we want to use both laws to derive some consequences for the state 

variables T, p, u, @,... in an isolated system in equilibrium. 

To this end we imagine the completely isolated system to be divided into two parts. 
Let the total system be characterized by the state variables S, V, and N, where the intrinsic 
energy U is a function of these variables. Since the total system is isolated, all these state 
variables are constant. There is no exchange of work or heat with the surroundings. Both 
partial systems, however, can mutually exchange all forms of work or heat. 

Therefore the state variables U;, S;, V; and N; with: = 1,2 do not have constant 
values; however, it must be the case that 


U, + Uz =U =const. S$; + S: = S = const. 
V, + V2 = V =const. N,; + No = N = const. 
(2.45) 
Let us now remember the first law for a reversible change of state for both partial systems: 
dU; = T, dS; — py dV, + uw, dN, +-:-: 
dU, = Th dS2 — pr dV2 + U2 dNzn+--- (2.46) 


Here 7;, p;, and 4; are the temperatures, pressures and chemical potentials in the two partial 
systems. Because of Equation (2.45) we now have dU, + dU, = 0. If we therefore add 
both Equations (2.46), it follows, with dS; = —dS.,dV, = —dV2,..., that 


0 = (TM, — Tr) dS, — (p1 — pr) dV, + (1 — br) dN, +>: (2.47) 
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Since the change of the variables S,, V;, Nj,... in system 1 underlies no restrictions, 
Equation (2.47) is true only if it separately holds that 


et, Wl —9oe Sa (2.48) 


These are the necessary conditions for thermodynamic equilibrium. Since the imagined 
partition of the isolated system was arbitrarily chosen, we can conclude that if an isolated 
system is in equilibrium, it has everywhere the same constant temperature, the same pressure 
and the same chemical potential, etc. If there is, however, a real wall instead of the fictitious 
wall separating the partial systems which, for instance, prohibits a change of volume or of 
the particle number — dN, = 0, dV, = 0 — then only the condition 


1 = 1 (2.49) 


remains. Correspondingly, the conditions (2.48) hold also separately or in combination, 
if the partition is permeable only for certain changes of the state variables. One speaks 
of thermal, mechanical, chemical, etc., equilibria. If the isolated total system is not in 
equilibrium, e.g., 7; 4 Tz and p; # po, the relaxation times for reaching equilibrium are 
in general different for the different variables T, p, 4, ...! It may therefore happen that 
a system is already to good approximation in thermal equilibrium (7; = 7), but not in 
chemical equilibrium. In most cases, pressure balance occurs most quickly, i.e., mechanical 
equilibrium is followed by thermal equilibrium. Establishing chemical equilibrium may 
take very long in some cases. This depends on the speed of the chemical reactions which 
cause a change dN, in the particle number. 


Global and local equilibrium 


If a system is in thermodynamic equilibrium, i.e., if it has everywhere the same temperature, 
the same pressure and the same chemical potential, one speaks of global equilibrium. How- 
ever, thermodynamic notions (intensive state quantities) are not restricted to such systems 
in their applicability. If one can divide the whole system into small partial systems which 
still contain very many particles and which are individually approximately in thermody- 
namic equilibrium, these partial systems also can be described by thermodynamic state 
quantities. However, these quantities will vary from partial system to partial system. The 
differences in temperature, pressure, and chemical potential affect heat flow (from hotter to 
cooler parts), volume changes (regions of high pressure expand at the expense of regions 
with low pressure), and particle fluxes. These fluxes are driven by the corresponding po- 
tential differences and cause a compensation of these potentials which leads, for an isolated 
system, to global equilibrium during the course of time. If the total system can be divided 
into such parts one speaks of local equilibrium. However, it is of crucial importance that 
the partial systems can be chosen large enough (having sufficiently many particles) for a 
statistical description to be reasonable, but on the other hand that in each partial system the 
(intensive) thermodynamic state quantities assume definite constant values and do not vary 
too strongly from one partial system to another (small gradients). Then the relationships 
derived in this book for total systems can be often applied locally in a system which is 
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actually not in global thermodynamic equilibrium. For instance, in heavy-ion reactions 
(nucleus-nucleus collisions) drops of nuclear matter collide and different parts of the nu- 
clei have, at a given time, quite different densities, temperatures, particle numbers, etc. 
Here one can assume partial regions to be approximately in (local) equilibrium. A similar 
reasoning applies to stars. However, it should be clear that local potential differences and 
the associated transport phenomena are out of the scope of equilibrium thermodynamics 
and thus of the present book. They have to be treated with the help of transport theories. 
Especially the time evolution of a system into (global) equilibrium belongs to this topic. 


Thermodynamic engines 


Cyclic heat engines play an extraordinarily large role in technics. A large part of the energy 
used in daily life is produced in such engines, for example in (nuclear) power plants, or 
combustion engines. The reason is that heat can most easily be produced in various chemical 
or nuclear processes. The direct generation of utilizable forms of work out of natural sources 
is, in comparison, far more difficult, e.g., hydroelectric power plants, tidal power plants, 
wind energy, direct transformation of solar energy into electric energy (galvanic elements, 
fuel cells). This also confirms the experience that heat as statistically distributed energy is 
nearly always produced. Now we are able, solely relying on the first and second laws of 
thermodynamics, to draw far-reaching conclusions concerning the transformation of heat 
into work. The experience summarized in the second law asserts that the work performed 
in reversible processes is smallest and the heat largest, 


OWir > OWey = —pdV On = 00 eS (2.50) 


For the reversible or irreversible expansion (compression) of an ideal gas we were able to 
verify the first inequality explicitly. If the ideal gas expands into vacuum without perform- 
ing work, we have Wi, = 0. However, if the gas expands reversibly (always being in 
equilibrium with an external force), it performs the work 6Wey = —pdV. WithdV > 0 
it thus follows that 6Wi, = 0 > SWrey = —pdV. If, on the other hand, the gas is re- 
versibly compressed, we have Wry = —p dV > 0. A certain reversible work is required 
to compress the gas. We have calculated this work in Example 1.3. However, if the gas is 
irreversibly compressed, for instance, if we suddenly push a piston into a cylinder contain- 
ing the gas, a part of the work is spent to create turbulence and thus disordered (kinetic) 
energy, 1.€., heat. To compress a gas irreversibly, we thus require more work than in the 
reversible case. Again it is the case that Wi, > SWrey = —pdV (dV < 0). Hence, in 
the irreversible expansion the system performs less work than in the reversible case, and 
for the irreversible compression one requires more work than in the reversible case. 

Quite analogously one understands the second inequality (2.50). For the sake of sim- 
plicity we assume that an ideal gas has (in equilibrium) the same temperature after the 
reversible or the irreversible expansion as it had before. Since the internal energy of an 
ideal gas depends only on the temperature, it follows that dU = 0 and due to the first law 
thatdU = 6W +45Q = 0. Therefore, the work performed by the system in the expansion, 
5W < 0, is taken from the heat bath in the reversible as well as in the irreversible process. 
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However, for the irreversible expansion 5 Wj, = 0 and thus also Qj, = 0. Inthe reversible 
expansion the system performs the work 5W,.. = —pdV < 0, taken from the heat bath, 
which provides a constant temperature (SQrey = —SWrey > 0). Hence Qin < 5Qrey. On 
the other hand, for the isothermal compression it also holds that SW, > 5Wrey > 0. In 
the irreversible case the surplus of work (relative to the reversible case) is radiated into the 
heat bath in the form of a larger (relative to the reversible case) amount of heat, and it holds 
that dQ0in < 6Qry < 0. 

If we now have a cyclic engine which leads the working material back to the initial 
State after one cycle, it holds according to the first law that 


§ 20 =O (2.51) 
and thus 
OF A Wrey a AG = AWir ar Oe (2.52) 


Hence of all possible processes, reversible processes produce the largest amount of utilizable 
work (because of Equation (2.50), AW < 0; this work is performed by the system (given 
away) and is thus counted as negative) and requires the smallest amount of work (AW > 0; 
this work is performed on the system (added) and is thus counted as positive) for given heat 
exchange AQ. The best efficiency of transforming heat into work is reached by an engine 
working in a reversible way. As already mentioned, reversible processes are an idealization 
not present in reality. Such processes would proceed infinitely slowly. 

Now we want to calculate the efficiency of a general reversible cyclic process. To this 
end we schematize the substantial parts of a heat engine in Figure 2.8. Each engine needs a 
heat reservoir (T = T;,) from which to extract heat energy and a second reservoir (T = T,) 
to absorb the waste heat of the process, i.e., to cool the engine. An engine which works 
with only one reservoir cannot perform utilizable work in a cyclic process. According to 
the first law it holds that 


0=AW+AQ,+ AQ, (2.53) 


We have already defined the efficiency 7 as the fraction |AW|/AQz, (see section about 
Carnot’s process), which tells us how much heat energy AQ», is transformed into work 
(AW < 0, AQ, > 0, AQ, < 0): 


AW AQ, +AQ. 


irr = = 2.54 
Nin < "rev Or AQs (2.54) 
Since the engine shall work reversibly, it holds that 

oOn= lyas, O07 — 7 as (2.55) 


Here dS is the well-defined change in entropy (state function) in a small partial step of 
the cycle. Note that here dS # 0, although only equilibrium states occur. The reason is 
that the engine (working material) is not an isolated system! The signs in Equation (2.55) 
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correspond to the directions given in the figure. Since AW < 0 (performed work) we have 


_ |AW| — 1 — Te 
AQn Th, 


y= 


heath bath 
i 


at 
AQ, 


heath bath 
i 


Figure 2.8. Heat engine. 


(2.56) 


For the efficiency it always holds that 7 < 1. The transformation of heat into 
work would only be complete if one could avoid the heat loss (waste heat). This, 
however, is only possible if the cold reservoir has the temperature T, = 0. On 
the other hand, from Equation (2.56) it is obvious that not only the temperature 
of the hot reservoir (e.g., the temperature of the flame of a burner) is important, 
but also the temperature at which the waste heat is radiated off (the temperature 
of exhaust gases). To gain a high efficiency the latter temperature should be 
as small as possible. An important point of our consideration is that Equation 
(2.56) always holds, independent of the working material and the technical 
realization of the engine, for if there were two reversible cycles with different 
efficiencies, one could construct a perpetuum mobile of the second kind. 

One would then be able to connect the two processes as shown in Figure 
2.9. Engine A works here in the reverse direction, i.e., as a heat pump expelling 
the energy W, and the heat Q..4 from the cold reservoir as heat Q;,4 into the hot 
reservoir. The energy W, is here generated by the process B, which we shall 
suppose works with higher efficiency, so that there remains an amount of work 
We — Wg. If 74 and ng denote the efficiencies of the engines (with ng > na), 
then if we only consider absolute values and choose the signs according to the 


figure, 
Wa = naQna 
We = neQhe 


Oca = Qna — Wa 


(We Wa) On = OR Wa (2.57) 


If we now adjust the engine in such a way that Qnh4 = Ong = On, 
then there will be no change in the hot reservoir on a long time scale, 
since the same amount of heat is taken off as pumped back. Then 


Figure 2.9. Perpetuum mobile of 


the second kind. 


Qca = (1 — na) Qn > Oczg = (1 - nB)Qh (2.58) 


since np > na. Thus the heat 
SO) 0 (ie 1A) 0}, (2.59) 


is effectively drawn off from the cold reservoir. Hence, the engine performs the work 


We — Wa = (np — na)Qn (2.60) 


while cooling the cold reservoir. This is exactly a perpetuum mobile of the second kind, 
which permanently performs work and merely cools a heat reservoir. The vain efforts 
lasting for centuries to construct such an engine, which does not contradict the energy law 


EXERCISE 2.6: 


Otto 
engine 


MIXTURE TEMPERATURES 55 


but rather the entropy law, resulted in the recognition that AQ, = Wz — Wa, = 0, or 


NA = Ne = alee (2.61) 
qT), 
for all reversible processes at given 7; and T,. 

Let us now consider the work diagrams of some processes. In 
the Figure 2.10 the pV diagram and the 7'S diagram are depicted 
for the Carnot process. The work performed per cycle corresponds 
to the hatched area 


Carnot 
process 


aw=-$ pdv= rds (2.62) 


It is exactly as large as the difference of the heats AQ, = T,AS 
and AQ. = T, AS (see marked areas in the figure). Real processes, 
as for instance in an Otto-cycle engine, deviate more or less from 
this diagram. The working materials do not behave ideally and the 
processes are in most cases strongly irreversible. In addition, in such 
S engines the working material is exchanged after one cycle. Because 


Figure 2.10. Work diagrams of two of irreversibility thermodynamic equilibrium is not achieved in real 


engines. 


engines, but the processes are connected with strong turbulence and 
pressure gradients (especially in the combustion stage), so that the 
diagrams describe only average properties (average temperature, pressure, etc.). 

When interpreting the diagrams of the Otto-cycle engine one should note that two 
piston cycles correspond to one working cycle (upper dead center, intake stroke, lower dead 
center, compression, upper dead center, ignition, performance of work, lower dead center, 
emission of exhaust, upper dead center). 


Exercise 2.6: Mixture temperatures 


Solution 


Calculate the range of possible final temperatures 7; in equilibrium for a system consisting of 
two partial systems A and B, if A and B have initial temperatures T,, Tg and heat capacities 
C4, C8 which are independent of temperature. 

To this end, consider the limiting cases of a totally irreversible process (6W = 0) and 
a totally reversible process (6 Wmax). Calculate the mechanical work that one can maximally 
extract from this system and the change of entropy of the partial systems in the irreversible 
case. 


First case: Totally irreversible process6W =0, dU =6Q,4+6Q,; =0. 
A change in the temperature of the partial systems is connected with an exchanged amount of 
heat via 


b04 = Cx aily 
bQOpg Onde 
6Q, = —8Qz 
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Thus, for the final temperature T; follows that 


Tt, Hy 
iL (En dT, = -{ Cr dT, 
Ta Tp 


Since C4 and Cx, do not depend on temperature 
Ci = Cn) 


or 
CaTs + CeTp 
C4 +Cez 


Here T; is the “mixture temperature” for an irreversible process, e.g., when fluids of different 
temperatures are poured together. The entropy changes are 


5 ae Ti T 
/ Qs =| eG on 
T Ti if Ts 


A 


5 ee ve 
ase= f 2 = [ Cp a rine 
A ela Te T Ts 


= 


AS, 


If, for instance, T, > T,, then Ty < T, and AS, < 0, and T; > Tg and AS, > 0, 
respectively. However, 


T; T; 
AStor = AS, + ASg = Ca ln — + Cz In — >0 
Ts Tp 


Second case: Reversible process with a heat engine between A and B: 
Now it holds that 


= 5QO, = Oz 
T, Tp 


dS 


= 0 


from which it immediately follows after integration that 


ty _ aT. yay, 
1 Ce es | Cp = 
if Ts Te Tp 


or 


(en Cr 
a Cate Catz _— CatCr Ca pCp 
T= 0 a, me ACH ekg 


For a reversible process one obtains the geometrical average of T, and Ts weighted by C, 
and Cg; for an irreversible process one obtains the arithmetical average weighted by C, und 
Cg. It always holds that ib are Ls The work performed by the heat engine in the reversible 
case is6W = AU = Cad. = Ts) + Cz(Ty a Tp). 


EXERCISE 2.7; ROOM RADIATOR 


Exercise 2.7: Room radiator 


A room shall have a temperature of 21°C when the outdoor temperature is 0°C. Calculate the 
relation between the costs of heating if the room is heated with 


a. electricity (100% efficiency) 


b. aheat pump between 7; and 7», if a fraction € of the energy is lost in the heat pump. 


Solution According to the scheme, Q, is the heat flux (per unit time) which is extracted from the outside. 
Together with the power W (work per unit time) a heat pump is thus able to supply the room 
with the heat flux Q> (per unit time). 

The heat flux Q3 is the emission of heat from the room to the sur- 
roundings due to poor isolation. This heat flux Q3 is proportional to the 

temperature difference T, — T, (T, > T;), i.e., 


room temp. 
] Ie 


Q,;=y(l%—-T)) 


Here the coefficient y depends on the isolation of the room and is known 
as heat emission coefficient. 

Because of the first law, the energy fluxes (with respect to the heat 
pump) obey 


external temp. 
Ty 


Figure 2.11. Energy fluxes for a 
heat pump. W+Q1+Q.=0 (2.63) 


where Qz is negative i.e. |Q2| = W + Q). The arrows in figure 2.11 indicate the directions 
of positive energy fluxes. For a reversibly working heat pump 


Cr qT, 
ee Lae eee 
T, + T; or Q; Q2 Th 


According to Equation (2.63) it thus follows that 
if 
w+0,(1- 7) =0 (2.64) 
T 


If outdoor and indoor temperatures agree, no work is needed. However, if J; < T the work 
W has to be performed according to Equation (2.64). In the stationary case the heat flux Q) 
has to compensate exactly the loss of heat Q3. Thus, with Q2 = — Q3 we have 
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If we consider that losses occur also in the heat pump, the power Weg supplied to the pump 
has to be larger by exactly these losses, so that 


T; 
W = Wer (1 — €) = (Ti — Ta) ( = 7) 
PA 
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For heating with a heat pump we therefore need the work per unit time (power) 


ie) T; 
ee iene 
tae eer ( | 


When heating with electricity directly, the power has to compensate the dissipated heat Q3; 
therefore it holds that 


Ww" = y(T — 7) 


The relation between the powers is just 


hp 
Wes = ll (: = 7) (2.65) 


we l—e 


One observes that heating with a heat pump is for small temperature differences more profitable 
than heating with electricity. However, the relation (2.65) is not very meaningful, since the 
heat flux Q3 also becomes very small for small temperature differences, so that Equation (2.65) 
does not actually yield the saved energy. To this end, the difference 


il T; 
Wt Wee = y(T; — Th) (1 perme: (1 = z)) 


is more suitable. As one observes, in the stationary case for an adiabatic room with y = 0 it 
does not matter how one heats, since one does not need any more heating once a temperature 
is reached. 

For the temperatures assumed above 


if 
(1 = 7) = 0.07 
T, 


A heat pump with € = 93% loss is therefore, in the stationary case, just as efficient as heating 
with electricity. 


- i _ -_——————— —  eeeeSesssesFseFesssssssesesSSSSSSSSSSsssee 


Euler’s equation and the Gibbs-Duhem relation 


We start from the first law for reversible changes of states for a system which is as general 
as possible. We assume that the system contains K particle species (chemical components), 
each of which has, of course, a separate particle number and chemical potential. Then we 
have 


K 
dU =TdS~ pdV +) dN; (2.66) 

i=] 
If in addition further forms of work can be exchanged, for instance, electric or magnetic 
work, other terms have to be added which have, however, quite analogous forms. Thus, 
the extensive internal energy U has to be interpreted as a function of the extensive state 
variables §, V, Ni,..., Nx. Now in general, an extensive state variable is proportional to 
the absolute size of the system. In other words, if one doubles all extensive state variables, 
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all other extensive quantities also become twice as large. Especially for the internal energy 
this means that 


WlaS aVea\ i.e, @Ne) — a(S. V,Ny,..., Ne) (2.67) 


if a is the enlargement factor. One calls functions which have this property homogeneous 
functions of first order. All extensive variables are homogeneous functions of first order of 
the other extensive variables. On the other hand, the intensive variables are homogeneous 
functions of zeroth order of the extensive variables, 


T(asS, av, aN, 2004 aN,) = ES. V, Ni, cee 9 Nx) (2.68) 


i.e., they do not change if we divide or duplicate the system. 

Equation (2.67) has far-reaching consequences. For if we consider an infinitesimal 
increase of the system (@ = 1 + € withe < 1), we can expand the left-hand side in a 
Taylor series: 


DIG a BIS. pete RN a 2.69) 
Sone) = ——€ —eE --- + ——eE P 
as av Ne 

If we insert this into Equation (2.67) and consider that according to Equation (2.66) 

ou dU dU ] an pat 

a5 = Ls aV ayy aN, = 1, : aNx = LK 2 
it follows that 

UL +95,..) =U ee =U 46 (TS~pv+ Dan) (2.71) 
ie., Euler’s equation is valid, 

U=TS—pV +> uiNi (2.72) 


In other words, from Equation (2.67) it follows that Equation (2.66) may be trivially inte- 
grated. This is by no means obvious since according to Equation (2.70) T, p and jy; are 
functions of S, V and N;. If we calculate the total differential of Euler’s equation, it holds 
that 


dU =TdS— pdV +) pidNj + SdT —Vdpt+)) Nidui (2.73) 


If we compare this with Equation (2.66), obviously the condition 


O0=SdT —-Vdp+) Nj dy (2.74) 
i 


must always be fulfilled (plus additional terms, if other state variables are necessary). One 
calls Equation (2.74) the Gibbs-Duhem relation. It means that the intensive variables 
T, Pp, 41,.--, 4x which are conjugate to the extensive variables S, V, Ny,..., Nx are 
not all independent of each other. In principle this can be readily understood, since from 
three extensive state variables, e.g., S, V and N, one can derive only two independent 
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intensive state variables, e.g., S/N and V/N. All other combinations can be expressed by 


these. In Equation (2.74) of course S, V, N;,..., Nx are now functions of the variables 
T, P, 41,-.., #K, and this equation provides the possibility to eliminate one of these 
variables. 


Example 2.8: Chemical potential of the ideal gas 


Let us demonstrate this with the help of an example: we show that with the help of the Gibbs- 
Duhem relation (2.74) one can calculate the chemical potential of an ideal gas as a function 
of T and p. For only one particle species the Gibbs-Duhem relation has the form 


0=SdT—Vdp+Ndu 


or 


V(p,T 
(p Le 


aT + 


S(p, T 
dup, T) = EO 


If we here replace S(T, p) by Equation (2.40), we find with the help of V(T, p) = NkT/p 


(eee Po dp 
duty. 7) =~ (se-+40 | (2) (2)|)erser® (2.75) 
To p Pp 


Since y is a state quantity and has thus a complete differential (one readily checks the 
necessary and sufficient condition (1.50)), we may integrate Equation (2.75) along an 


Ee > arbitrary contour from (To, po) to(T, p). We choose a contour as shown in Figure 2.12. 
Then we have 


Po 
te . 
S T al 
Ty T Wp, T) — Ho(po, Ta) = = f (we + Sein(Z)) ar ser f a 
T 2 To po P 

Figure 2.12. (2.76) 
Contour of 
integration. where p = po and dp = 0 on part 1, while dT = 0 on part 2. With (a. nx = 


x Inx — x we can evaluate Equation (2.76), and find the result 


5 qf 5 
L(p, T) = (po, To) — sok(T — To) — ~kT In — + ~K(T — TT) + kT In gi 


oe 5 
= (po, To) — kT In (=) (2) + (5 = s) k(T — Tp). (2.77) 


As usual in thermodynamics we only obtain the difference with respect to the initial state 
(Zo, po). The chemical potential depends mainly on the mean kinetic energy of the particles, 
which is proportional to kT. To add one particle to an ideal gas of temperature 7 and pressure 


p in equilibrium, we have to summon the energy (p, T) according to Equation (2.77), no 
matter how many particles are present before. 
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Exercise 2.9: Euler's equation for an ideal gas 
Show that for an ideal gas Euler’s equation 
U=TS— pV+ uN (2.78) 


holds in general, as long as fz(po, To) and s(po, Tp), the additive, undetermined constants of 
the chemical potential and the entropy, fulfill a certain relation. 


Solution We first denote our former results for the particular terms. As independent variables we choose 
N, pandT. 
3 
U = ~ NkT 
2 
7 \ 5/22 
TS = NkTs) + NkT In (=) (2) (2.79) 
To p 
OY = INNEIE 


In Equation (2.79) we employed Equation (2.40). With Equation (2.77) it follows that 


5 
Np = Npot+ (5 - 9) NACE — Io) 


-wral()"(2)] 


Thus Equation (2.78) becomes: 


& Le Po 
eR NTE SAN TE (=) (2) — NkT + Nyuo 


To p 
5 T oi Po 
+ —NkK(T — To) — SoNK(T — Tyo) — NkT In (=) (2) é 
z To P 
We obtain after appropriate rearrangements 
5 
Ko = K(Po, To) = (5 = x) kTo (2.80) 


Since this equation no longer depends on p, T, Euler’s equation for an ideal gas is always 
valid, if relation (2.80) holds for the additive constants. Here (po, To) of the initial state is 
completely arbitrary. If one inserts Equation (2.80) into Equation (2.77), we obtain a somewhat 
more compact notation for the chemical potential of an ideal gas, 
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We now want to return to the important problem of how many state variables are actually 
necessary to uniquely determine the state of a system. To this end, we start from an isolated 
system which contains K different particle species (chemical components) and P different 
phases (solid, liquid, gaseous, .. . ). Each phase can be understood as a partial system of the 
total system and one can formulate the first law for each phase, where we denote quantities 
of the i" phase by superscript i = 1,..., P. For reversible changes of state we have 


K 
cE Sp a) di) ed — ce eee (3.1) 

I=] 
Other terms also may appear, if electric or magnetic effects play a role. However, since the 
corresponding terms have a quite analogous form, Equation (3.1) is sufficiently general. In 
this formulation of the first law, U“ of phase i is a function of the extensive state variables 
SO, V®,N@,...,N®: ie., it depends on K + 2 variables (if further terms appear in 
Equation (3. 1), ie number of variables is larger). Altogether we therefore have P(K + 2) 
extensive state variables. If the total system is in thermodynamic equilibrium, we have in 
addition the following conditions for the intensive state quantities, cf. Equations (2.45~48): 


fo =7% =...=7) Thermal equilibrium 

p) =p® =...= pi?) Mechanical equilibrium (3.2) 

we Sy? se = yy” 1=1,...,K Chemical equilibrium 
Each line contains P — 1 eunatious so that Equation (3.2) is a system oe (P — 1)(K +2) 
equations. Since T, p“, and ju\? are functions of S, V, and N;” we can eliminate 
one variable with each ee Thus, we only require 

(eS 2) Pk 2) 0r = eee (3.3) 


extensive variables to determine the equilibrium state of the total system. As we see, 
this number is independent of the number of phases. If we now consider that exactly P 


GIBBS’ PHASE RULE 63 


extensive variables (e.g., V“, i = 1,..., P) determine the size of the phases (i.e., the 
volumes occupied by each), one needs 


ee (3.4) 


intensive variables. Equation (3.4) is named after J.W. Gibbs and is called Gibbs’ phase 
rule. It is readily understood with the help of concrete examples. Let us for instance think 
of aclosed pot containing a vapor. With K = 1 we need 3 (= K + 2) extensive variables 
for a complete description of the system, e.g., S, V, and N. One of these (e.g., V), however, 
determines only the size of the system. The intensive properties are completely described 
by F = 1+2-—1 = 2 intensive variables, for instance by the pressure and the temperature. 
Then also U/V, S/V, N/V, etc. are fixed and by additionally specifying V one can also 
obtain all extensive quantities. 

If both vapor and liquid are in the pot and if they are in equilibrium, we can only 
specify one intensive variable, F = 1+ 2-2 = 1, e.g., the temperature. The vapor 
pressure assumes automatically its equilibrium value. All other intensive properties of the 
phases are also determined. If one wants in addition to describe the extensive properties, 
one has to specify for instance V’' and V”, i.e., one extensive variable for each phase, which 
determines the size of the phase (of course, one can also take N ’ and N”, etc.). 

Finally, if there are vapor, liquid, and ice in equilibrium in the pot, we have F = 
1 +2-—3 = 0. This means that all intensive properties are fixed: pressure and temperature 
have definite values. Only the size of the phases can be varied by specifying V", V°, 
and V”. This point is also called triple point of the system. If we have various chemical 
components (e.g., air and water) or further terms in Equation (3.1), all assertions hold with 
a correspondingly larger value of K. 

If a system consists of various particle species (chemical components), reactions be- 
tween particles are often possible, which transform one species into another. Then certain 
reaction equations, as are often used in chemistry, are valid, for example: 


2H» + O2 = 2H2,O (3.5) 
In general we can write such reaction equations as 
aA, +a ,A2 +++: = Bi +b.B2. + -:- (3.6) 


where a; particles of species A; react with az particles of species A to form b, particles of 
species B,, etc. The numbers a; and b; are the stoichiometric coefficients from chemistry. 
Equation (3.6) is a condition for the particle numbers N4,, Na,,.-- and) Ng 4 IN Bis. os 
since the changes of these numbers are mutually related by the reaction equation. For 
instance, let dR be an arbitrary number of reactions of the type of equation (3.6). Then it 
must hold that 


dNa, = —-a| dR 
dNa, = —a,dR 


(3.7) 
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dNpg, = b, dR 
dNp, = b2dR 


The signs are determined by the fact that in each reaction a; particles of species A, and 
a2 particles of species Az, etc. vanish, while b, particles of species B, are created. As we 
already know, the equilibrium condition for an isolated system reads 


i Pp 1 
= dU eae NaN =O 3.8 
dS = dU + 5 poe (3.8) 


However, if U and V are constant in such a system, we have from Equation (3.8) the 
condition 


Y> ui dN; = 0 (3.9) 
i 


If we insert the dN; from Equation (3.7) into Equation (3.9), we have after dividing by the 
common factor dR 


Ye ani = ay (3.10) 
i j 


This is a constraint for the chemical potentials, which depends on the reaction equation. 
With every reaction equation we are therefore able to eliminate another intensive variable. 
If we have, for instance, R reaction equations, we can formulate an extended Gibbs’ phase 
rule: 


oC 2a Pap (3.11) 


Also, the total number of extensive variables now becomes smaller (K +2 -— R). The 
reason is that for each phase only K — R components have independent particle numbers; 
the other numbers can be calculated with the help of the reaction equations. 


Oo ees 


Example 3.1: Clausius—Clapeyron equation 


We want to derive a general equation to determine the vapor pressure of a liquid in equilibrium 
with its vapor. 


We have the following equilibrium conditions for two partial systems which can exchange 
energy, volume, and particles: 


iE Di = ve [Lie = 10, 


Because of the Gibbs—Duhem relation these conditions are not independent from each other: 
if the equation of state is known and if we assume T and Pp to be given, we can calculate j1;; 
and j,. The equation 


Li (p, T) = w,(p, T) (3.12) 


EXAMPLE 3.1: 


CLAUSIUS-CLAPEYRON EQUATION 


yields a dependence between p and T; 1.e., we can calculate the vapor pressure for a given 
temperature. If we change the temperature by dT in Equation (3.12), the vapor pressure 
also has to change by a certain amount dp to account for equilibrium. For the corresponding 
changes d jt); and dy, it must hold that 


dun(p, T) = dpy(p, T) 


This can be expressed with the Gibbs—Duhem relation SdT — V dp + Ndu = O in the 
following way 


Si Vii 
dju;(p, T) = aa + ni 

li ff 

Sy Vy 


or with 5; = S/N. Ui = Vi/ Ni and analogously for the vapor: 
dp(uj — vy) = dT (si — Sy) 


dp _ ST Sv 
dT = Uta Up 


This is the Clausius—Clapeyron equation. It is a differential equation for the vapor 
pressure p(T), if the entropy and volume per particle are known as functions of T and p. 
Now S, — 5 = AQi-+,/T is the entropy difference between the liquid and vapor phases. 
At a given evaporation temperature, this entropy difference corresponds to an amount of heat 
AQ);-.,, which has to be added to evaporate all particles from the liquid into the vapor phase. 
This quantity depends at first also on the amount of liquid to be evaporated. However, changing 
to the corresponding intensive variables and referring to a certain amount of material, e.g., per 
particle or per mole, 


Sy A = ae Se 


The sign was chosen according to the direction liquid —-> vapor. Now AQ),_,,, = Qu/Ny — 
Q);/Nj: is the amount of heat required to evaporate one particle. This quantity can again be 
a function of pressure (vapor pressure) and temperature. However, in many cases and for 
not too large temperature differences, this evaporation heat may be considered to be constant. 
Analogously, the intensive variables v, and v;;, the volume per particle in the vapor and liquid 
phases, respectively, also are in general functions of vapor pressure and temperature. With the 
evaporation heat per particle AQ),_,,, we thus obtain 


Op Ores 

dT Tv, — %) 
Since the righthand side can in general be a complicated function of the vapor pressure p and 
the evaporation temperature 7’, one has a differential equation of type dp/dT = f(p, T) for 
the vapor pressure as a function of temperature, p(T). 

For an ideal gas the volume attained by N, particles at room temperature and a pressure 
of one atmosphere is 22,400 cm?, while a liquid like H,O attains only a volume of 18 cm? 
under these conditions; thus in many cases v, >> v;; and one has 


dp AQ’ 
die ER 


(3.13) 


(3.14) 
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Figure 3.1. Phase diagram of water. 


The intensive quantities AQ’ and v, can of course be inserted as measured per mole instead 
of measured per particle. However, the approximation v, >> v,; becomes very bad if one 
approaches the critical point. Then v, ~ v;; and A Q};, = 0. The quotient AQ/,_, ,/(vy — uj) 
nevertheless stays constant (cf. Chapter 17). 


Exercise 3.2: Vapor pressure of a liquid 


Determine the vapor pressure of a liquid in equilibrium with its vapor under the assumption 


that the evaporation heat per particle does not depend on pressure or temperature and that the 
vapor behaves as an ideal gas. 


Solution The best starting point is Equation (3.14): 
dp AQ’ 
dh © a) 
With v, = V,/N, = kT/p we obtain 
dp Pp , 
aT — ape 2 


We may integrate this after separating variables, for instance from an initial temperature 7p 
with vapor pressure po to a final temperature T with vapor pressure p, 


vote AO Fi 1 
n—- = — — ——— 
Po k T To 


AO 7 | ] 
P(T) = po(To) exp {-"2 (+ = =) (3.15) 
0 


Thus, the vapor pressure increases strongly with temperature (AQ’ > 0). Note that Equation 
(3.15) holds under the same conditions also for the sublimation pressure of a solid: vyoig X vy 
is correct, but the sublimation heat is larger. Thus the pressure curve for sublimation is steeper 
than the vapor pressure curve. Both curves cross at the triple point. 
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or 


PHASE EQUILIBRIUM AND THE MAXWELL CONSTRUCTION 67 


Now we have understood the essential properties of the phase diagram of a material. 
Besides the vapor pressure and sublimation pressure curve the melting pressure curve also 
meets the triple point, since at this point solid, liquid, and vapor phases are simultaneously 
present. The melting pressure curve, however, has to be calculated from Equation (3.13), 
since NOW Usolig * Uji. Therefore, the melting pressure curves are very steep in the pT 
diagram (for Uso1iq = vj; they are vertical). For water, the solid phase is less dense than the 
liquid, Vsoig > Vij, but the heat of liquefaction AQ{;4_,;; 18 positive, so that the melting 
pressure curve falls off very steeply for increasing temperature (negative slope). For most 
other materials we have vsoig < vi and AQ‘ ,,,7_,;; > 0; thus the melting pressure curve 
has a positive slope in these cases. One calls the deviating behavior of water the “water 
anomaly.” For real materials Equation (3.15) is not a very good approximation. Since only 
intensive variables enter the pT diagram, it says nothing about how much of the material 
is in one or the other aggregate state. 


Phase equilibrium and the Maxwell construction 


When we introduced van der Waals’ equation of state we already mentioned some 
inconsistencies of this equation. The isotherms of van der Waals’ equation (Figure 3.2), 


N?a 


2 
show regions of negative pressure as well as mechanically unstable regions 
having dp/dV > 0, where the gas wants to compress itself. Both cases are 
certainly unphysical. 

We now want to show that these contradictions can be resolved by con- 
sidering the phase transition from gas to liquid. Most gases, if we compress 
them at constant temperature, start to liquefy below a critical temperature 
at a certain volume Vj. 

In equilibrium between vapor and liquid, however, a certain vapor pres- 
sure p, is established, which we have already calculated for an ideal gas 
from the equilibrium conditions in Exercise 3.2: 


Figure 3.2. Isotherms of the 
van der Waals gas. Pli = Pv: Ti = Ty, Mi(p, T) = wa (p, T) (3.17) 


The vapor pressure p,(T) is solely a function of temperature and does not depend on the 
vapor volume V, so that one obtains a horizontal isotherm in the pV diagram. An isothermal 
compression beyond the point of liquefaction V; has the effect that more and more vapor 1S 
converted into liquid, until at point V. the whole amount of gas is liquefied. If we further 
compress the system the pressure increases strongly because of the smal] compressibility 
of the fluid. 

It is remarkable that neither the density of the liquid (given by N/ V2) nor the density 
of the vapor (given by N/V) changes during this phase transition. The increase of the 
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average density, which is enforced by the transition from V, to V2, is solely caused by the 
creation of more and more liquid and the simultaneous reduction of the partial volume of 
the vapor phase. 

The pressure p, can be calculated from Equation (3.17), if the temperatures and chem- 
ical potentials of the vapor and liquid are known. Now, however, we want to present a 
method known as the Maxwell construction: the internal energy U(V, T) at fixed particle 
number is a state function, which depends only on the volume for a given temperature. For 
constant temperature we therefore have the energy difference (integrating equation (2.36) 
fordN = 0) 

Vy 
AU = T(S2 — 8}) -— / p(v) dV (3.18) 
Vi 

between two volumes V, and V2 with the entropies S, and S> for the purely gaseous and 
purely liquid phases, respectively. Since U has an exact differential, it cannot matter whether 


AU is calculated along the direct path of constant vapor presse (D(V)- = 2, =n — 
const.) or along the van der Waals isotherm, for which the following holds (T = const.): 
NkT aN? 
VY) = ————_— - — a 
OO jf. (3.19) 
In the first case we simply have (AQ = T(S2 — S)) is the latent heat of the phase transition) 
AU; = AQ — p,(V2 — V;) (3.20) 


and in the case of the van der Waals isotherm we have 


Ve Se 1 1 
Als = AO = Nine - Wa (Zt eee 


V, = Nb V> Vi 
(3.21) 
From the condition 
AU, S AU, 
V.— Nb 
— 0 = Ne 
Pv( 2 1) V; = 
01 02 0.3 90 40-5 Dee ! 
V (10m?) a we = We (3.22) 
Figure 3.3. Maxwell construction. one can, in principle, determine the unknown pressure p, as 


well as the also unknown volumes V, and V2, if one solves van 

der Waals’ equation for V,(p,, 7) and V2(pv, T). (Remark: Fora given p, and T the 

van der Waals isotherm has also a third (unstable) solution at C, Figure 3.3). However, 

Equation (3.22) can be understood far more easily. It tells us that the area Pv(V2 — V;) of 

the rectangle between V, and V> below the unknown vapor pressure equals the area below 
the van der Waals isotherm. 

Or, in other words: the area between the straight line of the vapor pressure and the van 

der Waals isotherm ABC has to equal the analogous area CDE. (See Figure 3.3.) This is 
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Figure 3.4. Critical point and critical Figure 3.5. Scheme of the 
isotherm. considered process. 


the well-known Maxwell construction. The explicit calculation following Equation (3.22) 
is equivalent to the Maxwell construction. If one draws the points A and E for a couple of 
isotherms in a diagram, one obtains the boundary of the phase coexistence region (Figure 
3.4). In this region the van der Waals isotherms have to be replaced by straight lines for the 
vapor pressure. The maximum of the coexistence curve, the so-called critical point K, lies 
on the isotherm, which only has a saddle point (instead of the extrema D and B). Above 
the critical temperature the Maxwell construction is no longer possible; liquid and gas are 
no longer distinguishable. 

With the help of Figure 3.5 one can also understand another phenomenon. If one 
isothermally compresses a real gas below the critical temperature until all of the gas is 
liquefied, then increases the temperature at constant volume V) to a point above the critical 
temperature, and then expands the gas to the initial volume V, at constant temperature, 
one can regain the initial (gaseous) state without a noticeable second phase transition (by a 
temperature decrease at constant volume). 

This means that above the critical temperature (the critical isotherm) a distinction 
between the gaseous and liquid states is no longer reasonable! This distinction is only 
possible below the critical temperature, since liquids and gases have very different densities, 
and thus a phase boundary surface exists between the phases. At the critical point, however, 
the density of the liquid and the gas assume equal values, and a distinction between the 
phases is no longer possible above the critical temperature. 

Because of the importance of the critical point we want to calculate the critical state 
quantities T,, Per, and V., from van der Waals’ equation. The critical point is characterized 
by the fact that both derivatives vanish (saddle point): 


a ke 
p =i P 


OW le oe vi OV |e y 


ers Yer 


= 0 (3.23) 
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or 
NkT oy 2a N2 NkT ey aN? 


= pA 
(V., — Nbys VS 


Brea ee =0 (3.24) 
(Ve, — Nb? "V3 


+ 


If one brings the negative terms to the other sides of the respective equations and divides 
one equation by the other, one obtains V,,. — Nb = 2 V.-, and thus 


V., = 3Nb (3.25) 


If one inserts this into equation (3.24), one gets 


2aN 2aN 4 8a 
r= —~(V, — Nb)? = ~V2 = 3.26) 
- kv3 Ver ) hye DS OFer 
from V,, and 7,, it finally follows with van der Waals’ equation that 
Nk8a aN? a 
Po = = - = (3.27) 


2bN27kb = =9b2N2 27? 


The critical state quantities are therefore uniquely determined by the parameters a and b. 
Hence, for all gases one should have 


PerVer _ a3bN27kb 3 


NkTe,  27b2NK8a 8 


Experimentally one finds for Equation (3.28) numbers between 0.25 and 0.35, which once 
again confirms the qualitative usefulness of van der Waals’ equation. On the other hand, a 
measurement of the critical data of a gas yields a comfortable method for determining the 
parameters a and b. 

By the way, one can also experimentally find the (metastable) parts AB and DE of the 
van der Waals isotherm in nonequilibrium situations. If a gas is very carefully compressed 
at constant temperature (avoiding concussions and condensation nuclei), one may follow 
the isotherm beyond point A nearly up to point B. The same holds for the other side for 
an isothermal expansion beyond point E to point D. One speaks of delayed condensation 
or delayed boiling, respectively. The system is metastable in this region and switches over 
to the stable phase coexistence state even under small perturbations. The same phenomena 
can be observed for isochoric temperature changes. Here one speaks of superheated liquid 
or supercooled vapor, respectively. Analogous phenomena occur for the solid—liquid phase 
transition. 


= 0.375 (3.28) 


The law of mass action 


Let us consider a vessel containing a mixture of ideal gases which mutually react, for 
instance according to Equation (3.6). To take a concrete example, let us take the reaction 
kJ 


H, + Ch = 2HCI, AU =220)5 ee 
: 3 mol(HCl) ed 
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where an energy of —92.3 kJ/mol is released in an isolated system per mole of hydrochloric 
acid. At first we have to extend our previous formula for the ideal gas. The purely thermal 
energy content of an ideal gas of N particles at temperature T was U = 3NkT/2. However, 
this energy does not take into account additional internal energies of different particle species 
due to their internal structures, different masses, etc. For instance, two molecules, Hz and 
Clo, differ from two HCI molecules by the chemical binding energy which is released in 
the reaction. Thus, we have to consider these additional energies in the internal energy and 
write for each particle species i, with N;, particles at temperature T and pressure p;: 


3 
U;(N;, T, pi) = Nie; + 5 piV = N;kT (3.30) 


The energies ¢; define the different zero points of the energy scales of the respective particles. 
The difference 2€yc) — €H, — €ci,, for instance, is the binding energy difference between 
two molecules of HCI and one molecule of Hz and Clz, respectively. Consequently, the 
constants €; appear also in the chemical potentials of the ideal gases (cf. Example 2.8 and 
Exercise 2.9), since also the energy scales of the chemical potentials are shifted with respect 
to each other, 


Hio(Po, To) ( ip ) (2) 
i(pi, T) = & + kT | ———— —-ln — _ 3.31 
Hi(pi, T) ( kTo | Te = (3.31) 


This equation follows as in Exercise 2.9, if one just inserts our new definition for the internal 
energy. Of course, in the chemical potentials one must insert only the partial pressure of each 
component, since each component itself fulfills the thermodynamic relations for an ideal 
gas with N; particles and pressure p; at the temperature 7 common for all particles. Then, 
the total pressure of the system is p = )_; p; and fulfills pV = NkT with N = )°, Nj. 
In particular, the ratio p;/p = N;/N = X; is the molar fraction of the component i and 
thus a measure for the concentration of particle species i. We can rewrite the equation for 


wi(p;, T) using po/ pi = (Po/P) - (P/Pi) = Po/(PXi), 


nesth TNs 1 
ee (UE z) (25) 
kTo To Pp Xj 
Li (Po, To) ( (a ) (2) 
ea ein | ae + kT In X; 
( kTo \(z P 


fe(p. tb) ke ix; (3.32) 


(ipjone 1) 


This equation means that the chemical potential of component / with the partial pressure 
p; in the total pressure p, or with the concentration X; in the mixture, respectively, can be 
calculated from the chemical potential of a pure gas of particle species 7 with total pressure 
p, if one introduces an additional concentration dependence of the chemical potential. This 
has the advantage that now all chemical potentials refer to the same total pressure p, and 
the different partial pressures are taken into account via the concentration X;. (Note that 
In X; = 0 for X; = 1, pure component i). By the way, this concentration dependence 
is valid not only for ideal gases, but also for dilute solutions of different components in a 
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solvent. Such solutions are called ideal if the concentration dependence of the chemical 
potential of particle species i fulfills Equation (3.32). Now we can insert Equation (3.32) 
into the equilibrium condition, Equation (3.10), and we obtain in general 


>) aite(pi, T) = D> bj, (pj, T) 
y 


i 


do aimi(p, T) — S> bjuj(p, T) = kT (x bj InX; — dain x 
j i 


t 


t 


by yb 
ken 


1 B, one 
a tL: 23 aL — 3.33 
exp | iT (5 aiMi(p, T) 2 bj j(P, nt XOX8 (3.33) 


where we have divided by kT in the last step, exponentiated, and exploited the properties of 
the logarithm. Equation (3.33) is the law of mass action, which determines the equilibrium 
concentrations of products Xz,, Xz,,... and reactants X A,» XA,,--- INachemical reaction 
according to Equation (3.6). One often writes for the lefthand side in Equation (3.33) 


K(p, T) = exp |- = (= bju;(p,T) ~ >> aiui(p, n)t (3.34) 
; 


I 


This is the equilibrium constant of the reaction at the total pressure p and the temperature 7. 
For ideal gases we can readily recalculate this constant for different pressures and temper- 
atures, since we know the chemical potentials 44;(p, T) for all pressures and temperatures, 
if we have determined them once for a standard pressure po and a standard temperature 
To—see Equation (3.31). To this end, we form the ratio of K(p, T) to K (po, To) and find, 
with Equation (3.31) that . 


1 1 
Kpi 1) Klpe To) exp | ~Ae (Z _ all 


Gwern es 


with Ac ye Ae = >=; a€;, the energy gained or required per reaction (the binding 
energy difference between the products and the reactants). Let us first consider the pressure 
dependence of the equilibrium constant K(p, T). This depends on whether >~ fps Loa 
is greater than, less than, or equal to zero. For our example in Equation (3.29), for instance, 


au, = ac, = 1 and byq = 2, ice., ay, + 4c, — buc) = 0. In the ideal case, such 
reactions do not show any dependence on the pressure, while for Ny + 3 Hy = 2 NH; 
we have )),b; ~ )°; a4; = —2. For the latter reaction K(p, To) = K (po, To)(p/ po). 


Hence, the equilibrium constant increases with increasing pressure. According to Equa- 
tion (3.33) the concentration of the products has to increase with respect to that of the 
reactants. The synthesis of ammonia from the elements is therefore more efficient at high 
pressure than at atmospheric pressure. For this reaction Ae < 0 and the equilibrium con- 
stant K (po, T) = K (po, To) exp{—Ae(1/kT — 1/kTp)}(1o/T)° decreases with increasing 
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temperature. To gain a high amount of ammonia one should therefore work at low temper- 
atures. However, in practice the technically very important ammonia synthesis (fertilizer 
production) is performed at temperatures up to 500°C (and pressures up to 10° Pa). This is, 
from a technical point of view, more convenient than synthesis at room temperature. Our 
equilibrium considerations namely do not tell us how fast a system assumes equilibrium. In 
general, the relaxation times needed to reach equilibrium are larger for lower temperatures. 
At low temperatures the reaction rate is also small. The gain of ammonia per unit time 
in a continuous reaction, where the reaction products are permanently removed from the 
system, may therefore be larger at high temperatures, although the equilibrium is actually 
shifted to disadvantageous values. We do not want to discuss these problems, which belong 
to the study of reaction dynamics, in more detail. Let us only mention that the reaction 
rate can be increased by catalytic agents which are not changed by the reaction. Here one 
exploits the fact that the chemical potential of the materials participating in the reaction 
is changed if they are absorbed on the surface of certain materials, i.e, if they cling to the 
surface of the catalyst. Thus, catalytic agents are mainly porous materials with a surface 
which is as large as possible. 

In the following we want to use the concentration dependence of the chemical potential 
of component i 


Lee, A tp, TX, =) ak? In X; (3.36) 


also for ideal solutions. Here z;(p, T, X;) is the chemical potential of particle species 1 in 
a system at pressure p, temperature 7, and with concentration X;. This can be calculated 
according to Equation (3.36) from the chemical potential j:;(p, T, 1) of the pure component 
i (X; = 1) at the same p and T. This is a phenomenological equation of state like the 
ideal gas law and only experience can justify this ansatz. In nonideal solutions Equation 
(3.36) is not valid. However, one can retain the form of Equation (3.36) also for nonideal 
systems, if one transforms the term kT In X; to include the activities kT In f;X;, 1e., if 
one introduces effective concentrations. The f; are phenomenological parameters which 
describe the deviations from the ideal case and may depend on the pressure, temperature, 
and concentration. The form of the law of mass action remains unchanged; one has only to 
replace the X; by the effective concentrations /;X;. 


Exercise 3.3: Raoult’s law, increase of boiling point 


Solution 


Calculate the dependence of the vapor pressure of a solvent on the concentration of a (not 
very volatile) dissolved substance and the resulting increase of the boiling point. Consider the 
vapor and the solution to be ideal. 


As in the calculation of the Clausius-Clapeyron equation we start from the equilibrium 
condition 


Bip, y= id, 1, Xi) 


where now the chemical potential is changed due to the dissolved substance. It is X; = 
Ni /(Ni + Nouv). The dependence of the chemical potential on the concentration is known 
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from Equation (3.36): 
Mu(p, T, Xu) = wip, T, 1) + kT In xX; (3.37) 


where j4,;(p, T, 1) is the chemical potential of the pure solvent. Fora given fixed temperature 
a change of concentration by dX;; leads to a change (decrease) of the vapor pressure by dp. 
Therefore we have the relation 


i + If 1 dX); 
Op (p, T) ae Opi (p ) Fay ¢ cl 

dp T dp "F Xi; 
The Gibbs—Duhem relation, 


Ss V 
di — — ub 
lL N + p 


however, yields the quite general assertion 


Ope V 
— =—_- =PV 
Op |r N 
and thus we obtain 
oP = ees (3.38) 


aX; (vy — 1) Xi 


This equation determines the change of the vapor pressure as a function of the concentration 
of the solvent. 


If we again insert v, >> vj; and vy, = V/Ny = kT/p, we can 
immediately integrate Equation (3.38). We have 
dp _ aXe. p _ Xu 


p Xi Po ] 


If we have a vapor pressure p(T, X = 1) for a pure solvent at temper- 
ature T’, the vapor pressure p(T, X) at the same temperature but for the 
concentration X;; is given by 


PIT, X) = p(T) Xu = p(T) — Xsus) 


aaa 
aly 
SL if p(T) is the known vapor pressure for the pure liquid. Here X,,,, is the 
Figure 3.6. Boiling point increase and Concentration of the dissolved substance. The relative decrease of the 
freezing point decrease. vapor pressure is therefore, with p(T) — p(T, X) = Ap, proportional 
to the molar fraction of the dissolved material: 
Ap 
fae a (3.39) 
p(T) 


This is Raoult’s law (1890). It is, however, not a very good approximation, as one can see 
from Figure 3.7: even for moderate concentrations of the dissolved material the measured 
decrease of the vapor pressure deviates from the calculated decrease. One can, however, 
retain Equation (3.39) if one introduces instead of the true concentration X,,,, of the substance 
a reduced, effective concentration a,,,, = FP Xsav, the so-called activity. The measurement of 
the vapor pressure then allows for the calculation of the activity coefficient, which is a very 
important quantity in chemistry. 


EXERCISE 3.4: VAPOR PRESSURE 


As one reads off Figure 3.6, for an aqueous solution the boiling pressure of 1 atmosphere is 
reached only at higher temperatures, due to the decrease in the vapor pressure. This corresponds 
to an increase in the boiling point. Analogously the triple point (crossing point of the vapor 
and sublimation pressure curves) is shifted towards lower temperatures, which corresponds to 
a decrease of the freezing point (at arbitrary pressure). 

We can immediately calculate the change in temperature AT, if we compare the pressure 
in the solution with that of the pure solvent: 


p(T + AT, Xr) = p(T, 1) 


Aa) 1 1 AQ’ (1 1 
im — ane |-F (sag eps mri ae (F- x) 


where Ap is the change of the vapor pressure of the solution com- 


Ap, pared with the pure solvent at given temperature. Here we have used 
Ta. Equation (3.15). With 1 — Ap/po = 1 — Xsu», Equation (3.39), it 
0.2 holds that 
AO: 1 1 
hi xX.) = | ee 
a NS ( TAT T ) 
For small concentrations X,,,, <_ 1 and for an increase of the boiling 
0.1 ; 
point AT/T we have 
inc! — Xo x : 2 peo 
in oad Su BS subs So eS Soe 
y ‘4 Pee ie T 
On a Geo ie en ; 
Figure 3.7. Comparison of Raoult’s law AT ® AO Loca (3.40) 


with experiment. 
Here A Q’ is the vaporization latent heat per particle, T is the boiling 
point of the pure solvent, and X,,,, is the molar fraction of the dissolved substance. 

Equation (3.40) is of great importance for a fast determination of the molecular mass of 
compounds. If one measures, for known concentration (in kg/m?) and known vaporization 
latent heat per particle, the increase of the boiling point, one can determine X,,,,, and for 
known WN;; the particle number N,,,,, from which one can immediately calculate the mass per 
particle. 


Exercise 3.4: Vapor pressure 


Calculate the change of the vapor pressure in a liquid, if a nonsoluble gas is mixed with the 
vapor. 


Solution The total pressure p of the gaseous phase is constituted by the partial pressures of the vapor, 
Pv, and of the gas, p,. The chemical potential depends on the total pressure of the gaseous 
phase. It is reduced, compared to that of the pure vapor phase, according to 


pe"(p,T) = wy(p, T) + kT In = 
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i.e., the chemical potential is given by that of the pure vapor plus the concentration dependence, 
in this case expressed by the partial pressure (X = p,/p). The equilibrium condition reads 
us" (p, T) = wilp, T) 


If we increase the total pressure at constant temperature by adding a gas, p = py + Pg, it 
holds that 


Oi om 
Op |r ; 
CE a 
Op |r ‘ N, Dp 


kT ' 
jap ap +47 d (im ) 
Pp P 


kT d 
= — dp +kT d(in p,) — kT 2 
P P 
d\n py _ (3.41) 
dp kT 


Equation (3.41) describes the change of the saturation vapor pressure p, with a change of the 
total pressure p when adding a gas. If we integrate Equation (3.41) from the situation p = p© 
and p, = 0 to the situation p = p, + p,, we have 


Pu is Ui Uli (0) 
no | a Pen ~ a a 
The integral can be calculated due to the small compressibility of liquids (vw; ~ const.). If 
we insert numbers, e.g., for HO at p = 1.01325 - 10° Pa, T = 293K, v,; = 1.8 - 1075 
m?/mol, and the vapor pressure without gas p = 607.95 Pa, we find for a total pressure 
p = 1.01325 - 10° Pa with the “gas” air, where one may additionally neglect po <p and 
assume kT/p = v, * 22.4- 1073 m3/mol, that 


Pv _, 0.018 - 10~3m3/mol 


] ~~ 
"0 22.4. 10m /mol 


=k  105* 


so that the vapor pressure of water is practically independent of the air. One can therefore 
expand the logarithm around | to obtain 


Pv _ Apy 
In a= In (: + “) 


Pv 
Ap» Vi (0) 
Oo > Be (p — py”) (3.42) 


In practice, however, deviations from this simple formula occur which are caused by the fact 
that one may not neglect the solubility of the gas in the liquid phase and the interactions of 
the vapor with the gas. In Figure 3.8 the saturation concentration Cs (instead of the vapor 
pressure p,) of steam in different gases is shown. The concentration 200 g/m? corresponds 
to the vapor pressure of pure water without gas. As one observes only Hz behaves ideally 
(dashed line). However, one can use Equation (3.42) also for other gases, ifone inserts instead 
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Figure 3.8. Saturation concentrations Cs of different gases in water. 


of the pressure an effective pressure (the so-called fugacity), analogously to the activity for 
concentrations. 


Exercise 3.5: The law of Henry and Dalton 


Calculate the relation between the pressure of a gas above a nonvolatile solvent and the 
concentration of the dissolved gas in the solvent. 
Solution If the solventis nonvolatile, we may neglect its vapor pressure and must postulate in equilibrium 


gas (Pp, T)= Lee ear (Ss) (3.43) 
if X denotes the molar fraction of dissolved gas particles in the solvent. If we insert the 
concentration dependence of the chemical potential, it follows that 


dissolved 


ee (p, ie X) = ee eee fT. Gs) 


gas 


X 
kT In — 
+ n iv 


if Xo is the concentration of a standard solution. If we now vary the gas pressure by dp, the 
concentration also changes by dX, and with dj:/dp = v and Equation (3.43) we have 


xX 
— ,,dissolved am 
Ugas 2D = Vege yy GP +kT din ¥ 
0 
or 
dln se v my piissolved 
Xo — gas gas,Xog 


dp kT 
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Figure 3.10. Relationship between the 
Figure 3.9. Comparison of the law of law of Henry and Dalton and Raoult’s 
Henry and Dalton with the experiment. law. 


On the righthand side we have the volume difference per gas particle in the gaseous phase and 


the solution, respectively. With véi°9'°4 & vyas © kT/p we find after integration 
Pp 


ein ele or Ge eee 
Xo Po Po 
This is the law of Henry and Dalton, which tells us that the concentration of a gas ina 
solution increases proportionally to its pressure above the solution. The law holds to good 
approximation also for the partial pressures of several gases. (See Figure 3.9.) 
One can consider the law of Henry and Dalton and Raoult’s law of decrease of vapor 
pressure (Figure 3.10) 


A 
eae 4 
Po 
or 
7 — ap 


as limiting cases of one special situation, if one identifies for Raoult’s law the nonvolatile 
solvent with the nonvolatile dissolved material. If X denotes the concentration of the dissolved 
gas, for small X (low gas pressure) the law of Henry and Dalton is valid; for X > 1, 1.e., pure 
vapor, the pressure is equal to the vapor pressure of the vapor gas Po. This, however, holds 
only for gases which can be liquid at the given temperature. If this is not the case, one can 
determine a limiting pressure pg for X = 1 with the help of the Clausius—Clapeyron equation. 


San 
Exercise 3.6: Vapor pressure of a mixture 


Calculate the vapor pressure of a mixture of two solvents as a function of the molar fraction 
of solvent 1. Assume that Raoult’s law is valid for the partial pressure. 


Solution Raoult’s law describing the dependence of the vapor pressure on the concentration of a 
dissolved material, reads 
A A 
ee XxX, or era 1 respectively, (3.44) 


Pio P20 
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Figure 3.11. Vapor pressure diagram for an ideal mixture and experimental result for chloroform in 
acetone. 


where pio is the vapor pressure of the pure solvent 1 and po is that of the solvent 2. Note 
that in deriving Raoult’s law we assumed that the dissolved material is nonvolatile, so that 
we cannot expect a very good agreement with the experiment. We plot Equation (3.44) as a 
function of X;. Since X. = 1 — X, we have for the total pressure p 


Pio — Pi = X2Pio = (1 — X1) Pro 
P2 — Pr = XiPr 
=> Pit Pr = P = Pro + Xi (Pio — Pr) (3.45) 


As one sees from Figure 3.11, real mixtures differ more or less from the simple theoretical 
predictions. Here one can also retain Equation (3.45), if one uses fugacities. Conversely, one 
can determine the fugacities by measuring the partial vapor pressures. 


Exercise 3.7: Osmotic pressure 


A solvent with a dissolved material is separated from the pure solvent by a diaphragm which 
is only permeable for the solvent (Figure 3.12). Calculate the pressure difference between the 
systems as a function of the concentration X,,, of the dissolved material. Assume the solution 
to behave ideally. 


Solution Since the partial systems may exchange energy or particles, it must hold in equilibrium that 
T pes & we =e pies 
= 42, ie ores 


However, since the diaphragm is rigid and thus prevents a change of volume, we have in 
general p, # pz. We want to calculate this pressure difference. As we know, the chemical 
potential depends on pressure and concentration, and we have 


De Cp T) = foe ps, i i) (3.46) 
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Figure 3.12. The system 
considered. 
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for a given concentration X, of the solvent and X,, of dissolved material, X, = 
1 — X,,. With Equation (3.37) we may write 


i as, le X;) = on (Pay IP) 
ele (3.47) 


solvent mare : , 
with Here 1, (p2, T) denotes the chemical potential of the pure solvent at pressure 


p2. Since 0j4/dp|; = v we can calculate this chemical potential also for other 
pressures. It is 


substance 


P2 
“(p2,T) = w(pi, T) +f u(p, T) dp 


P| 


If we insert this into Equation (3.47) and the whole expression into Equation (3.46), we obtain 
P2 
Be" (p, T) = py" (pi, T) + / u(p, T) dp 
P| 


+ kT In x, 


Since the compressibility of liquids is small (v,; * const.) we can evaluate the integral, and 
find that 


0 = v(p2 — pi) + kT In xX, 
or with z = p2 — py 
mv = —kT In(l — X,,) 


For X,, < 1 we can expand the logarithm and obtain the law of van’t Hoff, which resembles 
the ideal gas law very much, 


mv = XmkT (3.48) 


Here z is the osmotic pressure difference, v is the volume per particle in the solvent. The 
osmotic pressure can attain considerable values. If we, for instance, insert the values for a one 
molar hydrous solution of salt, the osmotic pressure z is © 24 - 10° Pa. 

The importance of Equation (3.48) is due to the fact that one can calculate the molar mass of 
the dissolved material by determining the easily measurable osmotic pressure, provided the 
concentration in kg/m? and the molar mass of the solvent are known. 


eee eee 


Application of the laws of thermodynamics 


We want to calculate the internal energy U(V, T) of areal gas. The exact differential of U 
reads 
dU 


dU = — 
oT 


iE oe aed 
: dV 
We have already identified the expression 0U/3T|y = Cy(T, V) as the heat capacity 
because of 50 = dU = Cy dT at V = const. Thus we can determine the temperature 


dV (3.49) 


i 
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dependence of U at constant volume, provided Cy(T, V) is known. The dependence of 
the internal energy on the volume shall be expressed by state quantities which are easier to 
determine. In most cases one has an equation of state S(T, p, V, N) = 0, and we want 
to replace dU/dV |r by these quantities (a typical application for thermodynamics), i.e., to 
express JU/dV|r in terms of T and p and derivatives of these intensive variables. 

To this end we denote the exact differential of the entropy S(V, T), 


as as 
dS(V,T) = —| dT —| dv : 
( ) OP \an Be OV |x ey 
for which, on the other hand, 
Oona dU oF pdVv 1 1 0U Pp 
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i iP joes (owl e) iba 
also is valid. By comparing coefficients one finds 
aS 1 1 aU as IL ale P 
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Since S has an exact differential, it must hold that 
aes r) aig) a°s r) 1 aU p 
oe gents Memmi = Se ee || eimai se) (3.53) 
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Performing the differentiations yields, with 
ee ae oes ae 
aVaT  aTaV ek 
the result that 
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| == ie ss (3.55) 
T dVOT fhe UNE IE aaah ie Teor i, 
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Thus we have reached our aim to express 0U/0V|7 by derivatives of the equation of state, 

since we can readily determine p = p(N, T, V) also for real gases. If we insert Equation 

(3.56) into Equation (3.49) we have 
dp 


Ali) (Cel ve yaene fo) Cees 
v( ) +( aT 


= p) dV (3.57) 
V 


We will see in the next section that such relations are easily derived using the theory of 
transformations of variables for functions of more than one variable. Here we were forced 
to explicitly perform all of the individual steps. It is not even necessary to know Cy (T. V), 
rather it is sufficient to know Cy(T, V = const.). Since dU is an exact differential one has 


aC re) ) 
vj _ (7 gal ») (3.58) 
mor weaaT |p 
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However, the righthand side can be as well determined from the equation of state, so that 
we can calculate the volume dependence of the heat capacity. For an ideal gas one has, for 
instance, 


NkT 
ICO GS 1) (3.59) 
and thus 
ap aCy 
|| Se Ora |e 3.60 
ayn Wee aie a 


Therefore, the heat capacity of an ideal gas cannot depend on the volume. As we already 
know, it is even absolutely constant. 


Exercise 3.8: Internal energy of the van der Waals gas 


Solution 


Calculate the internal energy of a van der Waals gas as a function of temperature and volume 
at constant particle number. 


The equation of state of the van der Waals gas reads 


N 2 


g ap : 
We now evaluate the expression T >> I — p: 


NkT hee 
N,V,T)= ee 
pt ae (7) « 
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Hence, as for the ideal gas, the heat capacity of a van der Waals gas cannot depend on the 


volume because of 
alll 
= = | = |p 
# oT \ V 


Thus we have according to Equation (3.57) 


dCy(T, V) 


av aa 


Nn \2 
dU =Cy(T)dT + (F) adV 


We can integrate this starting from an initial state Ty and po with the internal energy Uo, 


To 
U(V, T) — Uo(Vo, Ta) =| 


To 
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For temperature differences which are not too large Cy (T) is approximately constant and thus 


U(V, T) = Uo(Vo, To) + Cy(T — To) — N’a (5 - z) (3.62) 
V Vo 
The internal energy increases with the volume. This is quite obvious from a microscopic point 
of view, since the particles are on the average further away from each other, but the interaction 
is attractive. For large volumes (i.e., small particle densities) Equation (3.62) becomes the 
result for the ideal gas; i.e., the larger V is, the smaller is the increase of U with V. 


er 


Exercise 3.9: 


Solution 


Entropy of the van der Waals gas 


Calculate the entropy of a van der Waals gas as a function of temperature and volume at 
constant particle number. 


According to Equations (3.50), (3.51), and (3.56), we have 


as as 
oF p) dV 
T 
op 


dS= z-| dT+ | dv 
1 
=Cy(T)dT+ =—| av 
T VW 


Ze 
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The quantity 8p/8T|y for a van der Waals gas was calculated in the preceding Exercise; 
if we insert Equation (3.61), we obtain 


aS l Oy (TdT + iE dv 
nine V—Nb 
Starting from a state Ty and Vo with entropy Sp we can integrate this equation: 
if 
Cy(T) V —Nb 
S(V, T) — So(Vo, To) = dT + Nk ln ——— 
( ) — So(Vo, To) [ T BE Vo — Nb 


For temperature differences that are not too large (= 100K) we have Cy * const. and thus 
V —Nb 

Vo — Nb 

The entropy of a van der Waals gas is nearly identical to that of an ideal gas; one only has to 
reduce the volume by the proper volume Nb of the particles. 


T 
S(V, T) = So(Vo, To) + Cy In i + Nk In 
0 
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The principle of maximum entropy 
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The assertion of the second law of thermodynamics is that isolated systems strive for an 
equilibrium state which is characterized by a maximum in entropy. As we have seen this is, 
from the microscopic point of view, the most probable state, i.e., the state with the largest 
number of microscopic realization possibilities. 

All spontaneous (irreversible) processes in an isolated system increase the entropy, 
until the maximum is reached for the equilibrium state: 


On the other hand, we know from mechanics, electrodynamics, and quantum mechanics 
that systems which are not isolated want to minimize their energy. For instance, mechanical 
systems want to assume a state with a minimum of potential energy. A raindrop falls onto 
the earth, where its kinetic energy, gained from its initial potential energy, is transformed 
into heat. Similar arguments apply to a pendulum which finally reaches its rest position 
(equilibrium) due to the influence of friction; i.e., it assumes a state with a minimum of 
potential energy. However, if in both cases one adds the heat energy created, the total energy 
is not changed. It has merely been statistically distributed in the form of heat among a larger 
number of particles (earth, support). During this process the entropy of the isolated total 
system (earth+airtraindrop or pendulum+air+support) has increased. This leads us to the 
presumption that the striving for minimum energy can be traced to the striving for maximum 
entropy. This can be readily understood with the help of the laws of thermodynamics. To 
this end, we consider an isolated system containing two partial systems (Figure 4.1). We 
remove a certain work 6W, < 0 from system 1, e.g., a difference in potential energy. 

The partial system shall not exchange any heat with the surroundings during this 
process. For this reversible process we have 


OO a) (4.2) 
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hence the entropy 5; stays constant. If we now hand over a fraction € 
of the work 5 W, as heat and a fraction (1 — €) as work to partial system 
2, we have 
dU, = 6024+ 6W, = —dU,; = —é6W, > 0 (4.3) 
6Q2 = —€ dW, > 0, 6W, = —(1 — €) dW, (4.4) 


Figure 4.1. Considered system. 


If the heat is passed over to system 2 while the temperature stays 
constant, the following holds: 


6Q2 =T dS, > 0 (4.5) 


Since now S, = const. and dS» > 0, the total entropy of the isolated system has obviously 
increased through the transformation of work from partial system 1 into heat in partial 
system 2, and the internal energy of partial system 1 has decreased. One furthermore 
notices that this process proceeds spontaneously as long as partial system 1 can perform 
work, or in other words, until the total system reaches the state of maximum entropy. The 
transformation of work into heat is always an irreversible process and happens only until 
no more work can be performed (pendulum!). 

This conclusion can be expressed in very general terms: a nonisolated system at con- 
stant entropy (6Q = 0) heads for a state of minimum energy. Here one has to assume that 
at least a part of the work 6 W, is transformed into heat. However, if on the contrary « = 0 
and 6W, = —é6W , then S; = const. and Sz = const. (because of 5Q2 = 0). The process 
is reversible and cannot happen spontaneously. As was shown, the principle of minimum 
energy can be derived from the principle of maximum entropy. 


Entropy and energy as thermodynamic potentials 


In many examples we have already seen that the entropy or the internal energy, respectively, 
are the central state quantities. If they are known as functions of the natural variables 
(U, S, V, N,...) of an isolated system, it is guaranteed that also all other thermodynamic 
quantities are completely known. For example, if we know U(S, V, N, ...), it holds that 


dU =TdS—pdV+udN+... (4.6) 
ra Oe _ au _ aU a 
7 as VAN ee an aV S)p/Mocos oe aN Slee a 


so that also the temperature, pressure, and chemical potential are known as functions of 
the natural variables. A similar assertion holds also for the entropy S(U, V, N,...), if we 
rearrange Equation (4.6): 


1 Pp Le 
dS = —dU+—dV—-—dN-... 4.8 
ee Ie iE si 
as 
ee eee fee Wc: (4.9) 
if aU lyn... rT OV i ON lyy 
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Equations (4.7) and (4.9), respectively, are the equations of state of the system. On the 
other hand, knowing all equations of state we may calculate the entropy and the internal 
energy, respectively, as functions of the natural variables by integration. 


Example 4.1: The entropy of the ideal gas 


We want to demonstrate this with the help of an example. Let us consider the entropy of the 
ideal gas, as given in Equation (2.40): 


Ee Po 
507, 9 = Weta om +m | (F) ei 
To p 


If we rewrite this in terms of the independent variables U, N, and V using U = 3 NkT and 
pV = NkT (Up = 3NokTp and poVo = NokTo, respectively), we obtain 


No 5/2 U 3/2 V 
S(N, V,U) = Nk cv Vo, uy +in| (2) (Z) (74 (4.10) 


Knowing Equation (4.10) all equations of state of the ideal gas can be obtained by partial 
differentiation according to Equation (4.9), 


| ee ema. Sr, 4.11 
Us reas eae aS 0) me eet 
oS ee rien 4.12 
ley Wee a pale 
ag a eS Na ey aa 2h 4.13 
—. =—-—=k|s ni{ — — — — = : 

ay ee ie : N Uo Vo 2 Gos) 


If one inserts Equation (4.1 1) and (4.12) into (4.13), one gets for the chemical potential 


5 5/2 
ute.t) =41 (5-9) -rm|(Z) (2)| (4.14) 


which coincides up to an additive constant with Equation (2.77). 

By the way, by comparison we again obtain the relation wo = ( 3 — So)kTo . Let us remember 
that the chemical potential, according to Equation (4.14), yields no independent equation of 
state, but is related to T and p via the Gibbs—Duhem relation. 


However, the knowledge of the state function (fundamental relation) S(U, N, V,...) 
yields even more information. If the entropy can be enlarged by a change in the variables 
U, N, V,..., the corresponding process happens spontaneously and irreversibly. The equi- 
librium state of the system is finally given by a maximum of the entropy as a function of the 
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variables (U, N, V,...). Because of these properties the entropy is a so-called thermody- 
namic potential (later on we will become acquainted with other “potentials” with similar 
properties). Just like the potential energy of mechanics, the entropy gives information 
about the most stable (equilibrium) position of the system. And just as with differences 
in potential energy, entropy differences are the reason why a process happens in an iso- 
lated system. Finally, the knowledge of the state function S(U, N, V, ...) or equivalently 
U(S, N, V,...) contains also the knowledge of the main equations of state of a system. 

The extensive state variables U, S, V, N, ... are very useful for isolated systems, where 
they assume constant values in equilibrium, but in practice, for instance in a heat bath, 
these state variables are often not appropriate. It is, for example, experimentally far easier 
to control, instead of the entropy, the corresponding intensive variable, the temperature. 
Quite analogously, in many cases one might prefer the pressure (e.g., atmospheric pressure) 
as the variable instead of the volume, etc. Therefore it is reasonable to look for other 
thermodynamic potentials which have quite analogous properties to the entropy or the 
energy, but which depend on the conjugated intensive variables. Our aim is therefore, for 
example, in the case of the internal energy U(S, V, N, ...), to perform a transformation 
from the entropy S to the intensive variable T = (0U/0S)|y.w..... 

The transformation we need is the Legendre transformation, which is well known from 
classical mechanics. There one uses this transformation to replace the generalized velocities 
gy in the Lagrange function L(q,, g,) by the new variables p, = 0L/dq,, the generalized 
momenta. This happens via 


H(q, Pv) = a aaa L(Gu, qv) (4.15) 


One obtains a function H(q,, p,), which is completely equivalent to L(q,, g,) but which 
depends on the new variable p,. The proof is simply given by differentiation: 
OL OL 


dH = |r. dis + ds - aaa ody ox ay} 
x dqv Oqv 


aL 
SS {4 (8 OF res aa} (4.16) 
Oqv 


v 


Here only the changes dp, and dq, occur. We now want to consider the Legendre 
transformation more extensively in the context of thermodynamics. 


The Legendre transformation 


Let us first restrict ourselves to functions of one variable. The results are then readily 
generalized to functions of several variables. Assume f (x) to be a function of the variable 
x, with the total differential 
of 
elf = 
f a 


Xx 


ar — p(x) ax (4.17) 
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The function p(x) = f’(x) gives the slope of the curve f (x) for every 
value of the variable x (let us assume that f(x) is differentiable for all 
x). The task of the Legendre transformation is to find a function g(p) of 
the new variable p = f’(x), which is equivalent to the function f(x), 
i.e., which contains the same information. Thus, one must be able to 
calculate g(p) unambiguously from the function f (x) and vice versa. 
The new function g(p) can be readily obtained using the illustrative 
interpretation in Figure 4.2 of the variable p as slope of the function 
f(x). To this end, we consider the intersection of the tangent to f at 
the point (xo, f(xo)) with the y-axis. The tangent has the following 
equation: 


Figure 4.2. Concerning the 
Legendre transformation. T(x) = f(xo) + f’ (xo) (& — xo) (4.18) 


The intersection with the y-axis g = 7 (0) therefore is 


En) =f (0) — xoy (xo) (4.19) 


and depends, of course, on the point xo under consideration. One calls the function g(x) 
for an arbitrary point x the Legendre transform of f(x); it 1s 


: ) 
g =f — xp with p= af (4.20) 
Ox 


In other words, g(x) is the corresponding value of the intersection of the tangent to f at 
point (x, f(x)) with the y-axis. 

We now want to show that g depends solely on the slope p = _f’(x). To this end we 
differentiate Equation (4.20): 


dg =df — pdx —xdp (4.21) 
If one inserts Equation (4.17) for df, one has 
ES me 00) (4.22) 


Thus, g can depend only on the variable p. To calculate g(p) explicitly, we have to eliminate 
x in Equation (4.20), 


g(x) = f(x) — xf") (4.23) 
with the help of the equation 
p= f'(x) (4.24) 


This, however, is only possible, if Equation (4.24) can be uniquely solved for x, i.e., if there 
exists the inverse f’—! to f’. Then one can insert 


x= f'"(p) rosa 
into Equation (4.23), and one obtains explicitly the function 


s(p) = f (f'(p)) — Ff’ (p)p (4.26) 
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Example 4.2: f(x) = x? 


Se, f'@) = p = 2x (4.27) 
The Legendre transform reads 
BC) = x = px (4.28) 
The inverse function f’~! exists and can be calculated from Equation (4.27): 
fp) =x= 5 
iD) = 2 = 5) Pp 
If one inserts this in Equation (4.28), it follows that 


ool A 
a 5 ae P 
The differential reads 

1 

dg = Ss iece = —xdp 

which coincides with Equation (4.22). 


i  ————————— 


It is therefore evident that a unique Legendre transform exists only if Equation (4.24) 
represents a bijective mapping, i.e., if every value of the variable x is uniquely mapped 
onto a certain value of the slope p and vice versa. From mathematics it is known that the 
function f’(x) has to be strictly monotonic for Equation (4.24) to be invertible. Thus, only 
if f’(x) is strictly monotonic does the Legendre transform g(p) exist. If the slope f "(x) is 
not strictly monotonic, there may be several values of x belonging to a value of the slope 
p, and the transformation is no longer unique. 


nr nn ne cE aetEEE EEE EEANS SASS 


Example 4.3: f(x) =x 


fa)=x, f(x) =1=p 
The last equality cannot be solved for x. In particular, the Legendre transform reads (formally) 
20) =24 = pr — «x —x— 0 


i.e., it does not contain the same information as f(x). 


nT ne dtEE Etats 


Next we show that one can reconstruct the original function f(x) from the Legendre 
transform in a unique way. According to Equation (4.20), it holds that 


f(p) = g(p) + xp (4.29) 
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In this equation we can uniquely replace p by x. According to Equation (4.22), we have 
x = ~g'(p) (4.30) 


Since f’(x) is strictly monotonous, the inverse function (4.25) is also strictly monotonous. 
Therefore Equation (4.30) can be uniquely solved for p(x). This can be inserted into 
Equation (4.29), and we uniquely reobtain the function f(x). 


Example 4.4: Reverse transformation 


Let us once again consider our first example (4.2). We had 


1 2 
oe 


If one calculates 


i 1 
af Oa 


one can solve this for p(x). Equation (4.29) reads in this case 
l 24 
f(p)=- a De aA xp 
If one here inserts p(x), it follows that 
f@) = —x? + 2x? = x? 


which agrees completely with the original function. 


The generalization of the Legendre transform to functions of several variables is 
obvious. For instance, f(x, y) is given. Then the total differential is 


df = p(x, y)dx + q(x, y) dy (4.31) 
where we have put 
of 0 
p®,y= = and q(x%,y = as (4.32) 
Ox y oy Fe 


If the variable x is to be replaced by p, one forms 
Be, yy fy ee (4.33) 
with the total differential 
dg = df — pdx —xdp 
= -xdp+qdy (4.34) 


where g is only a function of p and y. To calculate g(p, y) explicitly, the first of Equations 
(4.32) has to be invertible for all values of y. Then one can calculate the function X(p, y) 
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and insert it into Equation (4.33), so that the new function g(p, y) is known. Analogously, 
one can replace both variables x and y by p and q. To this end, one calculates 


Hy) — ike pay (4.35) 


To evaluate h(p, q) explicitly, one must be able to solve the system of equations (4.32) 
for x(p, q) and y(p, q). Then one can insert these functions into Equation (4.35), and 
one explicitly obtains the new function A(p, q), which is completely equivalent to the old 
function f(x, y). 

Quite strong presumptions are necessary for the Legendre transform to exist, due to 
the condition of solvability. One has to check for each special case whether they are 
fulfilled. However, one can always restrict the domain of the variables to regions where these 
presumptions are valid; correspondingly one then defines piecewise Legendre transforms. 
In the next sections we want to study extensively the application of the Legendre transform 
to thermodynamics. 


The free energy 


We start from the internal energy U(S, V, N, ...) as a function of the natural variables. The 
variable S, the entropy, shall be replaced by the temperature T = 0U/0S|y,y..... To this 
end, one uses the Legendre transform 


F=U-TS=-—pV+uN (4.36) 


which is called the free energy or Helmholtz potential. Here we have employed Euler’s 
equation (2.72). The total differential of U reads 


a0 — dS — yaa Nee (4.37) 
Correspondingly, the total differential of F is 
ap —=ad0 Sai —1 ds 
= —-SdT—pdV+pdNt... (4.38) 


Hence, the free energy is a function of T, V, N,..., which contains exactly the same 
information as the internal energy U,, but which now depends on the temperature instead of 
the entropy. In particular one obtains from Equations (4.38) the equations of state 


5 OF OF OF 
ass — ’ a = me ’ [jb = see ’ 
OT lyn... Pav Fidos ON iry... 

(4.39) 
To understand the importance of the free energy we consider a nonisolated system in a heat 
bath of constant temperature T (Figure 4.3). The total system (including the heat bath) must 


be isolated. Thus, the second law can be directly applied to the total system. Accordingly, 
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heat-bath T 


Figure 4.3. 
Isothermal 
system. 
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irreversible processes happen in this total system, until in equilibrium the entropy has 
a maximum and does not change any more: 


AS. = dSsys ots d Spath eal) (4.40) 


Here we have split the total entropy into that of the heat bath and that of the system 
under consideration. 

Since the system and the heat bath are in mutual contact, they may exchange heat 
and, eventually, also work. This leads, according to the first law, to a change of the 
internal energy of the partial systems. Let 5Q.y. be the heat exchanged with the heat 
bath (as seen from the system) and 6 A,,, the remaining work exchanged with the heat 
bath. Then we have, according to the first law, for the change in internal energy of the 
partial systems: 


dUgys = 5 Osys a 5 Weys, dU ah = db Qbath + 5 Woath (4.41) 
Since the total system is isolated, for reversible processes it must hold that 
b Osys = —6 Qbath and ) Weys = —b Wrath (4.42) 


When discussing the second law we have discussed the following inequalities, which are 
also valid for partial systems: 


10d Ss) = NOt 0 Oe and OW OW (4.43) 


This relation we know already from Equation (2.50). As seen from the system we therefore 
have 


= rev i 
dUsys — T dSsys = Wey < OW, (4.44) 
For a given constant temperature we may also write this as follows: 


dhys = (Uy, = (Sy) = We (4.45) 
Mf 


sys 
The change of the free energy dF,,, of the system at constant temperature (isothermal 
process) represents the work done by or performed on the system in a reversible process. 
This work is always smaller (including sign) than that in irreversible processes. 
For reversible processes the equality sign holds in Equation (4.40), so that with d Uy, = 
Fase OW. 


sys° 


) Osys 1 rev 
eee (dU 5. — sweet) (4.46) 


If we insert this into Equation (4.40), it follows for isothermal reversible processes (aS) — 
0) that 
ih dStot = 1p dSsys ios dU sys + bw’ 


sys 


= —d Fyys +5Wo =0 (4.47) 


sys 


dSbath = =a Ssy5 = oay 


or for irreversible processes, respectively, 


T dS = —dFys + Wi, > 0 (4.48) 
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Here it becomes quite evident that for isothermal systems the free energy has an importance 
quite analogous to the entropy for isolated systems. Let the work performed be 6W.y, = 0, 
then the entropy of the isolated total system has a maximum if and only if the free energy 
of the isothermal partial system has a minimum. In particular, processes which diminish 
the free energy happen spontaneously and irreversibly in an isothermal system. Since 


dF =a Tsp] db fas =0 for dW = OandT = const. (4.49) 


the free energy yields a combination of the principle of maximum entropy and minimum 
energy. Isothermal systems, which can exchange only heat, but not work with their sur- 
roundings, try to minimize their free energy; i.e., they try to minimize their energy and 
simultaneously maximize their entropy! This has the consequence that, for instance, isother- 
mal processes which actually increase the internal energy, i.e., which require energy input, 
nevertheless happen spontaneously, if for a given temperature the gain in entropy TdS is 
larger than the expense in energy dU—the energy is here extracted from the heat bath. 

In general, an isothermal system which does not exchange work with its surroundings 
strives for a minimum of the free energy. Irreversible processes happen spontaneously, until 
the minimum 


ak — a (4.50) 


is reached. 


Example 4.5: Precipitation from a solution 


The precipitation of magnesium carbonate from a hydrous solution when mixing solutions 
which contain separately magnesium ions and carbonate ions, 


Mg,* aE Core —> MgCO3 nora 


happens spontaneously, since the cost in energy AU *% 25.1 kJ/mol is much smaller than 
the gain in entropy, which is approximately T AS ~ 71.1 kJ/mol at room temperature. This 
example shows that one has to be very careful in the probabilistic interpretation of the entropy. 
The conglomeration of Mg and CO; ions to a solid seems to correspond to a decrease in 
entropy compared to the homogeneous distribution of the ions in the solution. However, as 
the measurement of AU and AS shows, this is not the case. The reason is that ions in a 
hydrous solution are surrounded by a systematic hydrate envelope of water molecules. The 
break-up of this well-ordered hydrate envelope again yields a larger gain in entropy than the 
conglomeration of the ions to a solid. 


a 


Analogously, processes at constant temperature, for which the decrease of the internal 
energy is larger than the decrease of the entropy, also happen spontaneously. And of course, 
processes happen spontaneously which increase the entropy as well as decrease the energy. 

The application of the free energy is not restricted to isothermal systems. In these cases 
their interpretation is only very obvious. The free energy can in principle be calculated for 
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any system from the internal energy by means of a Legendre transformation. It is completely 
equivalent to the internal energy. In particular, one can calculate from the free energy the 
internal energy, as well as all equations of state. Therefore it is a thermodynamic potential. 


Example 4.6: Free energy of the ideal gas 


We want to calculate the free energy of the ideal gas. To this end we solve Equation (4.10) for 
U(S, V,N), 


NO NIV Noe 2S 
0 


Now we form 
F=U-TS (4.52) 


To obtain F(T, V, N) we have to express S in Equation (4.52) by 7. This happens via 


N 5/3 V, \23 
-o(5) CF) 
N,V... No We 


Sees 2 
=~{—-s se 
Pave eo ae 


This equation has to be solved for S(T, V, N): 


PNET VPN OPV 
servin=neloring(3 32) (%)" (EI 


If we insert this into Equation (4.52) for S, it follows that 


2 BENE Vee 5/2 
F(T, V,N) = =NkT — NkT | 59 +1n (5 ~ | (=) (=) 
2 ei N V, 


or, with Up = 3 NokTo, that 


3 TaN V 
rerv.n)=war| 3 4 -1n{(Z) (Fe) (zt (4.53) 


where So is again the constant which fixes the scale of entropy. Together with Tp, No, and Vo 
this constant yields the free energy Fo(To, Vo, No) in the reference State, so that as usual in 
thermodynamics, Equation (4.53) represents only a difference compared to a reference state. 

Now we show that F(T, V, N), as well as U(S, V, N) or S(U, V, N), contains all the 
equations of state. To this end we just have to calculate the partial derivatives of F with respect 
to the variables: 


dU 
as 


ee EN Ty ih se 
OF NkT 
DENY eat tia (4.55) 
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le 
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Together with the reverse transformation, 
3 
U(T, V,N) = F(T, V,N)+TS = 5 NkT (4.57) 


the free energy is completely equivalent to S(U, V, N) or to U(S, V, N), which follows 
immediately after eliminating the corresponding variables in Equations (4.54-56). 


a 


At the end of this section we want to illustrate the qualitative difference between internal 
energy and free energy. It is, of course, possible to rewrite the internal energy US, Va) 
of an ideal gas directly in terms of other variables with the help of the equations of state. 
For instance, U(T, V, N) is well known to us, 


3 
U(T, V,N) = 5 NkT (4.58) 


Note, however, that U(T, V, N) is a different physical quantity than F(T, V, N), as one 
readily confirms by comparison with Equation (4.57). In an isothermal system, for instance, 
the free energy has a minimum in equilibrium, but not necessarily the internal energy. 
The difference is that F(T, V, N) contains the full thermodynamic information about the 
system, as well as U(S, V, N). By contrast, in U(T, V, N) information was lost. One 
cannot determine the entropy from U(T, V, N) without the help of other equations of state, 
while this is possible for the free energy via —S = af lee Me 


The enthalpy 


After extensively discussing the principle of the Legendre transformation for the free energy 
and the pair of variables T and 5S, it is not difficult to transfer this method also to other pairs of 
variables. In chemistry, processes at constant (atmospheric) pressure are of special interest, 
since usually chemical reactions happen in open vessels, i.e., under the direct influence of 
the atmosheric pressure. (See Figure 4.4.) Therefore, we want to transform the internal 
energy U(S, V, N, ...) from the variable V to the new variable p. Since the term —pdV 
in the differential of U occurs with a negative sign, we also have to change the sign in the 
Legendre transformation: 


H=U+pV=TS+hN (4.59) 


Equation (4.59) defines the enthalpy, which is also a thermodynamic potential, in the 
variables S, p and N. The total differential of the enthalpy reads 


dH =dU + pdV+Vdp 
StdS+Vdp+pdN +... (4.60) 
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If the enthalpy H(S, p, N,...) is known, all other state quantities may be obtained by 
partial differentiation, as for U and F, 


dH aH _ 3H 
as = ON atts 


, Vs 


Ze (4.61) 
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As with all other thermodynamic potentials the enthalpy can in principle be calculated 
for any system. However, it is especially useful for isobaric (p = const., dp = 0) 
and adiabatic (6Q = 0) systems. Such systems do not exchange heat with their 
surroundings, but can perform volume work against the constant external pressure in 


an expansion (6W/r] = — p dV), and may furthermore exchange other forms of work 


with their surroundings (e.g., SW" = udN, etc.). Thus, the total work reversibly 


other 


exchanged with the surroundings is SW’ = dW’ + §5wr’ 


tot vol other * 


Especially for isobaric systems (p = const., dp = 0) we find with the help of 
the first law, dU = 6Q +5W = 5Q + 5Wother — pdV, for reversible changes of 


Figure 4.4. 
Isobaric system 
(7 = const.): If state at constant pressure, that 


heat exchange 
with the dH|, = dU + pV)|p = (dU + pdV + Vdp), = dU|, + pdV\, 


surroundings is dH\, = 5Ol, + 6wrey le (4.62) 


prevented, the other 


system is also ; ; ont 
adiabatic. For isobaric changes of state, the change of the enthalpy is just the amount of heat 


exchanged with the surroundings plus the exchanged utilizable work, which is not 
simply volume work against the constant external pressure. If the system does not perform 
such utilizable work in the change of state under consideration (or if there is no such work to 
be performed on the system), we have dH|, = 5Q| p- In this case, the enthalpy difference 
gives the amount of heat exchanged with the surroundings at constant pressure. On the 
other hand, by measuring such amounts of heat one can determine enthalpy differences. 
By the way, this is quite analogous to the statement dU|y = 5Q|y in systems at constant 
volume which do not exchange work with their surroundings (dU = 6Q0+5W,5W = 0). 
Then the exchanged amount of heat is identical with the change of the internal energy. 
Let us consider especially an isobaric and adiabatic system with p = const. and 
5Q = 0. Then we have according to Equation (4.62) 


dH |p ad = 6 eee lee (4.63) 


The change of enthalpy for an isobaric, adiabatic change of state is the utilizable work 
reversibly gained from (or required by) the system aside from the volume work. This 
statement corresponds to Equation (4.45) for the change of the free energy in an isothermal 


system. Again, for irreversible processes OW er = wit is valid and thus 


dil) 5nd = OWon, lp.ad < 5 Will | p.ad (4.64) 


other 


For irreversible processes the maximum possible utilizable work, namely the reversible 
work, is not performed. If, especially for an irreversible process in the isobaric, adiabatic 
system 6Woier = 9, 1.e., if no utilizable work is performed, we have 


dH <0 (4.65) 
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In an adiabatic, isobaric system, which is left to its own, irreversible processes happen, 
which decrease the enthalpy, until in equilibrium a minimum of the enthalpy is reached, 


dH =0, H = Hnin (4.66) 


The enthalpy is thus very similar to the internal energy. In a system under constant pressure, 
however, most changes of state require volume work, which is explicitly considered in the 
enthalpy. 


a na 


Example 4.7: Enthalpy of the ideal gas 
We start again from Equation (4.51) and form 
H=U+pV (4.67) 


To calculate H(S, p, N) explicitly we have to eliminate V, with the help of Equation (4.51), 


according to 
5/3 72/3 
Sern ue ee e ear (4.68) 
5 No Ve 3 \ Nk 


Equation (4.68) has to be solved for V and inserted into Equation (4.67). First, we have 


V Dene LN Day as ) 
— =| = == —— || 40) || ae BY 
Vo 3 PVo No 5 Nk 


If one inserts this into Equation (4.67), one gets 


Hee N en a ol? 5 
feny Ds sf ON 2 ( MY ) 
-— — |exp};-—({(— —-s 
Vs Me GaN ai. 
If one combines both terms, it holds that 


HORN = UN CN a ee 
ON 8 ae PIS\Ne 


With Up = NokTo = 3 PoVo we may write the constants also as follows: 


5 N He Deas 
H(S, p, N) = 3 u0( >) (£) exp | 5 € - s))| (4.69) 


As usual, the enthalpy is only determined up to an additive constant, which can be chosen in 
a way that, for S = Nkso, N = No, and p = po, H assumes the value Hp = 3 Uo. 


aU 
aV 


—p= 
Se Nise 


OO 
Exercise 4.8: Calculation of the equations of state from the enthalpy 


Show that Equations (4.61) with the enthalpy of the ideal gas, Equation (4.69), yield the 
equations of state of the ideal gas. 
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Solution We have 
T(S KD) = ae 
> Ps = aS a, 
2U mo Ya ae) 
= aE (£) exp | ¢ Gz -»)| poe 
0 Po 
0H 
V(S, p,N) = — 
ap S.N 


2 N ae 2S 
= ia) — x exp | ¢ (= -»)} (4.71) 
3Ppo \ No Po 5 NK 
If one eliminates S from Equations (4.70) and (4.71) by dividing both equations, it follows 
that 
V Nk 
r P 
which is the ideal gas law. Similarly one can obtain the internal energy by the reverse 
transformation 


U =H — pv 


If one multiplies Equation (4.71) by p and subtracts this from Equation (4.69), one has 


N p \2 > 5 
usnm=u(%)(5) (5 (ae -*)| 


If one substitutes Equation (4.70) for the last two factors, one has 


NINE 3 
LE. VGN) = =r 
( ) rN ae D 


i.e., the correct internal energy of the ideal gas, which can of course be rewritten as U (S,V,N). 
Finally, the chemical potential is given by 


500 (: 25 ) Pp Ne Df Ss 
= = = = _— expy= | — —s 
ea ea SNK } \ po Viele 


We eliminate the last two factors with Equation (4.70): 


5 os 
= =k to 
a) ( sa) oe) 


If one solves Equation (4.70) for S(N, p, T) and inserts this into Equation (4.72), one has, 
with Up = ; NokTo, 


1p, T) «1/3 oe! (i) (2) 


which again agrees with the chemical potential of the ideal gas formerly calculated, if 
Ho(Po: To) = kTo( 3 — 50). 


—— eeeeeSSs=B 
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With the help of the enthalpy we want to demonstrate the usefulness of various ther- 
modynamic potentials for special systems. If we add an amount of heat 6Q to a system at 
constant volume, we have, with 6W = 0, 


CU Oly (4.73) 
so that the amount of heat directly increases the internal energy. For the specific heat at 
constant volume it holds that 

6Q 0U 


(Cy = ==| Ss S55 
ME Ng OE 


(4.74) 


V 


However, if the heat 5Q is added under constant pressure, generally the volume of the 
system will change, and a certain volume work will be performed: 


aU — 00am (4.75) 


The internal energy is not very appropriate for describing this process, since not only the 
temperature, but also the volume of the system changes. At constant pressure, however, 
Equation (4.75) can be simply put in the form 


ah =a py) —o0|, (4.76) 
which is quite analogous to Equation (4.73). The specific heat at constant pressure therefore 
iS 
0H 


6Q 
oT 


ar, 


(4.77) 
P Pp 

If we rewrite Equation (4.69) with the help of Equation (4.70) as H(T, p, N), we have for 
an ideal gas 


5 
Jeb eg) == poe (4.78) 
which also follows directly from H = U + pV = 3 NkT + NkT. Thus we obtain for an 
ideal gas 
5) 
Cy = =Nk (4.79) 
2 
while 
) 
C= 5 Nk (4.80) 


The specific heat at constant pressure is larger than that at constant volume by Nk, since a 
part of the heat 6Q|, is transformed into volume work against the external pressure p. 

In chemistry the enthalpy plays an important role, since many chemical reactions 
happen in open vessels at constant pressure. On the other hand, many reactions happen so 
fast that an exchange of heat with the surroundings is nearly impossible (6Q = 0). With 
the help of the enthalpy one can very easily decide in this case whether a certain chemical 
reaction is possible and whether it happens spontaneously under given conditions (eee 
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atmospheric pressure, room temperature). To this end, one simply compares the sum of the 
enthalpies of the reaction products with that of the reactants. If AH = Wa products = 4dreactants 
is negative, i.e., AH < 0, the reaction happens spontaneously and irreversibly. To simplify 
such a comparison, pure chemical elements at room temperature and atmospheric pressure 
have by definition the enthalpy Ho(po, JT) = 0, so that the arbitrary additive constant 
is determined. However, for chemical reactions the restrictiveness of thermodynamics 
also becomes clear. In most cases a certain activation energy is necessary for a reaction; 
1.€., the reaction happens spontaneously and yields a gain in enthalpy, but is restrained 
by an energy barrier which first must be overcome. About these phenomena belonging 
to the reaction dynamics thermodynamics cannot make any assertions. Reactions which 
happen under constant pressure and where enthalpy is released are called exothermal, while 
reactions which enlarge the enthalpy, i.e., which only happen if work is performed, are called 
endothermal. 

In Figure 4.5 the typical course of the enthalpy is plotted 
against a qualitative reaction coordinate (e.g., the concentration of 
the products) for a typical exothermal reaction (e.g., combustion 
of H2 with O» to produce H20). The activation energy is necessary 
to break up the Hz and O, molecules, which only then can form 
reaction the H2O molecules. Here an enthalpy AH is effectively released. 
educts products The measurement of reaction enthalpies in chemistry is simply 
Figure 4.5. Enthalpy during a chemical done by measuring the amount of heat released in the reaction 
reaction. via a calorimeter. Itis dH = dQ]; therefore, if one adds the 

amount of heat 6Q under constant pressure, e.g., to a water bath 
of known heat capacity, one can measure the reaction enthalpy by determining the increase 
of temperature. Since the enthalpy is a state quantity, the way in which a reaction product 
is created plays no role. One always obtains the same difference in enthalpy. 


eee 


Example 4.9: Reaction enthalpy 


For instance, if carbon is combusted together with oxygen, carbon dioxide is formed according 
to the equation 


C+0, > CO, AH = —394kJ/mo} 


However, this reaction can also be performed in two partial steps: 


| 


1 
es 3 02 > CO A == 11 ki/mol 


1 
CO + Aw > CO, AH = —283 kJ/mol. 


Here carbon monoxide is created in the first step. The total balance of enthalpy, however, 
is in both cases identical. The assertion that the total enthal py difference between the products 
and the reactants does not depend on the course of the reaction, is sometimes also called the 
Theorem of Hess. 


eee 
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The free enthalpy 


For systems with given temperature and pressure we have to perform the Legendre trans- 
formation of the internal energy U(S, V, N, ...) with respect to two variables, namely S 
and V: 


= 1 = a (4.81) 


The corresponding thermodynamic potential is the free enthalpy introduced by J.W. Gibbs 
(1875), for which reason it is also called the Gibbs’ potential. The total differential of the 
free enthalpy reads 


dG 


FU ds = Saher py Vv ap 
en doe ee (4.82) 


Consequently, G indeed depends only on T, p, and N. If the function G(T, p, N) is known, 
we can obtain all further quantities by partial differentiation, 


dG dG dG 


= = — 3 V = ee 
Onn. OP |7.N.... ON Ne iii 


; aire (4.83) 
Equations (4.83) yield again the equations of state of the system. Using Euler’s equation, 
which must be fulfilled in any case, we can identify the Gibbs’ free enthalpy somewhat 
more explicitly. Euler’s equation (2.72) for a system of one particle species which does not 
exchange any further kinds of work, reads 


U=TS—-— pV +uNn (4.84) 
From this follows immediately by comparison with Equation (4.81) 
G=U—-TS+pV =uN (4.85) 


The third of Equations (4.83) is thus trivially fulfilled for the free enthalpy; le. 2 = 
dG/AN\r,p = G/N. Hence, G is directly proportional to the particle number, and the free 
enthalpy per particle is identical with the chemical potential. These statements, however, 
are only valid for systems consisting of one kind of particle, which cannot exchange other 
forms of energy (e.g., electrical) with their surroundings. If this is not the case, further 
terms occur in Euler’s equation. 

The free enthalpy is especially convenient for systems at a given temperature and given 
pressure. The quantity represents a combination of free energy (replacement of S by T) 
and enthalpy (replacement of V by p), a fact, which is expressed also in its name. 

To understand the meaning of the free enthalpy, we form an isolated system consisting 
of the isothermal, isobaric system shown in Figure 4.6 and its surroundings (the heat bath). 
Then it holds that 


dSto. = dSsys + dSpan = 9 (4.86) 


The equality sign holds for reversible, the greater-than-or-equal-to sign for irreversible 
processes. The heat bath, which is of no further interest, can be excluded from the following 
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Figure 4.6. 
Isothermal, 
isobaric system. 
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consideration with the help of the first law for reversible processes. It holds (for 
reversible processes) that 


dStaih = —2 Sie = == (dUgys + pdVgys — SW") (4.87) 
or (for irreversible processes), according to Equation (4.86), 

T dS = T dSsys — dUsys — p dVeys + OWay, = 0 (4.88) 
which can also be written as follows (the subscript sys is omitted) 

dG = d(U —TS + pV) = dW, < 5wit (4.89) 


The change in the free enthalpy is just the work performed by the system in an isothermal, 
isobaric reversible process, without the volume work against the constant external pressure. 
Emphasis is put on the reversibility of the process: then the equality sign holds in Equations 


(4.86) and (4.88), and thus it follows thatdG = sw’ 


other’ For an irreversible process 


accordingly less work is released or more work is necessary. This is represented by the 
inequality in Equation (4.89). 


Thus, in an isothermal, isobaric system which is left to its own, irreversible processes 


happen until a minimum of the free enthalpy is achieved, 


AG =0, 


The thermodynamic potential G(T, p, N) is again completely equivalent to the well- 


known U(S, V, N) or S(U, V, N), respectively, as well as to F(T, V, N) and H(S, p, N), 
and contains the same information. 


Like enthalpy, the free enthalpy is of great importance for chemistry. If chemical 


reactions happen slowly under constant (atmospheric) pressure, then in practice thermal 
equilibrium is always maintained; i.e., J = const. This is the case for instance in many 
fuel cells or batteries. One can therefore directly calculate the electrical work obtainable 
from a battery as the difference of the free enthalpies in the final and the initial states. 
Reactions where the free enthalpy decreases, i.e., which happen spontaneously and supply 
power, are called exergonic, while reactions in which the free enthalpy increases are called 
endergonic. 


eS 


Example 4.10: Free enthalpy of the ideal gas 


In principle we do not need to calculate anything, since we have 


G(T, p, N) = Nu(T, p) 


and y(T, p) is already known (cf. Example 2.8). However, it is instructive to calculate the 
free enthalpy via the Legendre transformation and to show that this way yields the same result. 
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Nevertheless, we do not need to perform the full transformation 
G=U-TS+ pV 

Rather, it is sufficient to transform the free energy according to 
(G = IP ap py 


In the case of an ideal gas this is particularly simple, because it holds according to Equations 
(4.53) and (4.55) that 


ver[3-m-ml(E) CCR) 
ver[F-m-mf(5) (8) 


This agrees indeed with y:(p, T) from Example 2.8, up toa factor N, if uo(po, To) = KTo( 3 - 
So). 


G 


Exercise 4.11: Gibbs—Helmholtz equation 


Show that the free enthalpy and its derivative with respect to temperature can be related to the 
enthalpy of the system via the Gibbs—Helmholtz equation 


a=o-r(2) --r(“SP) 
aie ae 


Solution We start from the definitions of the enthalpy H(S, p, N) and the free enthalpy G(T, p, N). 
We have, using Equation (4.89) 
H=U+ pV =TS+uN (4.91) 
and 
C= ep Es (4.92) 


From Equations (4.91) and (4.92) it follows immediately that 

H=G+TS (4.93) 
For the total derivative of Equation (4.92) 

dG = dU — TdS — SdT + pdV + Vdp 
it follows, with dU = TdS — pdV + wdN, that 

dG = —SdT + Vdp + pdN 


Furthermore it holds that 


pp ES 
OT 


eke oe 
PY ON 


dG 


dT — dN 
mu ce) 


Tp 


p.N T.N 


Comparing coefficients it follows that 


dG 


——— 
aT 


pN 
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If we insert this into Equation (4.93) it follows that 


ene (4.94) 
oT oN 
It also holds that 
1 a G 1 0G 
aca Siar -F=-plo-7 2 
oT 16 oy E Vok aN i Tf 0 a, 


Thus Equation (4.94) becomes 


eee eS 
aT \T /I, 


If the isothermal, isobaric system consists of several chemical components (particle 
species), then it holds according to the extended Euler equation (2.72), that 


G=) > uN; (4.95) 


If reactions between the particles are possible, 
a;A, +a2A2 +... = dB, + b.B. +... (4.96) 


then for the changes in the particle numbers dN A, Of species A; anddN g, Of species B;, the 
relations dN4, = ~—a; dN and dNg, = b; dN have to be valid, where dN is a common 
factor (e.g., a change by one particle). Therefore we can write the equilibrium condition 
for an isothermal, isobaric system, 


dG =) uw dN; =0 (4.97) 
i 


also, it follows that 


dG = (- > aa + SS Ht) dN =0 (4.98) 
i i 
Since the common factor dN is arbitrary, we must have 


s HAG ye Lp,bj (4.99) 
i i 


a relation which we had derived earlier from other considerations (cf. Equation (3.10)). We 
already know the dependence of the chemical potential on concentration in dilute solutions 
or gases (cf. Equation (3.32) and Exercise 3.3), 


Vip, T,X opt (pe lal ee (4.100) 
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Here X; is the molar fraction of component i and Dy is the chemical potential of component 
i ina reference state (e.g., X; = 1). If we insert this into Equation (4.98) we have 


dG= (x 1p, bj = Ea) dN 
j 


by bz 
xX xX bakes 
+kT In (Xs) (Xa) dN (4.101) 


(Xa,) (Xa) / 


Since OG/ON = G/N; ie., itis independent of the change in the particle number dN, we 
can putdN = | and obtain 


NG QIAN een re = AG (pt) 


ene uy ee 
+kT In | (Xa) " (Xe,) 7 (4.102) 


(Xa)" Xa)" 


The quantity AG°(p, T) is a characteristic constant for the reaction (4.96) which depends 
on pressure and temperature. In equilibrium we must have AG = O, or 


(Xp,)" (Xe)? AG%(p, T) 
nae, eS ee 
rcs Er 


We observe that the equilibrium condition AG = 0 for an isothermal, isobaric system leads 
directly to the law of mass action. In particular, we now have identified the equilibrium 
constant more explicitly. It is determined by the free enthalpy difference AG° between the 
products and the reactants at standard concentration. 

For exergonic reactions with AG° < 0 the concentrations of the products will be 
much larger in equilibrium. If one increases the temperature in this case, the absolute 
value of AG°/kT becomes smaller and the equilibrium is shifted in favor of the reactants. 
Analogously, an increase of the pressure shifts the equilibrium in favor of the side which 
has the smaller volume. Thus, Equation (4.103) contains also an exact formulation of the 
principle of Le Chatelier, according to which an equilibrium state changes under exertion of 
a force (temperature change, pressure change, or change of concentration) in such a manner 
that the system gives way to the force. 

We define the equilibrium constant appearing in Equation (4.103) 


AG°(@p, Tf) 
kT 


(4.103) 


Ki = exp {- (4.104) 


We can calculate quite generally the dependence of the equilibrium constant on pressure 
and temperature. Using the free reaction enthalpy per particle 


AG ped; == SS pea; (4.105) 
i i 
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we obtain 
din K(p, Ty) _ Av (4.106) 
dp T kT 
if we denote the change of the volume per particle at a given p and T by 
a 
Av= — (x ud; _ Dt 
ap 
dj i ap 
= »s vjbj os os Les (4.107) 


For instance, v = kT/p for an ideal gas. Thus, if there are more particles produced in the 
reaction than were originally present, we have Av > 0, since more particles occupy more 
volume at a given T and p. Then, the righthand side in Equation (4.106) is negative and 
the equilibrium constant decreases with increasing pressure. Thus, the equilibrium state is 
shifted in favor of the reactants, since they occupy a smaller volume. Equation (4.106) was 
first stated by Planck and van Laar. Of course, one can multiply by 1 mol = N, and write 
Av - Na for the change of the molar volume. Then the gas constant Nk = R appears in 
the denominator. 

In the same manner we find for the temperature dependence of the equilibrium constant 


dln K(p, T Ah 
MAUS ee IN (4.108) 
oT Pa ae 
if we denote the reaction enthalpy per particle by Ah. We have 
) ws ie 
= 2 pee ee spaalb 
ieee a (me, z Ea - (4.109) 
P 
because it holds in general, according to the Gibbs-Duhem relation, that 
Oo /pu iv Ky 
ee SS ee 4.1 
mG) === ant 


due to du /dT|, = —s = —S/N, and furthermore H = U + pV = uN-+TS. Hence 
h = H/N = « +Ts is the enthalpy per particle. Equation (4.108) was derived by van’t 
Hoff. It describes the change of the equilibrium constant for a change of temperature, if the 
reaction enthalpy per particle (or again, per mole) is known. If for example, Ah > 0, ice., 
if one requires energy for the reaction at constant pressure and constant entropy (no heat 
exchange), the righthand side of Equation (4.108) is positive and the equilibrium constant 
increases with increasing temperature. Thus, for increasing temperature the equilibrium 
shifts toward the products for reactions which consume energy. Analogous considerations 
hold for Ah < 0. 

In our present considerations we have concentrated on chemistry. If, however, one 
considers reactions of elementary particles in a hot star or ina plasma instead of a chemical 
reaction, the fundamental principles remain the same, only the notations and the equations 
of state are changed. 
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The grand potential 
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Figure 4.7. 
Isothermal 
system with 
fixed chemical 
potential. 


To complete the survey on thermodynamic potentials we now consider systems, where the 
chemical potential is given as a state variable, instead of the particle number N as in the 
previous cases. Just as a fixed temperature is established by a heat bath, the chemical 
potential can be fixed via a particle bath. Just as the exchange of heat with a heat bath leads 
to a constant temperature in equilibrium, the exchange of particles with a particle reservoir 
leads to a constant chemical potential. Since such a particle exchange is in most cases also 
connected with a heat exchange and the particle reservoir thus also acts like a heat bath, we 
want to transform the internal energy in the variables S and N to the new variables T and 
by, 


o’=U—-—TS—UuN (4.111) 


The corresponding potential is called the grand potential. It is of great importance for the 
statistical treatment of thermodynamic problems. The total differential reads 


d® =dU —TdS—SdT-pdN—-—Ndp 
= —SdT —pdV—Ndu (4.112) 


The remaining thermodynamic quantities can be calculated by differentiating the grand 
potential: 


a®@ a® a® 
cl —p= Ag = (4.113) 
OF ae 


f= =i : vie 
aV Tee OM Irv 


Because of Euler’s equation 

Ce Se pV iN (4.114) 
the grand potential is identical with —pV 

od = —pV (4.115) 
This potential is especially suited for isothermal systems with a fixed chemical potential 
(Figure 4.7). If we combine the heat bath and the system under consideration to a total, 
isolated system, for this system it must hold that 


dStot = ASsys + ASran = O (4.116) 


for reversible or irreversible processes, respectively. In the reversible case we can express 
dSbah by changes of system quantities: 


dS aS (dU Ny, 8 bee (4.117) 


If we insert this into Equation (4.116) and consider that for the work reversibly performed by 


the system 6W5”_. (without the explicitly considered chemical energy) we have bWoher < 
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rs) War, we obtain 
dU sys — T dSsyy — # ANeys = SWother S 6 Wether (4.118) 


At constant temperature and constant chemical potential this is equivalent to 


d® =d(U —TS — pN) = 6W™, < 5wit 


other — other 


(4.119) 


If we leave the system to its own without performing work, 5W = 0, it strives for a minimum 
of the grand potential, 


d® <0 (4.120) 
which is achieved in equilibrium, 


db = 0, ® = Onin (4.121) 


The transformation of all variables 


In the following we consider the effect of transforming all variables in U to the new variables 
T, p, 4. The Legendre transformation would read 


YW =U—-TS+ pV —uNn (4.122) 


plus eventual further terms, if the system contains several chemical components or requires 
other state quantities for its description. However, according to Euler’s equation it must 
always hold that 


U=TS— pV +uNn (4.123) 


so that this potential vanishes identically, & = 0. We remember that Equation (4.123) 
was a consequence of the Gibbs—Duhem relation, which establishes a relation between the 
intensive variables T, p, and jz. According to this it is not at all possible to fix the quantities 
T, p, and yt independently from each other. We have already explicitly calculated the 
relation (p, T) for an ideal gas. Thus, for a given pressure and temperature the chemical 
potential is already fixed, and one can at most fix one other extensive variable. This variable 
then determines the size of the system. The simultaneous transformation of all variables is 
thus of no relevance. 


The Maxwell relations 


A variety of relations between the thermodynamic state variables can be derived from the 
fact that the thermodynamic potentials U, F, H, and G, as well as ®, are state functions: 
i.e., they have exact differentials. 

The total differential of the internal energy reads (we now consider only systems which 
are completely characterized by three state variables), 


dU =TdS — pdV+dN 
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dU aU aU 
= SS dS+ — dV+ — dN (4.124) 
OS ivy OV isn ON |oy 
Since 
a & _ a8 & ae 
OV \ AS ivy on OS \ OV sy any 
it immediately follows, e.g., that 
an dp 
— Se 4.126 
OV Is OS |v y 


In this manner many relations emerge that may allow for the calculation of unknown quan- 
tities from known quantities and which we now want to present in a systematic way. At 
first it follows from Equation (4.124) that 


oT _ ap oT _ Op 
Vamos yay, Oy ilar OS let 
a a 
mee iss reall (4.127) 


Here the coefficients 7, p, and yz in Equation (4.124) are of course to be considered as 
functions of S, V, and N. Corresponding relations exist for the free energy F(T, V, N): 


BP SSS 0bF — ae ahs) (4.128) 
as oP) as Ou 
) ) 
~ paid = Se (4.129) 


Here the coefficients S, p, and yz are functions of the variables T, V, and N. Analogously 
it holds for the enthalpy H(S, p, N) that 


dH =TdS+Vdp+pudN (4.130) 
T ) aV ) 
aT) _ av] aT] ep aay 
OP |s.n as my aN Sp as DN aN oe OP |s.ny 


The coefficients 7, V, and y are now functions of S, p, N. Forthe freeenthalpy G(T, p, V) 
one has 


dG =—-SdT+Vdp+udNn (4.132) 
as ee as - ou 
OP |r.Nn oT oe ON Irp Oty 
OMe = ie (4.133) 
aN Tp OP \r.Nn 
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Figure 4.8. Thermodynamic 
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Finally for the grand potential ®(7, V, 4) we have: 


d® = —SdT — pdV—Ndu (4.134) 
a 
as} _ a) aS] _ Nf ap aN] ae 
dV Tag OT Nyy OM \ry oT Vi OM Irv dV Tap 


Relations (4.127), (4.129), (4.131), (4.133), and (4.135) are called Maxwell relations. In 

the literature one often considers systems with constant particle number (dN = 0); thus 

the number of relations is considerably reduced. However, if there are even more state 

variables, e.g., a magnetic field and a magnetic dipole moment, further relations have to 

be added. The plenitude of thermodynamic potentials and Maxwell relations seems to be 

difficult to survey at first sight. However, there exists a simple device which allows for a 

quick overlook of the potentials and their variables and which yields the Maxwell relations. 
This device is the thermodynamic rectangle, which is shown in Figure 4.8. 

The thermodynamic rectangle was conceived especially for systems 

E with constant particle number and without further state variables. The 

variables V, T, p, and S, which are the only possible quantities at constant 

particle number, form the corners of this quadrangle. Along the edges we 

G__ denote the potentials, which depend on the variables at the corresponding 

corners, e.g., F(V, T). With this way of presentation partial derivatives 

are easily read off. The derivative of a potential with respect to a variable 

I P (corner) is just given by the variable at the diagonally opposite corner. 

The arrows in the diagonals determine the sign. 


rectangle for V = const. For instance, we have 0F'/9V = —p. The minus sign occurs because 


the direction V — pis opposite to the direction of the arrow. Analogously 
we have, e.g., 9G/9p = +V. Even the Maxwell relations (now without N) are easy 
to read off the figure. Derivatives of variables along an edge of the quadrangle (e.g., 
dV/dS), at constant variable in the diagonally opposite corner (here p), are just equal to 
the corresponding derivative along the other side, i.e., in this case dT /0p|s. The signs have 
to be chosen according to the direction in which one follows the diagonals, e.g., going from 
V to p yields a minus sign, as does the path T > S. 
The usefulness of the Maxwell relations will become immediately clear with the help 
of some examples. 


Example 4.12: Heat capacities 


A general relationship shall be established between the heat capacities Cy and C p» which 
should, if possible, contain only quantities that are easy to measure. 
The definitions of Cy and C, read (N = const.): 


ene = as we 

dT ly Bey OP ly 
Come RES) Se 
ar oP |) 7 ou 


p 
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In the first equation T and V are supposed to be independent variables, while in the second 
equation T and p are independent. One can write both equations with S(T, V) or S(T, p), 
respectively, as follows: 


as 

6Q=TdS=CydT+T —]| dv (4.136) 
dV |, 
as 

OC ea ae (4.137) 
OP |r 


In Equation (4.137) the pressure can as well be regarded as a function of the variables T and 
V, which are sufficient to determine the state of the system (N = const.). With p(T, V) we 
can eliminate the differential dp in Equation (4.137) and obtain 

GP a 


as (2 
NEST: [ky av 


(Ces Ga) 1 
dp 
Since dS is a complete differential, the coefficients of dT in Equations (4.136) and (4.138) 
have to be equal, i.e., 
as a 
(hp a, ey ee 
ap |edt 


By the way, this is also the case for the coefficient of dV. This is proved via the chain rule 


op 


av) (4.138) 
if 


(4.139) 


Vv 


a j — : = # |. Equation (4.139) for the relationship between Cy and C,, is, however, 
still not very useful in practice, since for instance 05/0 p|r is difficult to measure. The quantity 
dp/aT |y is conveniently measurable for gases, but in fluids or solids processes at constant 
volume are connected with extreme pressure. Thus, if possible, we want to express both 


quantities in terms of easily measurable quantities. The Maxwell relation (4.133) reads 


as aVv 
=| Ss = SS (4.140) 
Op |r oT , 

The righthand side is the isobaric expansion coefficient a, 
aV 
——| =aV (4.141) 
oF |, 


Also, the factor 8p/9T |y can be rewritten with an often used trick in terms of other quantities. 
To this end, we consider the volume as a function of p and T, since these variables determine 
the state of the system as well as V and T; then we have 


aVv av 
dV = —]| dT+ —| dp 
aT |, Op |r 
For processes at constant volume (dV = 0) it thus holds that 
3 av 
EG) |e Ree (4.142) 
OT ly av 
op T 


In the numerator we have the expansion coefficient & V, while in the denominator the isothermal 
compressibility « V appears: 


av 


Be) ye gyre (4.143) 
dp 


T 
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If one inserts Equations (4.140—4.143) into Equation (4.139), it finally follows that 


a 
Si Nar 


In this relation only quantities which are easy to determine appear. 


Example 4.13: Joule-Thomson experiment 


From daily experience we know that a container filled with gas under large pressure cools 
down when the gas escapes (e.g., for sprays). Since no external work is performed in the 
expansion (6A = 0) and since the expansion happens very fast so that no heat is exchanged 
with the surroundings (6Q = 0), this process is an irreversible adiabatic expansion of a real 
gas. SincedA = OanddQ = Owealsohave dU = 0. Foran ideal gas or a van der Waals gas 
we can determine the change of the temperature. For the latter case we have already calculated 
the internal energy U(V, T) in Equation (3.62): 


1 1 
U(V, T) = Ug(Vo, To) + Cv(T — To) — N’a (> = x) 
V Vo 


For an ideal gas we simply put a = 0. With AU = 0 it follows that 


The maximum change of temperature AT for the expansion into a very large volume (V — oo) 
is 


hee 
~  CyVo 
For ideal gases we thus have AT = 0, while for real van der Waals gases (a > 0) the 


temperature change is negative. The reason is that in the expansion internal work is performed 
against the molecular attractive forces, the strength of which is measured via the constant a. 
We want to investigate the irreversible expansion of an arbitrary real gas in somewhat more 
detail. To have definite thermodynamic conditions at every moment of the expansion one needs 
a device which slows down the spontaneous and thus irreversible expansion of the gas, so that 
one has a certain well-defined pressure at each moment. One achieves this via a porous plug 
(throttle), which permits only a small amount of gas to pass at each moment. Simultaneously 
the pressures on both sides of the throttle are continuously kept constant. 
A possible practical set-up is shown in Figure 4.9. Pistons 1 
eee and 2 (in practice the role of the pistons is assumed by a pump) 
provide at each moment a steady flood of gas from pressure Pp, to 
[aa Px? the smaller pressure p), whereby the volume V> increases. We must 
now isolate the whole set-up well to provide adiabacity (6Q = 0). 
We consider a certain amount of gas which has the volume V, at 
Figure 4.9. Joule-Thomson experiment. pressure p, and which is pumped to the other side of the throttle 
where it then takes the volume V, at pressure p>. The change of 
the internal energy of this amount of gas is given by the work done on the left side to expell the 
gas at Constant pressure p, from volume V,, which is p, V; minus the work which is performed 
by the gas at constant pressure p» against piston 2, so that the gas takes the volume V2, which 
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iS p2V>. 

Up UT = piv — prvi 
or 

U, + piv; = U2 + prV2 


The enthalpy U + pV remains constant on both sides; one says that the process happens 
isenthalpically. We now want to calculate for a given pressure change dp the change in 
temperature dT at constant enthalpy. To this end we assume FH to be a function of T and p: 


T 


For H = const. wehavedH = 0, and thus the temperature change under a change of pressure 
is 


oH 
oT| a | 
OP |n oa 


Here we have simply 9H/9T|, = C,. We also want to express 0H/dp|r by simply 
measurable quantities. With (N = const.): 


dH =TdS+Vdp 


we have 
0H as aV 
— |} =T —| +V=V-T — 
ap |r ap |r oT , 


where we have used the Maxwellrelation dS/dp|r = —dV/dT|,. Finally the Joule-Thomson 
coefficient 6 is given by 


aT 1 av 
ey 
- Ce aT |, 


ap 


| 

IES 
Ss 
Q 

| 


(4.144) 


where aV = 9V/dT|, is the isobaric expansion coefficient, which for an ideal gas has just 
the value a = 1/T, so that (for an ideal gas) 6 = 0. We now want to evaluate Equation 
(4.144) for special equations of state of real gases. To this end, we use an approximation for 
van der Waals’ equation, since this equation is difficult to solve for V: 


2) 
(> (+) : (V — Nb) = NkT 


Now we replace V in zeroth approximation by NkT/p on the righthand side. Moreover, we 
assume we have a fixed amount of gas (1 mole), ie, N = N, and Nk = R. The constants 
a and b shall refer to | mole; 1.e., we put Nia — a and Nab — b. Then V is equal to the 
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molar volume v for which we obtain in a first successive approximation, 


RT a abp 
So ee 
Ve re pene 


From this we can calculate the required derivative, 


dv 


RT b 
RT a > 2bP 


ae = a 
oT |, D RT ee 
The difference T av — uv can thus be readily given in explicit terms, so that according to 


Equation (4.144) 


aT 
ap 


=a (q-o-3 ee) (4.145) 
H Cp 

For nitrogen, for instance, we have a = 0.14] m® Pamol~? and b = 0.03913- 10-7 m? mol". 
Atroom temperature and a pressure p = 10’ Pa Equation (4.145) yields dijeo = 0.188°C/10° 
Pa, while the measured value is dex) = 0.141°C/10° Pa. 

Equation (4.145) predicts not only cooling down under expansion (6 > 0), but in certain 
regions also reheating. One calls the temperature-pressure curve at which 6 just vanishes 
the inversion curve. In an expansion gases only cool down, if for a given pressure the initial 
temperature was smaller than the inversion temperature; in the other case they even heat up. 
From Equation (4.145) we can calculate the inversion curve: 

2a 3a 

6-0 7? - — 7 + — 
As one observes, two inversion temperatures exist for each pressure below a certain critical 
pressure Pmax- The inversion curve is a parabola in the Tp diagram, which separates the 
region of cooling from the region of reheating. Also shown in the diagram are the isen- 
thalpics (H(p, T) = const.). The slope of these curves is just the Joule-Thomson coefficient, 
according to Equation (4.144). The inversion curve connects the maxima of the isenthalpics. 

If the relaxation of the gas happens over a wide range of pressures, one has to integrate 
the Joule-Thomson coefficient 6 over the pressure change (here we reverse the substitution 
Nia > aand Nab —> b): 

dp 


Pa aT 
Ma] —— 
Po op H 


PI 
(8B --a)« 
p&p (kT) 

Here T and p, of course, are not independent variables. For each infinitesimal pressure change 
the temperature also changes in a fixed way. The variables T and p are mutually related via 
H(p,T) = const., and the relaxation happens along an isenthalpic in the figure. 

The irreversible expansion of real gases has great technical importance for achieving very 
low temperatures, as well as in the liquefaction of technical gases. It is used, for example, in 
Linde’s liquefaction process (Figure 4.11). To use the temperature decrease more efficiently 


one leads the expanded, cooled gas through a heat exchanger, whereby the highly compressed 
gas is further cooled down. 


=10 
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x / 
QL 
= compressor 
0 200 400 600 800 
p(10°bar) . i throttle valve 
Figure 4.10. Experimental inversion Figure 4.11. Linde’s liquefaction 
curve and isenthalpics (H = const.) for process (schematically). 


nitrogen. 


However, this process works only for gases which have an inversion temperature (at a 
given compressor pressure) above that of room temperature (e.g., air, CO2, No, ...). 

For hydrogen precooling is necessary, since the inversion temperature of hydrogen (~ 
—80°C) lies below room temperature. 

A temperature decrease always happens in the reversible expansion of real gases, since 
the gas has to additionally perform external work. This process, however, is more difficult to 
realize and is thus of no great technical importance. 


Jacobi transformations 


A frequently occurring problem in thermodynamics is the transformation of variables in state 
functions. Such transformations must not be confused with the Legendre transformation. 
For the latter we have not simply replaced one variable in the internal energy by another, but 
have defined a new physical quantity, which is especially convenient for a certain system. In 
the following we want to investigate pure transformations of variables in the same physical 


quantity. 


a 


Example 4.14: Calculation of C, from the entropy 


A nice example illustrating the use of Jacobi transformations is the calculation of derivatives 
at “wrong” fixed variables. Given the entropy S(U, V, N), calculate 


C,p=T = (4.146) 


Obviously, this case is quite inconvenient, because we need S(T, p, N)instead of S(U, V, N). 
The question now is whether the derivative 0/dT |, can be expressed in terms of derivatives 
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with respect to U and V. First, we consider the complete differential of S(U, V, N), 


1 p pL 
ds == dG dv aN (4.147) 
vi se - T 
From this we obtain 
1 as P_ os (4.148) 
iE aU |e iE Ove 


Since for the following considerations we generally have N = const., we can omit the variable 
N. Since S(U, V) is known, Equation (4.148) yields the functions T7(U, V) and p(U, V), 
which are thus also known. In principle one could solve these two functions for U(T, p) 
and V(T, p) and substitute in S(U, V). One would thus obtain S(7, p), but this way is very 
tedious and even not practicable in general. The following procedure is more clear: 

Since T(U, V) and p(U, V) are known from Equation (4.148), we can calculate the total 
differentials, 


an aT 
de aye fae (4.149) 
aV Ia ony 
ap ap 
Op ee eae, 4.150 
Oy oS | orey) 


The coefficients of dV anddU are assumed to be known. The way to calculate Equation (4.146) 
is the following: one solves Equations (4.149) and (4.150) for dU and dV and replaces these 
differentials in Equation (4.147) by dT and dp. The coefficient of dT is dS/AT|,, and that 
of dp is 0S/dp|;. We want to make this concrete. The solution of the system of Equations 
(4.149) and (4.150) is most simply performed with the help of the determinant rule. This, 
however, is only possible if the determinant of the coefficients 


aT aT 
ner vs) = OV|, aU|y| aT] ap aT | ap meee 
| ap Op ||| |E OV |peol 7 Seal aoa s 
OV jel. |e 


does not vanish. 

J(U, V) is the Jacobi determinant of the transformation (U, V) + (T, p) and depends 
here on the old variables. If the determinant in Equation (4.151) vanishes, the transformation 
from U and V to T and p is not unique. According to the determinant rule we have 

deta, aS > a 
x= — for Ax = band detA # 0, (4.152) 
det 4 
where x; are the unknowns of the system of equations and a is the coefficient matrix, where 


the 7th column is replaced by the inhomogeneous vector b. In our case Equation (4.152) reads, 
with the inhomogeneity (d7, dp), 


] ap aT 
dU = ——— [| -—| dT+ —! d 
WU, V) ( av |y ar av |, ?) (4.153) 
] ap oT 
V= + —]| dT-— —j d 
J(U, V) ( aU |y aU |, r) (4.154) 
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If we insert Equations (4.153) and (4.154) into Equation (4.147), it follows that (dN = 0) 


De ee 
TI(U,V) 


Pp dp 
TJ(U, V) (+ 


| 


| 
3] = 
wy 
LoS 

| 
Q/|aQ 
=|3 


ee! aT 
eS a0) 


* aV 
Here one immediately reads off 


as 
oT 


dp 
+p — 
F au 


= 1 dp 
TU) av 


) (4.155) 
Pp VY 

The quantities dp/dV|y und dp/dU|y can be explicitly calculated, since p(U, V) is known. 
However, Equation (4.155) yields the quantity dS/d7|, not as a function of the variables T 
and p, but as a function of the old variables U, V. With the help of the Equations (4.148) one 
can nevertheless rewrite dp/dV|y and dp/dU|y in terms of the new variables T and p. 


In this example we can already convince ourselves of the usefulness of the concept of 
the Jacobi determinant. In general, the Jacobi determinant for the transformation from the 


variables (x1, X2,..., X,) to the new variables (u1, u2,..., Uy) is defined by 
Ou Ou Ou 
Ox] 0x2 OXn 
Ou2 Ou2 Ou2 
Ox 0X2 Clie. 
INCaln awe eee, — . . . . (4.156) 
Ou, OUn OUy 
Ox] 0x2 ber 


It is also denoted as 


I(x Xn) = Our, -- +s Un) (4.157) 
sae i a Oui 


According to the rules for multiplication of determinants 


SO 2 i) CC ees on) Ome pene 


= (4.158) 
O(W);-.+, Wn) HC eee Ta) OO wn) 
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This is nothing but a generalized chain rule. For n = 1 Equation(4.158) simply reads 
(4.159) 


Exchange of columns or rows in the Jacobi determinant yields a minus sign. Because 
of Equation (4.158) the Jacobi determinant of the reverse transformation 


Games DON ees Un) \ 
(x oe) = ( (uy 2) (4.160) 
O(u1,.-., Un) 81, --. 5 Xn) 
is just the inverse of the original transformation. 
Especially useful is the denotation of a derivative as a Jacobi determinant, 
Ou 0 
Ox] 
] 
Ou dtu, x2, Een tn) 
at SS a (4.161) 
Ox) Deer Secon Xr 0(x1, x2; Seiten! Gh) ate 
0 1} 


since u can only depend on x). 


Example 4.15: Joule—Thomson coefficient 


While discussing the Joule-Thomson experiment we calculated the Joule-Thomson coefficient 
oT 
Op 
If 5 is to be expressed by the known enthalpy H(T, p), one obtains this with the help of 


y= 


H 


or _ o(T, H) = Ol) ain, 1) edi) O(p, H) 

ap \_ (p, H) Cp, T) A(p, HH) -(p,T) [| aCp,T) 
or 

oT = _ OCH, T) O(p, A) ms oH oH 

olin ECE 7) WR) | Sapp Be |. 


which, of course, agrees with the result above. 


Thermodynamic stability 


We have seen in the preceding sections that the thermodynamic equilibrium states are 
characterized by a maximum of the entropy, or by a minimum in the various thermodynamic 
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potentials, respectively. Then one can immediately derive some relations, the so-called 
conditions for thermodynamic stability, which can be directly determined from the second 
derivative of the potentials. 

For instance, for the isothermal compressibility it must hold that: 


C= == >0 (4.162) 
Vo ap lr 

This means that in equilibrium a spontaneous decrease of the volume (0V < 0) effects 
an increase of the pressure (dp > 0), so that the system moves by itself back towards the 
equilibrium state. 

Similarly the heat capacities must be C,, Cy = 0, so that a spontaneous temperature 
increase—which would correspond to an energy increase—cannot happen. These two 
conditions are special requirements which follow from the Braun—Le Chatelier principle: 


If asystem is in stable equilibrium, then all spontaneous changes of the parameters 
must invoke processes which bring the system back to equilibrium, i.e., which work 
against these spontaneous changes. 


PART 


STATISTICAL 
MECHANICS 


Number of 
Microstates Q 
and Entropy S 


Foundations 


Up to now, we have described the macroscopic properties of matter phenomenologically 
with the aid of equations of state which had been derived empirically. For thermodynamics 
it is of no importance, in this connection, how a certain equation of state comes about. 
On the one hand, this is the reason for the large universality of thermodynamics, on the 
other hand, however, from the point of view of physical insight, it is a little unsatisfactory. 
We have already seen that many quantities of state (temperature, entropy) and equations of 
state (ideal gas, van der Waals gas) can be very well understood with the aid of microscopic 
considerations. 

The macroscopic quantities of state result from taking mean values of microscopic 
properties. For example, the pressure of a gas is due to the collisions of the molecules 
with a surface, whereas temperature is directly given by the mean kinetic energy of the 
particles. 

It is now the task of statistical mechanics to define in an exact way the process of 
taking mean values, which leads from the microscopic quantities (momenta, coordinates) 
to the macroscopic quantities of state, thus providing a connection between the atomistic, 
microscopic theory of matter and macroscopic thermodynamics. The key to this connection 
is entropy (as already emphasized in Chapter 2), which has a very simple and immediately 
understandable microscopic interpretation: we have already connected the entropy uniquely 
to the number of possible microstates 2 in a given macrostate (U, V,N),S « InQ. This 
relation provides the basic connection between macroscopic thermodynamics (entropy) and 
statistical microscopic physics (number of states). 

Now we will first make the notion number of microstates more precise, and then 
we will give a prescription on how to calculate it. Already, with a few requirements, 
it will be possible to calculate equations of state for some concrete physical systems 
microscopically. 

The essential superiority of statistical mechanics, however, will not become apparent 

teuntil the modern formulation of ensemble theory. There the macroscopic quantities are 
defined as mean values of microscopic quantities, weighted with probability densities. 
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Phase space 


First we want to examine in more detail what has to be understood under the notion mi- 
crostate. For a classical system it is sufficient to know at a time ¢ all generalized coordinates 
qv(t) and momenta p,(t) to uniquely fix the state of motion of the system. Thus for a me- 
chanical system we can interpret the set (q,, py), v = 1,..., 3N as the microstate of this 
system, where for simplicity we enumerate coordinates and momenta from | to 3N, as 
long as there are no constraints for coordinates or momenta. The set (g,, py) can now be 
understood as a point in a 6N-dimensional space which is called the classical phase space. 

A definite point in this phase space exactly corresponds to one microscopic state of 
motion of the whole system. Analogously, one can relate to each particle a 6-dimensional 
phase space (one-particle phase space). The state of motion of the system is then described 
by N points in this one-particle phase space. If not explicitly stated differently, however, we 
always want to understand as phase space the high dimensional space of the whole system. 

The temporal evolution of the system corresponds to one curve (q,,(t), py(t)) in phase 
space, which is called the phase-space trajectory. It is determined by Hamilton’s equations 
of motion 

0H : 0H 


fee = 5.1 
qv de. P day (5.1) 


The Hamiltonian H (q(t), p,(t)) corresponds to the (possibly time-dependent) total energy 
of the system. It is a function of the phase-space point (q,, p,) and of time, and according 
to Equation (5.1) it determines the temporal evolution of the system. In a closed global 
system, in which the Hamiltonian does not depend explicitly on time, the total energy 


E = H(@,(), pot) (5.2) 


is a conserved quantity, which along the phase-space trajectory (q¢,(r), p.(t)) always 
assumes the same time-independent value, E. In general, the time dependence of an 
observable quantity A(q,(t), py(t), t) is given by 


LEE aA, OA 
dt oad ar gy qv Fe (5.3) 


v=] 


which, using Equation (5.1), can be rewritten as: 


a4 iy (¥ dH aA oH 
dt or say \8q4v OPy OPy Oqy 
eee 
oy ; (5.4) 


Here we have used the Poisson bracket {A, H} as an abbreviation for the sum. Especially 
for A = H with 0H/dt = 0 and {H, H} = 0 we just recover the conservation of energy. 
Equation (5.4) describes a (6N — 1)-dimensional hypersurface in phase space. For aparticle 
which moves in only one dimension we can easily elucidate the introduced notions. 
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Example 5.1: Harmonic oscillator 


The Hamiltonian of a harmonic oscillator in one dimension reads 


yp | 
Gig) Se ae Se (5.5) 
2m 2 
if m is the mass of the particle and K is the oscillator constant. To Equa- 
tion (5.5) there corresponds a two-dimensional phase space, as shown in 
Figure 5.1. Since H does not explicitly depend on time—we assume this 
in the following—the total energy is a conserved quantity. The energy 
hypersurface 


Figure 5.1. Phase space of p 1 5 
the one-dimensional harmonic Hq, p) = on ae kg =coust, 
oscillator. 


is just an ellipse in one-particle phase space which is determined by the 
value of E. The half-axes area = /2mE and b = ./2E/K. With the given frequency 
w = ./K/m, the surface of the ellipse becomes 0 = tab = 20 E/w. During its temporal 
evolution the actual phase-space point (q(t), p(t)) of the system can move only on this ellipse. 
In the figure we have drawn two such ellipses which differ only slightly in energy. Each point 
on the ellipses corresponds to a concrete state of motion (snapshot) of the oscillator with an 
energy between E and E + AE at a given moment. Each such phase-space point, however, 
can be identified with a copy of the actual oscillator in a certain state of motion. This means 
that the hypersurface also reflects the phase-space distribution of many equal systems at one 
moment. A collection of such phase-space points (systems) which are consistent with certain 
macroscopic properties (here: total energy between E and E + AE) is called an ensemble. 
In principle, there is of course a continuity of phase-space points, also on one energy surface, 
but as an illustration one often selects a (finite) number of representative phase-space points. 


Inanalogy to the usual three-dimensional space, one can also subdivide 


Pp a high dimensional phase space into volume elements d?“q d°" p. For 
a two-dimensional phase space (one coordinate, one momentum) this is 
dp illustrated in Figure 5.2. 


The phase-space element d>"q d*" p, which can be of finite size, is 
called a phase-space cell. Hence we are able to relate volumes to certain 
regions of phase space (e.g., between the ellipses E, E + AE). 

In general, phase-space volumes shall be abbreviated with the letter w 
dq q (which must not be confused with frequencies). Consequently, the short- 
hand notation of a phase-space cell d*q d?" p is dw. For example, for the 
phase-space volume between the ellipses corresponding to E and E + A iB. 
respectively, we have 


Ag = | dgdp = | dw (5.6) 
E<H(q.p)<E+AE E<H(q,p)SE+4E 


Figure 5.2. Subdivision of 
phase space. 
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In the same way, according to Equation (5.2), we can relate an area 


aCe) = / da (5.7) 
E=H(q,p) 


to the energy hypersurface, where do denotes the surface element. In the case of Example 
5.1 the notion energy surface must not be taken too literally, since here the area corresponds 
to the one-dimensional circumference of the ellipse. 

Let us now consider a closed system, which, according to thermodynamics, can be 
characterized by the natural variables of state E, V, and N. The given container volume in 
this case restricts the possible coordinates of the particles, because while the total energy 
is given, only phase-space points on the energy surface are allowed. Nevertheless, for 
the given macrostate there are a large number Q(£, V, N) of different microstates which 
are consistent with this macrostate. Strictly speaking, there are even an infinite number of 
them, since the phase-space points in the thermodynamic limit (V, N — oo) are arbitrarily 
dense. However, as a measure of the number of microstates, we can use the area of the 
energy surface, which is at our disposal, and assume Q(E, V, N) to be proportional to this 
surface, 


o(f, V,N) . 
Q(E, V, N) = ———— with o(£,V,N) = do (5.8) 
00 E=H(qy.pv) 


where a9 ' is the constant of proportionality. We will soon see that the essential thermo- 
dynamic properties of a system do not depend on the constant a9, since we need only the 
ratios $2; / $22 between different macroscopic states (1, 2). This corresponds to the fact that 
in thermodynamics there appear only differences between thermodynamic potentials, and 
no absolute values. 

The direct calculation of Q according to Equation (5.8), however, is in most cases very 
inconvenient, since an integration over a complicated surface in a very high dimensional 
space is required. In most cases, the calculation of volumes in such spaces is easier. But, 
according to Cavalieri’s theorem, this is sufficient for the calculation of the area: 

Let w(E, V, N) be the total phase-space volume, the boundary of which is given by 
the energy hypersurface E = H(q,, p,) and the walls of the container in coordinate space. 
Then we have 


w(E,V,N) = / aga (5.9) 
(qv. py)SE 
For small AE, the volume between two energy surfaces with energies EF and E + AE is 
given by 
Ow 


Aw = o(E + AE) ~ w(E) = — AE (5.10) 
OE VN 


On the other hand, according to Cavalieri’s theorem, the volume between two neighboring 
surfaces with area o(E) and distance AEF is given by 


Aw = o(E)AE (5.11) 
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which by comparison with Equation (5.10) gives 
dw 


o(E) = 9E (5.12) 


Equation (5.12) can most easily be made clear with the example of 
a sphere in the case of three dimensions (Figure 5.3). The volume 


up to the radius R is @(R) = * R?. This results in a surface 
area of (R) = 8w/9R = 4m R?. Thus in Equation (5.8) we can 
calculate 
E\ E+AE o(E, V, N) 1 dw 
Figure 5.3. Concerning Cavalieri’s a 00 = oo aE io43) 


theorem. 
where w is given by Equation (5.9). 


Statistical definition of entropy 


As we have already seen in Chapter 2, in thermodynamic equilibrium the most probable 
macroscopic state is the one which corresponds to the largest number of consistent mi- 
crostates. Here enters the basic postulate that all microstates with the same total energy 
appear with the same probability. 

Let us consider a closed system which consists of two subsystems with the variables 
of state E;, V;, and N;,i = 1, 2, so that 


E = E,; + E2 = const. dE, = —dE, 
V=V, + V2 = const. dV, = —dV, (5.14) 
N, + N2 = const. dN, = —dN2 


z 
I| 


i.e., the partial systems may exchange energy or particles, or they may change 
their volume. However, in equilibrium E;, V;, and N; will adapt to certain 
mean values. Now the total number of all microstates of the total system 
Q(E, V, N) results as the product of these numbers for the subsystems, if the 
latter can be considered to be statistically independent: 


Q(E, V, N) = Q)(Ej, Vi, N1)Q2(E2, V2, N2) (5.15) 


The most probable state, i.e., the equilibrium state, is the one with the 
largest number of microstates, i.e., 2 = Qmax and dQ = 0. If we form the 
total differential of Equation (5.15) we get 


Figure 5.4. System of two 
subsystems. 


dQ = Qn dQ, + Q) dQy (5.16) 
or, dividing by Equation (5.15), 
dinQ = dInQ; + din (5.17) 
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The equilibrium condition reads 
dint =0 TrnS2 == ln (5.18) 


Considering the same system from a purely thermodynamic point of view, when the internal 
energy U of a closed system is identified with the total energy E the entropy is given by 


S(E,V,N) = S\(E,, Vi, Ni) + So(E2, V2, N2) (5.19) 
The total differential is \ 
dS = dS, + dS) (5.20) 


We are in equilibrium exactly if the entropy is maximal: 
aS =0 S = Sinax (5.21) 


Comparison of Equation (5.17) with Equation (5.20), and Equation (5.18) with Equation 
(5.21) reveals the complete analogy of In 2 and entropy. Both quantities therefore must be 
proportional to each other, and we define 


DCE oh — ln Oe aN (5.22) 


where k is a constant with the dimension of an entropy. In the following example we will 
identify it as Boltzmann’s constant. 
Remark: In general, we would have 


S = kiInQ(E, V, N) + const. (5.23) 


However, since S is only defined up to a constant, the constant can be absorbed in S. 

Equation (5.22) is of fundamental significance for statistical mechanics. It allows one, 
at least in principle, to calculate all thermodynamic properties of a given many-body system 
using the Hamiltonian H(p,, qg,). This is so because the knowledge of the thermodynamic 
potential S(E, V, N) as a function of the natural variables at the same time gives us the 
equations of state via 

1 _ as ; P_ os , Hh _ as (5.24) 

if OE lyn 1p OV igen ip ON |e y 
Unfortunately, the practical calculation of Q is by no means trivial, and only the general 
ensemble theory, which we will treat in subsequent sections, will give us a practicable 
method for the calculation of more complicated systems. Equation (5.24) also shows why 
the constant of proportionality a9 of Equation (5.8) has no practical consequences. It gives 
an additive contribution to entropy, but in thermodynamics only entropy differences are 
measured. 

Nevertheless, this constant a9 deserves still more detailed consideration. In principle, 
it has the significance of a surface element on the energy surface assumed by a microstate. 
In classical considerations this does not make very much sense, since the microstates are ar- 
bitrarily dense and thus one uses an arbitrary unit surface. In quantum mechanics, however, 
because of the uncertainty relation, each microstate occupies at least a volume Ap Ag > h, 
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or A®* p AP%q > h?%. Now the constant o9 acquires physical significance! The quan- 
tum mechanical phase space consists of cells of magnitude h?". These cells have a finite 
volume, and it makes sense to count the microstates absolutely. So we see that quantum 
mechanically it is possible to identify Q with the discrete numbers of microstates, which 
are fixed by the quantum numbers. In this case, Equation (5.22) gives the absolute entropy 
without an additive constant. The entropy S = 0 then corresponds to a system which can 
assume only one exactly defined microstate (2 = 1). In practice, such systems are, for 
instance, ideal crystals at the temperature T = 0. The statement that such systems at T = 0 
have the entropy S = 0 is also called the third law of thermodynamics. 
Now we want to demonstrate the practical calculation which is necessary for the 
evaluation of Equation (5.22) for the ideal gas. 


Example 5.2: Statistical calculation of the entropy of the ideal gas 


The Hamiltonian of the ideal gas reads 


N ~2 3N 2 
Py Py 

le Gixg (Bo) = ia 5 (5.25) 
+ 2m m 


v= v=] 


where, for simplicity we have numbered the coordinates and momenta from } to 3N. First, 
we evaluate w(E, V, N) according to Equation (5.9): 


w(E,V,N)= / aad 
A(py.qviskE 


Since the Hamiltonian of the ideal gas does not depend on the coordinates of the particles, the 
integral over the coordinates can be calculated immediately: 


w(E,V,N) = Vv” i ap (5.26) 
H(py)sE 


The remaining integral is just the volume of a 3N-dimensional sphere of radius V 2m E, since 
the condition H(p,) < E explicitly reads 


3N 
S- pr < (W2mE)Y 


v=1 


This condition is met by all points of momentum space which lie in the interior of a sphere 
with radius /2mE. Therefore, we want to start by calculating in general the volume Vy (R) 
of an N-dimensional sphere with the radius R. We have 


V m= fl au ety = Rv ff dy, ---dyy 
: re Per? , eee 


i= 


Here we have substituted y,; = x;/R as a new variable. The last integral no longer depends 
on R but only on the dimension N of space: 


Vy(R) = RXCy 


f= || ww a dN 
She 
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where Cy is just the volume of the N-dimensional unit sphere. To calculate this we use a 
trick. It is well known that 


+00 
/ dx exp {-x*} = ia 
and thus 


+00 +00 
il dx f dxy exp {— (xf +--+ +2,)} = 2%? (5.27) 
- —00 


oo 


Now the integrand of Equation (5.26) depends only on R = (x? +--+ + x2)!/2, and we can 
thus express the volume element dx; ---dxy by spherical shells, using Equation (5.25): 


dx, -+-AXvl shen = FVn(R) chen 
= NR""'CydR 
This corresponds to a transformation to polar coordinates in N-dimensional space. Then 
Equation (5.26) is equivalent to 
NCy i R*-'dR exp{—R?} = 7%? 
0 


Using this we can easily calculate Cy, because with the substitution R? = x the integral just 
gives the ’-function, 


] ioe) 
NCw 5 i dxx te (5.28) 
0 
As per definition, the ’-function is 
lee) 
rey | din em (5.29) 
0 
So we have calculated Cy, the volume of the N-dimensional unit sphere: 
Nl 
Cy = zaa4 (5.30) 
cu) 


Especially for N = 3, Equations (5.25) and (5.27), with the recursion formula for the I’- 
function 


(z+ 1) = 2P(z) (5.31) 
and T'(1/2) = /7, ie., (3/2) = 4/7, give 
moe 4n 
R)= 8 = gi 
V3(R) aye ae 


which is just the volume of a 3-dimensional sphere. Correspondingly, the volume of an 


N-dimensional sphere is given by 
rN/2 

N N 

eee! 


Vy(R) = R® 
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For w(E, V, N) this gives, according to Equation (5.26) (3N dimensions), 


w3N/2 
wo(E, VN) = aay (2m EP?" (5.32) 
mes 
Using Equation (5.13) we get 


Moaeee yn 


Q(E,V,N) = — — = —V py) RE Selle : 
( arc cee)” (5.33) 
so that the entropy of the ideal gas is 
1 3N/2 . 
GUUS Ay in an Ee ee net Ue (5.34) 
co «1 (H) 
2 


The argument of the logarithm must, of course, be dimensionless. This is indeed the case, 
since we have 


] ] 3N 3N 
dim (= v¥amey"? = ) = dim (: P ) 4 
ery E OoE 


because o£ has the dimension of a phase-space volume q°% p*” (see, e.g., Equation (5.11). 
Equation (5.34) can be considerably simplified if N >> 1, so that E2N/2-) se E3/?, and the 
logarithm of the '-function may be approximated according to Stirling’s formula: 


InP (n) ¥ (n-DIna -1)-@—-1)nInn-n 


With the new constant o = On /N the entropy of the ideal gas becomes 


: 3/2) 
S(E, V, N) = Nk 3 +1n | ~ (SS) | (5.35) 


Now we can confirm first that the entropy, Equation (5.35), gives the right equations of state 
of the ideal gas, and second that the constant k is Boltzmann’s constant: 


ee? Se oT Ne (5.36) 

(he VOM er aa?) aa ~ 2 
as Nk 

ees = == or pV = NkT 

i av lp Vv 


is valid, independent of oo. 

Nevertheless, this entropy is not yet the correct entropy of an ideal gas. This can already 
be seen by the fact that S, according to Equation (5.35), is not a purely extensive quantity. If 
this were true, the argument of the logarithm would have to depend on intensive quantities 
only, because in the case of an enlargement of the system by a factor a each extensive factor in 
the logarithm causes the total entropy to be magnified by a factor w, and in addition a quantity 
In @ appears. 

Since, however, the calculation is formally correct, obviously there must still be a principal 
error in the calculation of the entropy. We want to clarify this problem by means of the 
well-known Gibbs paradox. 
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Gibbs’ paradox 


The entropy (5.35) of an ideal gas derived in the preceding example immediately leads to a 
contradiction which we now want to analyze in more detail. First, with the aid of Equations 
(5.35) and (5.36) we can calculate the entropy as a function of T, V, and N 


3 V 3/2 
Si Vay i aa 5 + In > (2amkT) (5.37) 


Now we consider a closed system consisting of two containers which are 
separated by a wall and which contain two different ideal gases A and B under 
the same pressure and at the same temperature (Figure 5.5). If the wall is 
removed, both gases will spread out over the whole of the container until a 
new equilibrium situation is reached. 

Since the internal energy of ideal gases does not depend on the volume 
but only on temperature, and since the internal energy remains constant during 


Figure 5.5. Concerning i 
Gibbs’ paradox. the whole process, the temperature and pressure do not change either. The 


entropy, however, increases by a certain value. This so-called mixing entropy 
can be easily calculated using Equation (5.37). Before the removal of the separating wall 
we have 


So, Ce UG Caen, (5.38) 
and afterwards we have 
San = Oy C4 Vine tes Cle oneal an (5.39) 


If here Equation (5.37) is inserted, the entropy difference becomes . 


Vat, Vat V, 
AS = Sl a Cee = Nak In Us + Nek In ae (5.40) 


So far everything seems to be all right, since AS > 0, as it should be for this irreversible 
process. 

However, instead of two different gases we can undergo the same considerations for 
two identical gases. The initial entropy Equation (5.38) is still right, while now, in the final 
Situation, we have 


1 
Stout = S(T, Va + Va, Na + Nop) (5.41) 


since now N4 + Nz particles of the same gas are distributed over the total volume VatVe. 
So in this case we receive exactly the same entropy difference AS > 0 (Equation (5.40)), 
as one can easily see by inserting Equation (5.37). However, this cannot be correct, since 
after the removal of the separating wall in the case of identical gases no macroscopically 
observable process happens at all. Without any change we can bring in the separating wall 
again and recover the initial situation. Thus, in the case of identical gases the removal of 
the separating wall is a reversible process and we must have AS = 0. 
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A more detailed analysis reveals the problem. In classical mechanics the particles 
are distinguishable: one can enumerate them. Thus for instance, before the removal of the 
separating wall there are the particles in the left part with certain numbers, e.g., (1,..., Na), 
while in the right part (in the case of continual numbering) there are the particles (Na + 
1,N, +2,...,Na + Ng). Now if the wall is removed, the particles, which are here 
treated like microscopic billiard balls move out over the whole container, and this is indeed 
an irreversible process, because after the reconstituation of the separating wall, there are 
particles with different numbers in either compartment. One can mix the particles as long 
as one likes, one will never (in the case of finite particle number, nearly never) recover the 
initial situation. 

Quantum mechanically, however, this argument does not work. It is in principle im- 
possible to attach to an atom (molecule) a mark (number). The atoms are completely 
indistinguishable. Obviously it is the fact that classical particles are in principle distin- 
guishable (i.e., one can enumerate them), which leads to Gibbs’ paradox. Hence, if we 
count the microstates 2(E, V, N) of a given macrostate (E, V, N) we must take into ac- 
count that in reality the particles are not enumerable (distinguishable). In other words, two 
microstates may only be considered different, if they differ in more than the enumeration 
of the particles. 

In the case of N particles there are exactly N! ways to enumerate them. Therefore, it 
should be sufficient to reduce the number of microstates just by this factor. Thus, instead 
of 

G(E,V,N) 


Ct) (5.42) 
00 


we now try a new definition of £2, 


i) ote eV ND 
CE VN) (5.43) 
N! 00 
where, of course, the calculation of o(E) by o(E) = 0w/dE has not been changed. 

The factor 1/N! in Equation (5.43) is also called the Gibbs’ correction factor. Its 
presence proves that classical statistics with distinguishable particles very quickly leads to 
contradictions with experiment. 

Now we want to show that by defining the quantity 8&2 according to Equation (5.42), 
Gibbs’ paradox is removed. The calculation of Q(E, V, N) for an ideal gas in the last 
example remains unchanged. We must only divide the final results by N!; in the case of 
entropy, we must subtract the term k In N!. Thus instead of Equation (5.35), we have 


3 V (4rmE aie 
a ee ae —klinN! 
se.v.anane[z e[Y (SE) om 


Here for N >> 1 we can also use Stirling’s formula (In N! + N In N — N), and we get 


5 V / 4nmE \3”? 
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Entropy ts now indeed an extensive quantity, since in the argument of the logarithm there 
remain only the intensive variables V/N and E/N. 

In addition, there also appears the factor 3 (which had already appeared in 
thermodynamics—-see, e.g., Equation (2.81)). If we now calculate the entropy difference 


in our mixing experiment using Equation (5.44), we obtain 
3 V 3/2 
S(T, V, N) = Nk} ~ + 1n | — (QumkT) (5.45) 
2 No 


because of E = 3 NkT. Then according to Equations (5.38) and (5.39) for different gases 
we obtain, using Equation (5.45), 
Va + Vp 


AS = Nakn | 
A 


V V 
| + Nak in { “FY | 


B 


which means that Equation (5.40) remains unchanged. However, for identical gases we get 
from Equations (5.41) and (5.38), using Equation (5.45), 


) Va + Ve 3 
BS = (NAN ek | = 22 lp ern 
Oe) [5 +n {| Pat Te um ) \| 


5 V 
Nai olny On ak ee (5.46) 
2 Nao 
=Nek | = ins —=Onmkny 
: +! | we mm i 


Since the pressure and temperature do not change during the mixture process, and since in 
the initial state we have thermal and mechanical equilibrium, 


Vague Vee tee 


Na Ne Na+Ng eet 
is valid, and thus 
AS = 0 (5.48) 


For two identical gases we now obtain an entropy change AS = 0, as it should be. 

Hence, the Gibbs factor 1/N! is indeed the correct recipe for avoiding the Gibbs 
paradox. From now on we will therefore always take into account the Gibbs correction 
factor for indistinguishable states when we count the microstates. 

However, we want to emphasize that this factor is no more than a recipe to avoid 
contradictions of consequent classical statistical mechanics. In the case of distinguishable 
objects (e.g., atoms which are localized at certain grid points), the Gibbs factor must nor 
be added. In classical theory the particles remain distinguishable. We will meet this 
inconsistency more frequently in classical statistical mechanics. 
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Pseudo quantum mechanical counting of 2 
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Now we want to consider the ideal gas once again, to directly determine {2 by counting the 
quantum mechanical states of distinguishable particles (in Example 5.1 we have presented 


the classical analogon). 


This will enable us to obtain an absolute number for Q and thus an absolute entropy. 


one-particle states have the wavefunction 


Meiers =A sin(k,x) sin(kyy) sin(k;Z) 


In this way, it becomes possible to get a value for the unit surface (unit volume) 09 
in phase-space, which up to now has been unknown. 

The quantum mechanical problem of a particle in a cubic box of length L has 
already been extensively discussed in volume 4 of this series (Figure 5.6). The 


, WentSS , Pphi 9 Menre 
0 1 = Asin — ee in — 
Figure 5.6. 
Wavefunctions and Ny, Ny, Ny = V2 ete (5.49) 
energy of a particle 
in a cubic box. with the corresponding single-particle energy 
(ROG ee se eS 
Sedikdis Tay = Wi. (ke aP ky + i) 
h? 2 2 2 
—d ane (n‘ + ny + n*) (5.50) 


Figure 5.7. Space of 
quantum numbers n;. Since 
the n; in Equation (5.49) 
are positive numbers, 

they fill an octant, but 

only up to the surface of 

the sphere with the radius 


R. = /8meL?2/h?. 


In the classical case, the state of motion (microstate of a particle) is fixed by 
g and p; in the quantum mechanical case it is fixed by the quantum numbers 
Ny, Ny, nz. Each single-particle state corresponds exactly to a point in the 
3-dimensional (n,, ny, nz)-space. (See Figure 5.7.) 

In this space, a given energy € for the particle corresponds to a spherical 
shell with radius 7 8me. In contrast to the classical consideration in 
Example 5.1, however, only integer grid points which lie on this sphere 
are possible single-particle states for this energy «. The corresponding N- 
particle problem is now directly solved by occupation of the single-particle 
states with N particles. The total energy is then determined by the 3N 
quantum numbers of the occupied states, 


b= a 2 5.51 
8mL2 Be ee 


We now deal with a3N-dimensional space and a (3N — 1)-dimensional energy sphere. The 
number of microstates 2 of a given macroscopic situation (E, V, and N, with V = He) 
is just the number of integer grid points on the energy surface. A glance at the figure 
immediately shows that 8 must be an extremely irregular function of energy. Already in 
the single particle case (N = 1) it may be possible that more, fewer, or even no grid points 
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TABLE 5.1 Higher states of the 3-particle system 


State Q Configuration 

9 

Boe 1 SS see () = 2510 (Uae 
9 

Easel a (;) a0 (1)°(2)°@)! 
9 

E* = 18 = 6% 12+3%2? (3) = 84 Ce) 
3 
9\ /8 

E*=20=7%174+1%2? 41 x 3? ()C) = 72 Cina)! 
9 

E* =21=5%*174+4%2? (;) = 126 Cie (2)7 


at all lie on the energy sphere, according to how many ways there are to subdivide the 
number €* = 8mL’e€/h? into a sum of 3 (altogether, 3N) quadratic numbers. In addition, 
we see that 2 increases very quickly with the radius of the sphere, i.e., with energy. 

We want to clarify this using the example of N = 3 particles, i.e., 9 quantum numbers 
n,...Ng9. The lowest state results if all quantum numbers are n; = 1. Here we use the 
notation which is already known from atomic physics and chemistry, (state) ScUrston__foy 


instance (1)’; i.e., the quantum number n, occurs 9 times. The corresponding dimensionless 
energy E* = 8mL*E/h? is 


B= 9 = 9 1, ST, configuration (1)? (5.52) 


The next higher state is reached if one quantum number assumes the value 2 while all the 
others remain at the value 1, 


E*=12=8*17+1%2?, Q=9, (1)8()! (5.53) 


Now we must take into account Q = 9 possibilities, since each of the 9 quantum numbers 
can assume the value 2. 


Note that, strictly speaking, this is no quantum mechanical calculation. In reality, one 


_ cannot distinguish which of the particles is excited; i.e., one cannot distinguish which of 


the particles is actually that which has just assumed n; = 2. The reason for this is that one 
can measure only the occupation number of a quantum state, i.e., how often a certain nj 
appears. In spite of dealing with quantum mechanical states, we nevertheless use a classical 
statistical manner of counting. In the correct quantum statistics the indistinguishability of 
the particles must be taken into account ab initio! 

The next higher states of the 3-particle system are given in Table 5.1: 

As one can see in Figure 5.8, Q is indeed a very irregular function of the parameter E*: 
For a radius /E* of the 3N-dimensional sphere, at one point there are 36, and at another 
point 9 states on the sphere. On the average, however, {2 strongly increases with energy. 
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If Q strongly fluctuates with energy, the thermodynamic prop- 
erties of the system (which are given by derivates of S = In {2) will 
strongly fluctuate, too, in contradiction to experience. 

The irregularities of 2 simply express the fact that the system 
cannot assume arbitrary energy states, but can absorb or emit energy 
only in discrete quanta. 

This property of the system becomes especially important if 
the typical energy (~ kT) of a particle at temperature T is lower 
than or equal to the energy differences which can be estimated by 
15 20 EX AE* =] = 8mL?AE/h? or AE & h?/8mL?. However, this is 


Figure 5.8. 2(E*): The irregularities | the case only for very small systems or very low temperatures. 
stem from shell (quantum) effects. Fixing the total energy of a closed system is (at least for macro- 


scopic systems) an impossible idealization. In reality, there is 
always an exchange of energy with the environment, so that, strictly speaking, the only 
interesting number for us is the number of states (2 averaged over an energy interval AE. 
To elucidate this average, we first calculate the number of all microstates (grid points) in 
the interior of the energy sphere, 


D(E,V,N) = ye Q(E’, V, N) (5.54) 
ESE 


Now ® isa step function, where at certain energy levels a certain number 

of states is added. It is easy to denote a mean function © corresponding 

X(E) to © (represented by the straight line in Figure 5.9). Differentiation of 

\ & with respect to energy yields the mean density of states, which gives 
the mean number of states per energy interval: 


a 


This is in complete analogy to our classical calculation of the energy 


Figure 5.9. & and . surface o (E) by means of o(E) = 0w/0E. Instead of the phase-space 


volume w up to the energy E we now have the mean number of grid 
points = up to the energy E. 

This mean number of grid points up to the energy E is, however, proportional to the 
volume of the positive “octant” (n; > 0) up to E = const. Since to every grid point 
there corresponds a “unit cube”, the mean number of grid points is just equal to the vol- 
ume of the octant divided by the volume of the unit cube. Now, the volume of the unit 
cube in (ny, ny, n-)-Sspace just equals 1. Therefore the volume of the 3N-dimensional 
sphere just equals the mean number of grid points; in principle we have the same prob- 
lem as in Example 5.2, but now the constant oo does not appear anywhere at all! We can 
immediately write down the volume of a 3N-dimensional octant of a sphere with radius 
JE* = (8mEL?/h?)'/2. Now we have, of course, 2°% “octants” (instead of 8 in the case 
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of N = 1), and with L? = V?/ instead of Equation (5.29) we now have 


= ye ee aw? Ve COrmE) 2 
HCE, V, N= (5) = E* = (z) SS aN (5.56) 
2 20 (4) ee eae, 
In Equations (5.28) and (5.29) the radius of the hypersurface R = /8m Ev?/3 was replaced 
by R = /8mEl2/h?. Observe that © is a dimensionless number (namely the number of all 
microstates of the quantum system having anenergy lower than E). One directly realizes that 
there now corresponds exactly a volume h3” of classical phase space to each microstate (cf. 


Equations (5.29) and (5.30)). This is in complete agreement with the uncertainty relation 
Aq Ap > h (or A®%q A*% p = h°%), which for each microstate requires at least a volume 


h? of classical phase space. So we have just recognized h>” as the quantum mechanically 
necessary unit volume in phase space. Therefore we get 
a> V\% Qam)3N/2 
E,V,N)= — =(—) — 2) 5.57 
gC ) aE ( =) r (8) (5.57) 


Observe that now g is no longer a dimensionless number, but rather is the density of states, 
i.e., the mean number of states per energy interval AE. 

The mean number of states of energy E, 92(E), is then given by multiplying g(E) by 
the width of the energy interval AE: 


= V\* Qam)X? _ ww 
Q(E) = g(E) AE=[— ) ————E7'AE 5.58 
(E) = g(E) (=) eRe, (5.58) 
To eliminate the dependence on AE we rewrite E and AE using 
we one ; 


as E* and AE*, to be able later to take the logarithm of dimensionless numbers. We obtain 


= Oe 3N/2 He 3N /2 an | 
Q(E*) = (33) idl ed (sam) eae 


h3 TGN/2) V238m 
= mee 1 E* = = AE* 
ea a (5.60) 


P'(3N/2) 23N 


To calculate thermodynamic sles we must now form In 2 (or derivatives of it). How- 
ever, we can subdivide In Q into (2% ) In E* + In AE*. Because N In E* > In AE*, 
we can set In AE* ~ 0 and thus AE* ~ 1. This means that Q(E*) describes the states in 
an energy shell at E* of width AE* ~ 1. Such an energy shell must be taken into account 
in quantum mechanics, because the number of states is step function-like due to the shell 
effects (the shell distance is just AE* = 1—see Figure 5.9). Thus we get 


no ] 43N/2 


QE’) = ——— — 
(E") FQN/D BN (5.61) 


where we still have approximated oN —-l1* = , since most frequently we will consider 
systems with very large particle numbers. 
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Rewritten for E, Q(E) reads 


N 3N/2 
Q(E) FS (=) QrmE)" (5.62) 
h3 T(3N/2) 

Hence we really have obtained an absolute dimensionless number Q, which in addition is 
independent of the width AE, and which is a smooth function of energy. It has also become 
evident that the classical restriction on the exact energy surface really is not sensible and 
leads to unphysical results. The reason for this is that aquantum mechanical state transferred 
to classical phase space requires a volume h? —it cannot be restricted to the classical energy 
surface! Nevertheless, for large energies (E* >> 1), i.e., if h°% is very small compared 
to the volume of the sphere in classical phase space, the classical limit is recovered, since 
now each state requires only a comparatively small volume element. Nevertheless, in the 
classical limit the factor h?” remains instead of oo E ! 

The result (5.57), however, still has the same fault as Equations (5.33) and (5.35). 
The Gibbs correction factor 1/N! is still missing, since we have counted the particles as 
distinguishable. If we consider that factor and the relation nI"(n) = (n — 1) In(v — 1) — 
(n — 1) © n|lnn — n, we get for the absolute entropy of an ideal gas 


5 V (4nmE\3” 
S(E, V, N) = INE 2 + In NaS 3N (5.63) 


The constant o of Equation (5.45) has been identified with h?. Equation (5.63) is called the 
Sackur—Tetrode equation. 

Our general prescription for the calculation of the absolute entropy of a classical system 
including the Gibbs correction now reads 


SCE. VN) kh ine, VN) (5.64) 
with (for indistinguishable objects) 


CHU VN (EVN 


(Ey) = 22® 
5 
1 
T(E) = ——_ a pa. (5.65) 
NtndN ‘Pee 4 i 


Of course, this prescription implicitly contains the above-mentioned averaging procedure: 
One first calculates the total phase space volume up to the energy £, and then by division 
by 4°" obtains the number of quantum mechanical states within this volume. Differenti- 
ation with respect to E yields the number of states per energy interval, g(£). Finally, by 
multiplying by E (E>“/2-! = £3/?) one again obtains a dimensionless number of states. 

It is clear that, strictly speaking, this procedure is exact only in the thermodynamic 
limit N —> oo. On the other hand, it has the advantage that one can define absolute 
thermodynamic quantities also for classical systems, while otherwise there would always 
remain the unknown factor o. 
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Exercise 5.3: 


Solution 


Equations of state of the ideal gas 
Use Equation (5.63) to calculate some properties of the ideal gas. 


First we solve Equation (5.63) for the energy: 


3h2N5/3 2s 
Pe 3 


N) = ——- 
Boe. 4am V2/3 
The equations of state result because dE = TdS — pdV + pdN: 


A) 3 
je Le) ee ee eee (5.66) 
BS Ivy OMe D 
2 
—p= aE =—-—F or pV = NkT 
aVilew 3V 
aE 5 25 N ee 
ey ay (= an) o| V (<a) oD) 


Here we see explicitly that for the quantities so and (49 appearing in thermodynamics the values 
so = 3 and #49 = 0 result quite naturally. In thermodynamics these values had been obvious, 
but arbitrary (cf. Exercise 2.9). 

Of course, now we also get absolute values for all other thermodynamic potentials. The 
free energy is for instance, using Equations (5.63) and (5.66): 


N pe 1 
eee TS = NET | In) 2 
Vo \ 2nmkT 


The enthalpy H and the free enthalpy G can also be easily determined. In Equations (5.67) 
and (5.68) the characteristic expression (h?/2mkT)?/? appears, which we will meet very 
frequently in future. The quantity 


nh 1/2 
4 = | ——— 
(a ) 


is called the thermal wavelength. It is the wavelength of a quantum mechanical particle of 
energy 


(5.68) 


hk? 
E=xnkT = — 
2m 
= 2m ; = a 
k 2amkT 
where k = = is the wave number, which must be distinguished from the Boltzmann constant 


k. Obviously, the ratio of the thermal wavelength A? and the volume per particle v = V/N 
determines the number of accessible microstates. Equation (5.63) can also be directly rewritten 
for this quantity, 


S(T, VN) = we 3 +in{ 5) 
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Further properties of the ideal gas are again obtained by differentiation of the thermodynamic 
potentials. For instance, we have 


dE 3 
C= — = =Nk 
SC a aD) 
aH a a (3 2 
Gas = —(E+pV)| = or (pT + 38) 
ee FP ace peer \2 yA 
a 5 
= — ( -NkT+NiT\=-—=N 
ar (5A + ') ee 
and 
1 av l 1 av 1 
C= = =| = =, Ke ee | 
SE | It V ap |r Pp 


Also, the general relation 


a2 
C=C) ny 
K 


follows immediately. Some of these relations are well known to us already from the thermo- 
dynamics part of this volume. Here, however, we have derived them solely from the statistical 
microscopic properties of the particles of the ideal gas. Hence we have received the equations 
of state of the system only from the knowledge of the Hamiltonian! 


Ensemble Theory 
and Microcanonical 
Ensemble 


Phase-space density, ergodic hypothesis 
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In the preceding sections we have seen how one can—at least in principle—calculate the 
macroscopic properties of a closed system for given E, V, and N. We now want to develop 
a more general formalism which we can also use to describe different situations (e.g., a 
system at a given temperature in a heat bath). In a given macrostate a system can assume a 
large number of concrete microstates. In the case of a closed system all possible microstates 
lie on the energy surface. Up to now, all these microstates in principle have been assumed 
to be equally likely: We have assumed that all microstates of the energy surface of a closed 
system can be assumed with equal probability. 

This assumption is the basic postulate of statistical mechanics. For nonclosed systems, 
however, it could very well be true that microstates with a certain energy are more probable 
than microstates with another energy. Then the microstates may no longer be counted 
equally, but must be multiplied by a weighting function p(q,,, p,) which depends on the 
energy of the state. To each phase-space point (q,, py), therefore, a weight p(q,, py) is 
attached, which can be interpreted as the probability density for the macrosystem to reach 
this phase-space point. Thus, for a closed system p would vanish outside the energy surface, 
and it would assume a constant value on the energy surface. The probability density p is 
called the phase-space density. It can be normalized to 1, 


far a’ po(qv, pv) = 1 (6.1) 


If now f(q,, py) is any observable of the system, e.g., the total energy H(q,, p,) or the 
angular momentum L(q,, py), then in general one will observe a mean value (f) of this 
quantity in a given macrostate, in which each microstate (q,, p,) contributes corresponding 
to its weight p(q,, py): 


Vie / PEO (sn iho Chn (2) fe) 
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Since each phase-space point (q,, p,) can be identified with a copy of the actual macroscopic 
system in a certain microstate, Equation (6.2) just is an average over a set of such identical 
copies (at a fixed time). The quantity ( f) is thus called the ensemble average of the quantity 
f and the phase-space density p is the weighting function of the ensemble. In the case of 
a closed system, p is given by 


Pmce (Gv Pv) = 2 O(E i A(q, Pv)) (6.3) 
o(E) 
The 5-function ensures that all points which are not on the energy surface with the area 
o(E) have the weight 0, while the factor 1/o is for normalization. 
The phase-space density of a closed system corresponds to a certain 
Pe ery eee ensemble of possible microstates and is called a microcanonical ensemble, 
which we denote by the index mc. Other systems will, of course, have 
different phase-space densities, which we still have to calculate. (See Figure 
6.1.) 
For practical calculations, however, Equation (6.3) is very inconvenient 
because of the 6-function, which has a complicated argument. As in the pre- 
ceding sections, it is therefore better to allow for a small energy uncertainty 


E E+AE AE. One sets 
Figure 6.1. Microcanonical const. eee ATG i 

phase-space density. = | SE) = (6.4) 

0 otherwise 

The constant in this case is determined by normalization, 
/ de gid: ep) const. iL a qd" 7 

E<H(qQy,py)SE+AE 

= || (6.5) 


This integral, however, is well known to us (cf. Equation (5.65)), and we have (without the 
Gibbs factor 1/N!) 

const. = (2(E, V, N)Ae%)"! (6.6) 
Since the factor h*“ will appear very frequently, from now on we will include it in the 
volume element of phase space. (Recall that the Gibbs correction factor appears only if 
one afterwards corrects for the indistinguishability of the particles.) From now on instead 
of Equation (6.1) we will write 


1 
awe far a pogo (6.7) 
and, respectively, for Equation (6.2), 
1 
CS rer, fer d™ pf dvs Pv) PQs Pv) (6.8) 


This has the advantage that the phase-space density now is a dimensionless number. The 
phase-space density of the microcanonical ensemble reads, normalized (again without 
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Gibbs’ factor): 


l 
7 Es Gi pe ee 
Pme = Q2 ae 


0 otherwise 


(6.9) 


Basic to ensemble theory is the further assumption that all thermodynamic quantities of state 
can be written as an ensemble average of a suitable microscopic observable f(q,, py). In 
the following we must therefore not only determine the phase-space density for a nonclosed 
system, but also the function f(q,, py), which corresponds to a certain quantity of state. 

First, however, we want to pursue some general considerations concerning the ensemble 
average. Up to now, we have started from some basic assumptions which cannot be directly 
derived from classical mechanics. On the other hand, the solution of Hamilton’s equations 
of motion of asystem (q,(t), p,(t)) as a function of time should uniquely fix all imaginable 
observables of the system. 

However, the time dependence of the actual phase-space trajectory is of no importance 
for the ensemble average. Instead, we have just related a probability to each phase-space 
point (q,, p,) that this special microstate can be reached. Now in equilibrium, all thermody- 
namic (macroscopical) observables are independent of time. In principle, these quantities 
therefore should be calculable as a time average of the real phase-space trajectory, for 
instance, according to 


= ' 1 r 
i= jim | Fi [ dtf (qv(t), py(t)) (6.10) 


where the time dependence (q,(t), py (t)) is fixed by Hamilton’s equations of 
motion. The time average along the phase-space trajectory is of no essential 
practical value, since for its calculation the complete solution of the equations 
of motion is needed. However, it is of principle significance. Namely, if 
one could mathematically prove that the time average essentially leads to the 
same result as the ensemble average, then our preceding assumptions could 
be founded purely microscopically. 

H(q,, py=E The time average f and the ensemble average (f) for a closed system 


Figure 6.2. Phase-space at a given energy would certainly be identical if during its time evolution the 


trajectory. 


phase-space trajectory passed through each point of the energy surface an equal 

number of times (e.g., once—sufficient condition). (See Figure 6.2.) This 

condition, which was introduced by Boltzmann in 1871, is called the ergodic hypothesis.* 

In this case, an average over all times, of course, would exactly correspond to an average over 

all points of the surface with equal weights. That such ergodic systems exist, in principle, 

is shown by our example of the one-dimensional harmonic oscillator. As we know, during 
one period each point of the energy ellipse is passed just once. 

For higher dimensional systems, however, one can prove mathematically that the phase- 

space trajectory, in principle, can never pass through all points of the energy surface. The 

reason for this is that on the one hand Hamilton’s equations of motion always have a unique 


“For a detailed, but very mathematical discussion of this problem we refer to LE. Farquhan: Ergodic 
Theory in Statistical Mechanics, Interscience Publishers, New York 1964. 
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solution, so that the phase-space trajectory can never cross itself, but that on the other hand 
it is problematic to map a one-dimensional time interval onto an N-dimensional surface 
element. Now for the identity of time averages and ensemble averages, it is not necessary 
that the phase-space trajectory really pass through every point of the energy surface. It 
would also be sufficient if it came arbitrarily close to each point. This assumption is the 
so-called quasi ergodic hypothesis. 

Unfortunately, up to now all attempts to base ensemble theory strictly on classical 
mechanics have failed. Therefore, we must pose our assumptions axiomatically at the 
starting point of statistical mechanics. 


Liouville’s theorem 


We want to examine some general properties of the phase-space density p(g,, py). Since 
the ensemble average for a system in thermodynamic equilibrium must be time independent, 
the phase-space density must not explicitly depend on time. In this case (d0/dt = 0), one 
deals with stationary ensembles. However, later on we will see that the concept of phase- 
space densities can also be used to describe the dynamics of processes. To ensure complete 
generality we therefore also want to allow for an explicit time dependence in p(qy, Py, t), 
where, however, for thermodynamics we need only time-independent ensembles. 

If at a concrete time f a system is in the concrete microstate g,, p,, then during the 
course of time this system will evolve to other microstates q,(t), p,(t). Along the phase- 
space trajectory, the phase-space density changes with time. The temporal change can, in 
general, be written according to Equation (5.4): 


d a 
pe ee ne) ep) ye (6.11) 


If we now consider a phase-space volume w, each phase-space point of this volume element 
can be assumed to be the starting point of a phase-space trajectory. Note that the trajectories 
are allowed to cross if they are not identical. 
In the course of time, all systems (as schematically pointed out in Figure 
» 6.3) will move to different phase-space points, mapping the volume element 
@ at time ¢ to another volume element w’ at time ¢’. In this process no 
points are lost and also no points are gained. The mapping can therefore be 
interpreted as the flux of an incompressible fluid without sources or sinks. 
The rate at which the systems “flow out” of the finite volume @ is given 


Figure 6.3. Flux in phase by the flux through the surface: 


space. 


0 > —~ 
a dwp = -| p(v-n)do (6.12) 


where v is the flux velocity, which is of course given by the vector (g,, p,). The sign 
corresponds exactly to an outwardly directed normal unit vector. According to Gauss’ 
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theorem, Equation (6.12) can be rewritten as 


[ (5 + civ(p3)) =) (6.13) 
The divergence here reads explicitly 
3N ( g 5 
div(pv) = ye 3g, + ap. o6.)| (6.14) 


since phase space has 3N coordinates and 3N momenta altogether. Thus, along a phase- 
space trajectory the continuity equation 
) 2 
= + div(pv) = 0 (6.15) 


holds, since the considered volume w is arbitrary. On the other hand, from Equation (6.14) 
we obtain, using Hamilton’s equations of motion, 


3N : 3 
oa ee ys dp. dp gy | Op, 


vol 
a y-| dp 0H ~~ ap a | a | 07H 07H | ae 
“~ | dq, Opy apy 8qy wet elntian Settles 
or 
div(pt) = {p, H) | (6.17) 


because the last term in Equation (6.16) vanishes. Therefore, we now have for Equations 
(6.15) and (6.11): 

do rey) 

— = — Tj 0 

ee en (6.18) 
The total time derivative of the phase-space density thus vanishes along a phase-space 
trajectory. This is Liouville’s theorem (1838). For stationary ensembles which do not 
explicitly depend on time (d0/dt = 0), it follows that 


3N 
do OH do OH 
sia = ) | 
2 = OPy Opy | : pe) 


MWe=s)| 
As we know from classical mechanics, this means that p is a constant of the motion and 
depends only on conserved quantities. For instance, p(H(qy, p,)) fulfills Equation (6.19): 


dp OH dp OH 00 (0H OH 0H OH 
Saye =i (6.20) 


OQ» Opy Opy OGs 


dq. Op, ap, dg, OH 
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The microcanonical ensemble 


Up to now, we have more or less guessed the phase-space density of a closed system for 
a given total energy and justified this guess by success. Now we want to prove that a 
constant phase-space density on the energy surface is the most probable one for a system. 
The method which we use here also will be very useful for us later, in the derivation of 
probability densities for other systems (especially for quantum systems). 

Therefore, we consider NV identical copies of our closed system (an ensemble), each 
with the macroscopic natural quantities of state (E, V, N). Do not confuse the number VV 
of systems with the number N of particles in each system. Each of the VV systems at a fixed 
time is in a certain microstate (g,, p,). In general, these microstates are different from each 
other, but they must all lie on the energy surface. 


Figure 6.4. Subdivision of 
the energy hypersurface of 
phase space. 


Now we subdivide the energy surface into equally large surface el- 
ements Ag;, which we enumerate (Figure 6.4). Each of these surface 
elements contains a number n; of systems (bundles of microstates). If 
we choose the surface elements to be sufficiently small, then each of these 
elements corresponds exactly to one microstate. However, now we consider 
such Ao;, which cover n; microstates (systems). Altogether, we must of 
course have 


N= oni (6.21) 


The number of systems n; in a certain surface element Ao; corresponds 
exactly to the weight of the corresponding microstate in the ensemble. The 
number n; /V can be interpreted as the probability for microstate i to lie in 
Aa;. The probability p; = n;/N therefore corresponds to the expression 


p(qv, Py) 42% q da? p in the continuous formulation. 
A certain distribution {7), 2, ...} of the VV systems over the surface elements can be 
achieved in different ways. 


If we enumerate the V systems, for instance for WV = 5 and 
4 surface elements, with n} = 2, n2 = 2,n3 = 1, and ng = 0, 
then there are different possibilities, as indicated in Figure 6.5. The 
calculation of the total number of possibilities for a certain distribution 


to enumerate the systems differently, but in each case n;! exchanges 
in one phase-space cell do not give a new case. If, for instance, in 


n,=0 
oe , : ! ; 
13 2,5 ie {n;} is a simple combinatorial problem: There are exactly N/! ways 


our example in cell 1 the numbers 1 and 2 are exchanged, obviously 


Figure 6.5. Distribution of systems | nothing has changed at all. 


on surface elements. 


W{n;} = 


The total number of ways W {n;} to generate a certain distribution 
{n;} is therefore given by 
N! 
Il; n;! 


(6.22) 


if i runs over all surface elements. 
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Now we ask for the probability W,o{7;} of finding a distribution {n;} on the surface 
element o;. Let w; be the probability of finding one system within the surface element Ag;. 
Then the probability of having exactly n; systems in Ag; is (w;)’', because the systems in 
the ensemble are statistically independent from each other. For the same reason, we get for 
the probability distribution W,¢{”;} of the distribution {n;}: 


Weor{ni} = N! I] el (6.23) 

Now we ask for the most probable distribution {n;}* of the VV systems over the phase- 
space cells (surface elements). Hence we must determine the maximum of Equation (6.23). 
Because of the inconvenient product form, it is more advantageous to first calculate the 
maximum of In Wo: {n;} which, of course, is identical to that of Wiot{n;}. For M — oo, 
however, all n; —> oo (in the case of finite surface elements), and therefore all factors may 
be approximated by Inn! © nInn — n, 


In Wi = InN! + S— (x; In.@; — Inn;!) 
=NinN -~-N+ oe {n; nw; — (n; Inn; — n;)} (6.24) 


If In Wiot is Maximal, then the total differential must vanish. Since the number N is constant, 
it must hold that 


din Wet = — > (Inn; — Inw;) dn; = 0 (6.25) 


If all the dn; were independent from each other, each coefficient in Equation (6.25) would 
have to vanish. However, the dn; are related to each other by Equation (6.21). Now we 
know how to solve such extreme value problems using constraints. We form the differential 
of Equation (6.21) and multiply it by an unknown Lagrange multiplier A: 


AdN =) So dn; =" (6.26) 


This equation is added to Equation (6.25), resulting in 
Sdn nj — Ina; — A)dn; = 0 (6.27) 


iu 
as a condition for an extreme value of In Wor. Now we can consider all dn; to be independent 
from each other, if subsequently Equation (6.21) is fulfilled by a convenient choice of 
the Lagrange multiplier A. Therefore, each coefficient in Equation (6.27) must vanish 
separately: 


Inn; = A+ Ina; or ip = we = const. (6.28) 


Now A can, in principle, be determined from Equation (6.21). However, this is not so 
interesting for us. The significance of Equation (6.28) results from the fact that the number 
of systems in the surface element Ag; is just proportional to the probability w;, thus to the 
probability of finding a system within Ao;. This is plausible. 
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Now one of the basic assumptions of statistical physics is that all microstates (all 
phase-space points) are, in principle, equally likely, and thus have the same probability «;. 
Therefore the @;s are simply proportional to the corresponding surface element Ao;. This 
means that the probability w; of finding a system in the surface element i is proportional 
to its size Ao;. If all surface elements are chosen to be of equal size and very small, the 
number n; of systems must be equal in all surface elements. 

So we have recognized a constant phase-space density on the energy surface as the most 
probable possibility. Of course, our considerations remain right, if instead of the energy 
surface we consider a very thin energy shell between E and E + AE, and we have 


¢ 


nN; ie lof = 1g 


p = CU 
N 0 otherwise 
const. EGP) = | Ae 
=> Ome = : (6.29) 
0 otherwise 


Here p; is understood to be the probability of finding a system in the ensemble in the 
microstate (surface element) with number 7. 

Analogously, Pmc(gv, pv) d°%q, d>% py is the probability of finding a system (a 
microstate) within the phase-space volume element d?" q, d>% p,. 


Entropy as an ensemble average 


We have not yet specified which functions f(q,, p,) have to be chosen to calculate a certain 
thermodynamic quantity as an ensemble average, 


1 
(f) = Gy [| O'a a pf Gv, Pv) Pv: Pv) (6.30) 


It is not difficult to denote a function f(g,, p,) for the microcanonical ensemble, the 
ensemble average of which just yields the entropy. First, the microcanonical phase-space 
density is given by 


a = He (Gap) =e AE (6.31) 
0 otherwise 
On the other hand, we have 
Steven kin S2(2 eV.) (6.32) 
Formally, the entropy is therefore 
S(E,V,N) = a dX qd pome(Qvs Pv) (-K 1 Pme(Gus Pv)) (6.33) 
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To prove this, insert Equation (6.31) into Equation (6.33), and bear in mind that p In p = 0 
for 6-— 0; 


l 


O18. V, N) = han 


1 ] 
if Lh Ji (-« In ) (6.34) 
E<H(qy,py)SE+ME Q2 Q 


The integrand is a constant on the energy shell and can therefore be pulled out of the integral: 
S(E, V, N) f k In Q : / 

’ ’ eS n JAN 

2 HAN J e<H(qy.p.)SEtAE 


Inserting here Equation (5.65) (without the Gibbs factor 1/N!, which has already been 
omitted in Equation (6.30)), we get 


a gy (6.35) 


1 
S(E,V,N) = SkinQ-Q=kinQ (6.36) 


as it should be. Equation (6.33) is thus only a slightly more complicated formulation of 
Equation (6.32). However, it has the great advantage that it can be easily transformed to 
other phase-space densities. In general, we write 


S = (—k ln p) (6.37) 


Thus, entropy is the ensemble average of the logarithm of the phase-space density. Because 
of the fundamental significance of this statement we want to discuss Equation (6.37) in more 
detail. 


The uncertainty function 


Consider an experiment that involves random events, e.g., throwing dice with different 
possible outcomes. Let there be a probability p; attached to each of the i possible outcomes 
of the experiment. In the case of an ideal die one has p; = 1/6 fori = 1,...,6. Ina 
series of V casts (WV —> oo), all numbers from 1 to 6 will appear an equal number of times, 
namely, on the average exactly n; = p;N times. 

If instead of the ideal die we take a manipulated one, which for instance may have the 
probabilities p,) = p2 = p3 = p4 = ps = 1/10 and pe = 5/10, then a series of casts 
will yield the number 6 five times as often as any one of the other numbers. The result of a 
cast with the modified die can thus be predicted with a larger certainty than that of an ideal 
die. In the extreme case of a special die with py = p2 = p3 = ps = ps = Oand 6 = 1 
one can even predict with absolute certainty what the next throw will yield. 

In other words, the equal probability of all possibilities, p; = const. (equal distribu- 
tion), provides the situation with the largest uncertainty on the outcome of an experiment, 
while all other distributions result in a larger certainty (lower uncertainty) of the prediction. 
Thus there arises in mathematical statistics the question whether there is a unique measure 
for the predictability (uncertainty) of a random event which also can be used to compare 
different kinds of random events. 
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First, we want to reflect on what properties such a measure should have. The experiment 
is defined in the mathematical sense by denoting the probabilities p; of the events. The 
uncertainty function H should only be a function of these probabilities: 


Be i (p)),, i = 1,... (possible outcome of the experiment) (6.38) 


Furthermore, the uncertainty of a sure experiment, that is, one whose outcome is certain, 
should be H = 0; for instance, the outcome of the throw of the superdie p) = --- = ps = 
0, pe = 1 has no uncertainty in it whatsoever. We thus require that 


(Din pon...) — 0 for py — Ure — OU, P= ee = ee 
(6.39) 
since an experiment with such a probability distribution always yields the result i. 
In addition, the measure for the uncertainty must be independent of the enumeration 
of the p;. Therefore, we require for the exchange of two probabilities that 


HAP ee Dy eb (ee Pes ee ie (6.40) 


In the case of the dice we have already seen that the equal distribution p; = const. is 
obviously the one with the largest uncertainty. Therefore we require that 


lol = abn for all p; = const. (6.41) 


Finally, we must say something about how to calculate the uncertainty H(I AND ID) of 
an experiment that consists of the logical conjunction of two experiments I and II, with 
uncertainties H(I) and H(II). Each outcome of the conjoined experiment is of the form 
(event ? for experiment I) and (event j for experiment II). If experiments I and II are 
independent, we require that 


H(AND ID) = Ad) + Ad) (6.42) 


This definition is recommended by the fact that H vanishes for a sure experiment. If, for 
example, experiment I is a sure experiment, H(I) = 0, and experiment II is an experi- 
ment having any uncertainty, then by the AND-combination of both experiments the total 
uncertainty is not increased. Therefore the multiplication of the uncertainties in the case 
of AND-combinations (in contrast to the probabilities) is not sensible. Now one can prove 
mathematically that the conditions (6.38—42) uniquely fix the uncertainty function. It reads 


H(pi) = —)_ pi ln p; (6.43) 


We do not want to prove the uniqueness of Equation (6.43) up to a (positive) multiplicative 
constant, but we want to show that it fulfills conditions (6.38—42). 

Condition (6.38) is trivial, while Condition (6.39) is at once clear because In p; = 0 
for p; = 1, and because p; In pj; = 0 for pj; = 0. Condition (6.40) is trivial as well, since 
in Condition (6.43) the enumeration of the summation index may be changed. Condition 
(6.41) is now easily shown by forming the complete differential, 


dH =-) (inp; + 1) dp; (6.44) 
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This must vanish for H = Hymax, but because of 


s el (6.45) 


the p; are not all independent from each other. In complete analogy to the preceding section, 
this extreme-value problem leads to the statement p; = const. with the aid of the Lagrange 
multipliers. Finally there results condition (6.42) with the probabilities p; for experiment I 
and g, for experiment II, since the probabilities of statistically independent events multiply 
in the case of AND-combinations: 


— SSS riage) Inwige) 
ik 

= SS Sige) In pi — 2 YS" (pide) In qx 
ji k i k 

— So pi LD 7 In qx 
i k 


H() + Hd) (6.46) 


H(I AND I) 


where >>; p; = 1 and $°, qx = 1 has been used. 

Condition (6.42) corresponds to the extensiveness of entropy. If the system moves from 
a state with a low number of microstates into a more probable state with more microstates, 
then the uncertainty and thus also the entropy become larger, too. 


Example 6.1: Motion in one dimension 


We consider a particle which can move only in the x-direction. Let the particle 


be restricted to the interval 0 < x < a and let it move statistically forward and 
backward. The probability density o(x) of finding the particle at the point x is 


0 


Figure 6.6. px) = 


zy aa given by 
l/a 0O<x<a 
0 otherwise 


The corresponding uncertainty is 
a 
lif = -| dxop\np = Ina 
0 
If the interval is enlarged by a factor a > 1, we obtain 


? l/aa OSewa 
p(x) = 


otherwise 


and hence 


i =| dxp' Inp’ = Ina+Ina 
0 
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Thus, the uncertainty increases in an exactly defined manner, if ~ > 1 (or decreases, in the 
case a < 1). 

Remark: For simplicity we have omitted momentum space. Nevertheless, in doing so 
we do not make any mistake, since we can identify the more general p; with p(x). 


Example 6.2: 


The ultrarelativistic gas 


Now we want to calculate the thermodynamic properties of an ultrarelativistic classical gas 
with the aid of the microcanonical ensemble. Such a gas consists of massless particles that 
move with the velocity of light (e.g., photons). According to the relativistic energy-momentum 
relation one has 


€ = (pc? + m*c*)'? + € = |ple forse = 0 


The ultrarelativistic gas is also frequently used as an easily calculable model for particles with 

mass m + 0, if the available energy per particle € >> mc’, or equivalently, if the temperature 

is very high, so that the rest energy mc? can be neglected compared to the kinetic energy. 
For practical applications we start again with 


S(E,V,N) =k inQce, V, N) 


with 


1 
QE, ND) = oma | daa” p 
PN NY Jecn(qy.py)sE+E 
where, because of the indistinguishability of the particles, the Gibbs correction factor 1/N! 
must be taken into account. 
The Hamiltonian H of the system reads 


N 
A(qQ, Pv) = S Ele p43 ke Je 


p= 


We 


As in the case of the ideal gas we first calculate the quantity © instead of Q, 


Sey ad gid p 


BN ae 
Since the Hamiltonian does not depend on the coordinates, the integral over d?“q just yields 
the container volume V, and thus 


VN 3N 
COG) are i: at? (6.47) 


We must still determine the volume of the geometrical shape 


N 
\ Ipile < E (6.48) 
fell 


in 3N-dimensional momentum space. Because of the square root in |p;|, the left side of 
Equation (6.48) decomposes into a sum of N square roots, which makes the geometry of the 
shape nearly inconceivable. We shall therefore use a rather plausible approximation. (Later 
on we shall calculate the ultrarelativistic gas in another way exactly.) On averaging over many 
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x 


n= 2: 


Figure 6.7. Volumes that fulfill Equation (6.51). 


phase-space points, we have 
(B°) = 3 (px) = 3 (ps) = 3 (p:) 


since no direction in space is preferred, i.e., 


Me = 2 (Viel + Jie + Va) 


Therefore we make the approximation 


vere ae 
e=c(pi+pi+pi) = 5 (Ipel + lpyt + Ipel) 
Then condition (6.48) reads 
3N - 
Pl = 8 (6.49) 
2 ln 


if the momentum components are enumerated from | to 3N. Equation (6.49) now represents 
a regular geometric body in 3N dimensions. (In the case of the classical ideal gas we dealt 
with a sphere.) Now Equation (6.47), with the substitution x; = p;c/ V3E, gives 


3N 
Vee a 
DCE = arerer (= ie ae B (6.50) 
iat 


The last integral only depends on the dimensionality of the space, which we want to abbreviate 
by 3N =n. Forn = 2 or 3 dimensions the condition reads, respectively, 


el leo) or eri ale al (6.51) 


The corresponding bodies (cf. Figure 6.7) are point-symmetric (axially symmetric) with 
respect to the origin (the coordinate axis). It is therefore sufficient to calculate the volume of 
the body in the positive octant (0 < x; < 1) and then multiply the volume by the number 2” 
of octants. When we limit the volume to the region of positive x; (Figure 6.8), we deal with 
an n-dimensional simplex, the set of points of which is given by: 


= Yo xd; with yx < land x; € (0, 1] (6.52) 
i=l 


if 


(for the dimensions n = 0, 1, 2, 3 the corresponding simplices are just points, edges, triangular 
surfaces, and tetrahedra, respectively). 
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As one can see, the basal hypersurface of the body (x, = 0) is just given 
by the corresponding (n — 1)-dimensional simplex. This suggests a recursion 
formula for the volume. One can interprete the body as a generalized cone for 
which in n — 1 dimensions the formula 


] 
volume = — area x height (6.53) 
n 
o n=3 is valid. (The proof for this equation follows later.) 
Figure 6.8. Positive octant However, the basal surface is just the volume of the (n — 1)-dimensional 
forn = 3 simplex, while its height ish = 1. (The height of the simplex must be calculated 
at X,-) = ++: = x, = 0, which with the aid of Equation (6.52) leads to x, = 


h = 1.) Therefore we have 


ip = = lh 


— [ Gia x; € [0, 1] 
as <} 


pape 
fei 


This recursion formula immediately leads to 


Inserting this into Equation (6.50) yields, withn = 3N, 


yn ( V3E ) 23 


Be  eeeNRT! GN)! 


€ 


Then g is given by differentiation with respect to energy (cf. Equation (5.65)): 


3N 
dL(E, V,N yN /3 E3N71 
PE a ey = ea 


aE ~ ABN} c (3N — 1)! 


Here we can assume N > 1, and thus 3N — 1 ~ 3N. The number of states in a small energy 
interval between E and E + AE is 2 = g - AE. However, since nearly all states lie within 
this interval, one can as well set 22 = g - E, and one obtains 


yn ae E3N 
S(E,V,N) = kInQ(£,V,N) =k In Wr he (3N1) 


3 
= new v (a= ) —kInN!—kIn@GN)! 
G 
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Using Stirling’s formula In N! ~ N In N — N this can be rewritten, 


Sa vain |v (== )| — Nk InN —3Nk1n3N 4+ 4Nk 


= Nk fof Gs )| inv man? +4] 


Thus 


S(E,V,N) =kinQ(E, V,N) = Nk} 44 1n x(a ae ) 
Ce ’ )= (E, ? —_ J3Nhc 


This yields the following equations of state for the ultrarelativistic ideal gas: 


1 as 


i 
eS = 
Pee |p E 


E = 3NkT 


(6.54) 


(6.55) 


The energy at a given temperature is therefore twice as large as in the case of the ideal gas. 


p_ as _ Nk 
i av ie Vv 
pV = NkT 


Combining Equations (6.55) and (6.56) yields 


1E 


P=37 


(6.56) 


Thus, the pressure is one-third of the energy density, while for an ideal gas we have p = 


+ E/V. The chemical potential pz is given by 


Fes (are) 


The heat capacity at a constant volume results as 


w as 


OE 
Cy = —=| =3Nk 
a vals 
Proof of Equation (6.53) 


Equation (6.53) can be easily seen in the following way: Arbitrary sections of the n- 
dimensional cone with the hypersurfaces x, = const. are similar to the basis area. According 


to the theorem of Cavalieri the total volume is therefore given by 


h 
Vol, = i dx, area(x,) 
0 


(6.57) 


The area at the height x, can be easily calculated from the basis area. Namely, in the case of 


similarity mappings r — ar for arbitrary volumes in n dimensions, 


1, @7y = C10) 


(6.58) 
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is valid. This formula is immediately understood in the case of a sphere in n dimensions with 
radius a. In our case, for the similar areas with n — | dimensions it is therefore 


Xn 


area(x,) = area(0) (1 ~ = 


where 1 — x,/h is the stretching factor a in Equation (6.58). In the apex x, = h, one has of 
course F = 0. Inserting this into Equation (6.57) yields 


Xn 


h n-1 h 
Vol, = area(0) i ole, (i — =) = —area(0) 
0 h n 


if the integral is solved by the substitution y = 1 — x, /h. 


Exercise 6.3: 


Solution 


Harmonic oscillators 


Calculate the thermodynamic properties of a system of N classical distinguishable harmonic 
oscillators with frequency w in the microcanonical ensemble. 


Analogously to the preceding example we first calculate (the oscillators are one-dimensional 
objects) 


1 NaN 
ECE VN) = d°qd’ p (6.59) 
A™ SH (qe.pvSE 
Because of the distinguishability of the oscillators, in this case the Gibbs correction factor 
1/N! must not be added. The distinguishability of the oscillators is in practice ensured, e.g., 
by localization at certain points in coordinate space. 
The Hamiltonian of this system reads 


N 
P 1 Poe) 
A(qQ, Pv) — qr Zz mw qv 
mL, 2m 2 


2 
v 


With the substitution x, = mawq,, Equation (6.59) becomes 
1 jae ee 
BEY = ar (z5) | N ad xd p 
eg MG aE 


The integral corresponds exactly to the volume of a 2N-dimensional sphere of radius V2mE, 
which we can calculate immediately, using Equation (5.30): 


SE ee | (2mE)" : = i) (6.60) 
=> — — ——— m = —— —— i 
EN) hN \ mw NIN) NT(N) \fo 
This yields g(E, V, N), by differentiation with respect to energy, 
1 N EN-! 
18. VW IN) = || == 6.61 
g( ) ( os ) rN) (6.61) 


Therefore, using 2 + gE,aswellasInT'(N) = In(N—1)! © (N—1) In(N—-1)-—(N—-1) © 
NinN —N, since N > 1, the entropy is given by: 


E 
S(E, V, N) = Nk E + In ae i (6.62) 
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This result is very interesting. Here we have considered classical oscillators and Equations 
(6.60) and (6.62) are not quantum mechanical results! Only the choice of the unique volume 
h™ in phase space leads here to the typical quantum mechanical combinationhw. 

The thermodynamic properties of the system of N oscillators depend on the typical pa- 
rameter E/(Nhiw), which measures the ratio between energy per particle and typical oscillator 
energyhw. It is characteristic for many systems that the thermodynamic properties depend on 
the ratio of the total energy E and an energy which is characteristic for the system (in this case 
fiw). 

With the aid of Equation (6.62), the equations of state can be easily calculated: 


] as ] 
ly eee SN 
HE OE lyn E 
E = NkT 
to as =i 
Pay oe 


Dp = 
This is not very surprising, since the oscillators are fixed in space and have no free motion 
which could create a pressure. Hence, &2 and thus S do not depend on the volume of the 
container. 
The chemical potential of the system is 


Bb as E 
== —— = k In} —— 
T ON ley Nhw 
while the heat capacities 
OE 
CoN 
aT (6.63) 


at constant volume or constant pressure have the same value, because the system cannot 
perform any volume work. 


6 


The Canonical 
Ensemble 


The microcanonical ensemble is especially suited for closed systems with the natural vari- 
ables E, V, and N. Since any system can be made into a total closed system by including 
its surroundings, the microcanonical ensemble in principle is suitable for describing any 
physical situation. It can, for instance, describe a system at temperature T, if the heat bath, 
or thermal reservoir, which fixes the temperature in the system is included in the total closed 
system. However, since in most cases the properties of such a heat bath do not interest us, 
this would be of no use. In addition, the microcanonical ensemble contains considerable 
mathematical difficulties, since the volumes of complicated high-dimensional geometric 
bodies have to be determined. Only in the most simple cases is this really possible (spheres, 
ashlars, simplices, etc.). 

Therefore we now want to reflect on the probability distribution 
(phase-space density) of a system at a given temperature (a system S$ 
in a heat bath R). To do this, we apply what we have learned up to 
now about the total closed system (heat bath plus system). The total 
aoe S energy of the whole system 


a = Ee Es (7.1) 
A 


has a constant given value. 


ed 


Figure 7.1. System inaheat bath. By definition, the heat bath is very large compared to the system 
itself, so that 
Es ER 
— 1- — 1 7.2 
(i Ht) « 0 


Since now it is no longer the energy E's which is fixed, but the temperature, the system S 
will be able to assume all possible microstates i with different energies E; with a certain 
probability distribution. However, we expect that microstates with very large E; will appear 
only very scarcely. We ask for the probability p; of finding the system S in a certain 
microstate i with the energy £;. 
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If S is a closed system, p; will be proportional to the number of microstates 225(£;). 
Analogously, p; is proportional to the number of microstates in the total closed system for 
which S lies in the microstate i with the energy £;. Obviously this is just equal to the 
number of microstates of the heat bath for the energy E — E;, since S only assumes one 
microstate i: 


DX Vp Ep) — Seek ae) (7.3) 


If the heat bath is very large, we can assume, according to Equation (7.2), that E; < E, 
and we can expand {2 with respect to E;. To be able to identify the derivates which occur 
in this procedure, we first expand k In Qp, i.e., the entropy Sp of the heat bath, 


0 
KinQr(E — E;) © kinQr(E) —- 5B (k In Qr(E)) BE; +--- (7.4) 


For a very large heat bath the first two terms in Equation (7.4) are sufficient, since then we 
have E ~ Er > E;. However, 


a) ASR 1 
— (kKiInQrg(FE)) = ——- = = 7.5 
aE (kK In Qr(E)) A 7 (7.5) 
Insertion of Equation (7.5) into Equation (7.4) and exponentiation yields 
Dy 
Qr(E — E;) © Qr(E) exp {- iT (7.6) 


The number of microstates of the heat bath thus decreases exponentially with the energy of 
the system. Since E = const, 2e(E) is a constant, and the probability p; reads 


- E; 
<x) ; 
P p kT (7.7) 


Here again, all microstates with the same energy E; have the same probability, only now 
the energy is no longer fixed, but for a fixed temperature the system S can be on any of 
the possible energy surfaces. However, the probability now decreases with increasing E;. 
Finally, p; can be normalized to 1, so that )°, p; = 1: 


= Ss aT (7.8 
5; exp {—&} 


Here the sum } ’; extends over all microstates (phase-space points). In continuous notation 
Equation (7.8) reads @ > (q, py) and )0, > 1/43" f d?%q a3" p): 


aw f dq a3" p exp {-BH(qy, pv)) 


Here we have abbreviated the frequently appearing factor 1/kT by B. Equations (7.8) and 
(7.9) yield the canonical phase-space density, which we denote by the index c. 

Because of its great importance, we want to derive the phase-space density once again 
in another way, using the language of ensemble theory. 

In the canonical ensemble the energy E; of the system is not fixed. Therefore, all phase- 
Space points can be occupied (bear in mind that the ideal heat bath provides an infinitely 


Pc(qu, P») = (7.9) 
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large energy reservoir). We subdivide the total phase space into equi-sized enumerated 
cells Aw;. If these cells are sufficiently small, each of them will correspond to exactly 
one microstate i. We consider an ensemble of N identical systems (again, MV must not 
be confused with the particle number N in the system). Gach of these systems is in some 
microstate at a fixed time. Let there be just n; systems in each phase-space cell Aw;. Then 
it must hold that 


N= (7.10) 


where the sum extends over all phase-space cells. Just as in the microcanonical case, 
pi = n;/N is the probability that the microstate 7 appears in the ensemble of N systems. 
Now in the case of a system at a constant temperature, indeed all possible microstates 1 
and thus all possible energies E; can be assumed with the probability p;, but of course in 
equilibrium a certain mean value of energy will be established, which we want to denote 
by U. The quantity U must emerge as a statistical mean value of all energies E; which are 
actually assumed in the ensemble, 


U={E) => iE; (7.11) 


or, with p; = ni/N, 
Nu > ni, (7.12) 


f 
In addition to Equation (7.10), Equation (7.12) is thus another condition for the distribution 
{n;}. Now a distribution of the systems {n;} over the phase-space cells Aw; can be achieved 
in many different ways, as we have already seen in the microcanonical case. However, 
now we do not deal with surface elements on the energy surface, but with the phase-space 
elements Aw; in the total phase space. The probability of the distribution {n;} in the 
microcanonical case is 


W{n;} = N! —-- (7.13) 


Again, @; is the probability of finding one microstate within the cell Aw;. Just as in the 
microcanonical case, we again look for the most probable distribution {n;}* of the systems 
over the phase-space cells. But in this extreme value problem for W{n;} we now have two 
boundary conditions for the {n;}, namely Equations (7.10) and (7.12). At first we form the 
logarithm of Equation (7.13), to remove the disturbing factors using Stirling’s formula, 


In W{n;}} = NinN —N — Yo (ni Inn; —1n;) — n; Ina@;} (7.14) 


For an extremum of In W the total differential must vanish, 


din W{n;} = — )_{Inn; — Ina} dn; = 0 (7.15) 


Ifhere all n; were independent of each other, each single coefficient would vanish. However, 
we know already how to fulfill the constraints with the aid of Lagrange multipliers. We 
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form the differentials of Equations (7.10) and (7.12) and multiply these with the unknown 
factors 4 and —f . (The minus sign here is arbitrary, but it will prove to be advantageous 
at the end of the calculation.) 


i Yo dni —0 (7.16) 


=p » E, da; =0 (7.17) 


Equations (7.16) and (7.17) are now added to Equation (7.15): 
Yo dnnj — Ina; — A + BE;) dn; = 0 (7.18) 


Now we can assume all dn; to be independent of each other, and we can fulfill conditions 
(7.10) and (7.12) afterwards by a convenient choice of A and B. Then each coefficient of 
Equation (7.18) must vanish, 


Inn; = A+ Inw; — BE; or nj = were PF (7.19) 


Equation (7.10) can be used to determine the factor e*. We make use of the fact that the 
elementary probabilities w; for equally large phase-space cells must be equal. This yields 


om _ _exp{-BE)} 
w= iM Stoexp(apey 


We see that in this way we end up exactly with the form (7.8); only the factor 8 must still 
be determined from Equations (7.11) or (7.12), 


; E; exp {-BE; 
= eee (7.21) 
DE exp (Bz, 
This means, that if one fixes a certain mean energy U for the system, then according to 
Equation (7.21), the factor is a function of U. Of course, comparing Equation (7.20) to 


Equation (7.8) we guess immediately that 8 = 1/kT. However, we want to identify B in 
a somewhat different way. To do so we first define the abbreviation 


Zi 3h exp Bei (7.22) 


(7.20) 


Ue d9) 


The quantity Z is the so-called canonical partition function (the letter Z comes from the 
german word Zustandssumme), since the sum } \, extends over all possible microstates. Now 
the entropy should result as the ensemble average of the quantity —k In p,, thus written in 
continuous notation: 


1 
S = (—kIn pe) = say J "Gq d™ poe(qu. Pv)(—k In pe(qu; Pv)) (7.23) 


Now for the term p,(q,, py) in the logarithm we insert p; from Equation (7.20), and we 
again replace )>, by 1/h?% f a°Nq d°% p, and E; by H(q,, py) (as before, in the step 
between Equation (7.8) and (7.9)), but now with unknown f. The continuously written 
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partition function then reads 


~ 73N a" qd" p exp {—BH (qv, Pv)} (7.24) 


and the p; become 


Exp — H vo Pv 
Pc(Qv, Pv) — exp Pan Pe (7.25) 


These p.(qy, Py) are, so to say, the continuously written p; of Equation (7.20), just as 
Equations (7.8) and (7.9) are only a different manner of writing the same quantity. It 
follows for the entropy, according to Equation (7.23): 


] 
S= ry f O%ad™ ppclav, Pr) BH (Qy, Pv) + kn Z] (7.26) 


Now the first term in the square bracket (up to the coefficient kB) yields exactly the definition 
of the ensemble average of H, namely (H), while the second term (In Z) does not depend 
at all on the phase-space point (cf. Equation (7.24)) and may therefore be brought in front 
of the integral. Because of the normalization of phase-space density we therefore obtain 
for Equation (7.26): 


Se a ee ine, (7.27) 


The ensemble average of the energy (H) is, according to Equation (7.21), the mean energy 
U of the system, and instead of Equation (7.27) we have 


S=kpU +kInZ (7.28) 


Now we form 0S/8U = 1/T, where we must, however, take care of the fact that B(U), as 
well as k In Z(B(U)), are functions of U. The mean energy U can, of course, be identified 
with the internal energy U, thus 


1 as 0B 

— = — =kU— +k a tkinZ 7.29 

Tr aU aU + kB + (k In Z) (7.29) 
Now one has 

a 0 op 

— (kInZ) = — (k In Z) — 7.30 

aU (k In Z) 2B (k In Z) 5U (7.30) 
because according to Equation (7.22) Z is a function of U only via 8. Now we have 

atk InZ) = 5 (- pa exp {(—BE; )) = -#u (7.31) 
so that Equation (7.29), using Equations (7.30) and (7.31), reduces to 

as 1 ] 

LS a ee = 7.32 

au i ee kT Ed 


Thus the Lagrange multiplier from Equation (7.17) is really 1/(kT), as we had already 
concluded from the comparison of Equation (7.20) with Equation (7.8). However, Equation 
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(7.28) is of great importance beyond the determination of B. If one rewrites it, using 
B = 1/(KT), one obtains 


U -—-TS=-kTinZ (7.33) 
We know from thermodynamics that 

FUN) = 0 = TS (7.34) 
is the free energy of the system. So we have derived the following important statement: 

BU.V, N= kei in Zaye) (7.35) 


This relation in the canonical ensemble at a given temperature is completely analogous to 
the relation 


S(E, V, N) = kInQ(E, V,N) (7.36) 


from the microcanonical ensemble. Just as in the latter case, the entropy, which is the 
thermodynamic potential of the closed system, can be calculated from the quantity 2, now 
the free energy is to be calculated from the partition function Z. In Q all accessible states 
of the energy surface for a given E are counted with equal weights. In the calculation 
of Z at a given energy for the system, again all accessible states of one energy surface 
are equally probable, but now there occur all different energy surfaces with a probability 
proportional to the so-called Boltzmann factor e~°" . Just like the microcanonical phase- 
space density, the canonical density also depends only on H(q,, p,), as it should, according 
to our considerations of Liouville’s theorem. 

Now we want to show via some examples that in the canonical ensemble all thermody- 
namic properties of the system also can be calculated from a given Hamiltonian. However, 
before we can do this, we still must reflect on how to build the Gibbs correction factor into 
the canonical ensemble. 


General foundation of the Gibbs correction factor 


In the microcanonical ensemble we have seen, considering Gibbs’ paradox, that the classical 
enumerability of particles directly leads to a contradiction to thermodynamics. There we 
introduced a correction of the number of microstates Q (E, V, N) by the factor 1/N!: 


dN q qin 
Qu(E, V, N) = iL sie 
E<SH<E+AE h 
aon aan 
Ey 2) = / es (7.37) 
E<H<E+AE Nth 


Here the index d stands for distinguishable and nd for nondistinguishable particles. This 
correction can be directly taken over to arbitrary ensembles, if everywhere the infinitesimal 
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phase-space volumes are replaced accordingly, 


a" @ ap d>Nq BE OES 
dQa(E,V,N) = — aN = ds2,q(2V¥,N) = Whee (7.38) 
In the case of the canonical ensemble the phase-space density is given by 
a a s 1 4 ee = 
Feee CD es = = = BELG ee ls le oe 
pry N> Pi PN) ZT. VN) exp{—BH(r TN, Pi Pn)} 
(7.39) 


The partition function Z(T, V, N) is here, in analogy to the microcanonical case for 
distinguishable particles, given by 


qin qin 
z4(T,V,N)= | 25 exp(—pH} (7.40) 


and for nondistinguishable particles, by 


aNg a op 


evince exp{—BH} (7.41) 


Za | 
Now we want to give a more detailed foundation of the generalizations (7.38), (7.40), and 
(7.41) for arbitrary ensembles. The phase-space density Cy eG Reo on ey Ole 
distinguishable particles denotes the probability density for particle 1 to be at 7, and to have 
the momentum jy, etc. This can be used to calculate the probability density for any particle 
to be at 7 with momentum pj, etc. One has only to sum up the probability densities for 
arbitrary renumberings of the particles: 


Dae iy a ero, Pineoese. ja) = S> parr, Doe es ean a (7.42) 
P 


The sum extends over all permutations (P},..., Pv) of (1,...,N ). Now we require that 
the Hamiltonian of the system does not change for different enumerations of the particle 
coordinates and momenta. Then 


H(Fpj,....7 PN, Ppl, -++s PPN) = LEG, pe PN) (7.43) 


is valid for all permutations. This immediately yields 


DNR en Dee oN) — vee (ie en Die Pn) (7.44) 


because according to Equation (7.39) pq depends on the 7; and p; only via the Hamiltonian 
H. Equation (7.42) becomes (the sum now consists of N! equal summands) 


TCH acy ne. SN 7G oe Ns Pilg ee PN) (7.45) 


One can see that there appears just the factor N!, which is also obtained if instead of 
Za(T, V, N) the expression for Zna(T, V; N) is inserted into Equation (7.39). Thus we 
have not only found the foundation for the generalization of the Gibbs correction factor to 
arbitrary ensembles, but with Equation (7.43) we also have a criterion on systems to which 
it may be applied. These are systems whose Hamiltonians are invariant under a different 
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enumeration of the coordinates and momenta. The Hamiltonian of the ideal gas, 


N > N = 
Fe ioe (7.46) 


fulfills this condition. Here in the last term the index P; stands for an arbitrary permutation of 
the numbers i. However, one can also find examples where condition (7.43) is not fulfilled. 
This is the case, for instance, if one attaches to every particle an individual potential which 
explicitly depends on the particle number: 


= —— + > —mo* G = bi) (7.47) 
= a 


If here the enumeration of the coordinates is changed, in general the second sum changes, 
because the fixed vectors b;, which fix the respective zero points of the oscillator potential, 
are not renumbered. Observe that the probability 


Bs e ss n aad 
dw = SE I IY 2520) ry 
o 2 ” r aegis 

BO ENE MD, rear (7.48) 


of finding the total system in any phase-space cell d?“gq d3" p, is the same in both cases, 
since the factor NV! from the phase-space density cancels the factor N! from the volume 
element. This is simply a consequence of the normalization f d°Vw = 1. 


eee 


Example 7.1: 


The Ideal Gas in the Canonical Ensemble 


It follows from our considerations in the preceding section that for a system in a heat bath it 
is sufficient to calculate the partition function: this yields the free energy, from which follows 
all properties of the system at a given temperature, just as all properties of a closed system can 
be calculated from the entropy. 

The Hamiltonian of the ideal gas is 


3N a) 
H(g., py) = 


v=1 


if the momenta are enumerated from | to 3N. The definition of the partition function with the 
Gibbs’ factor reads 


Z(T, V, N) = a. aN g a’ pexp{—BH 
aie qa” pexpi—BH(qy, pv)} 
Since for the ideal gas H does not depend on the coordinates, the integral f 4°" q simply yields 


the factor V", if V is the volume of the container, Because of the exponential function, the 
momentum integrals factor, 


+00 
ZV Ni — on dp exp |~ p= Ps | 
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With the substitution x = ./B/2m p,, all these integrals can be reduced to the same standard 
integral 


+00 , 
/ dyer =i 


foe) 


and the result reads 


vn 2 SNi2 YN Oem 
ACHE) creer (=) apes ( ual ) (7.49) 
B N! h2 


As we can see, the calculation of the partition function of the ideal gas at a given temperature is 
much easier than the analogous calculation in the microcanonical ensemble. The reason is that 
for a system of noninteracting particles (the Hamiltonian of which is the sum of one-particle 
Hamiltonians) the exponential factor in the integral always factors, resulting in a considerable 
simplification. The result (7.49) can again be rewritten for the already well-known thermal 


wavelength, 
fae 1/2 
A= {| — 
( 2amkT ) 
leading to 
N 


Therewith we also know the free energy 


V (2nmkT \7/? 
Gav Ni eaciin Z(G, Van) = NET erin) ia 


(7.51) 
if Stirling’s formula is used for In N!. From the free energy we can again calculate all 
thermodynamic properties. For instance, we have 


kT 
p=- ae = ones or pV = NkT 
OW les V 
oF 5 V (2nmkT \*? 
=e eae in} 7.52 
7 = ee, Fetal re ) Ge) 
oF V (2nmkT \2” 
p= —| =-kF in x (75 ) 
ON lay N h 


First we obtain all quantities as functions of T, V, N. Now using Equations (7.51) and (7.52) 
we can calculate 


3 
tee SiC 


This can, for instance, be used to replace the temperature by the internal energy, so that we 
obtain 


aN al eect V (4nmu \*? 
eee eae Ne 32 
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Exercise 7.2: 


Solution 


THE CANONICAL ENSEMBLE 


The results are completely identical to the results in the case of the microcanonical ensemble! 
This is to be expected, since the free energy (canonical ensemble) and the entropy (micro- 
canonical ensemble) are equivalent thermodynamic potentials, which evolve from each other 
by a Legendre transformation. 


The ultrarelativistic gas 


Calculate the thermodynamic properties of the ultrarelativistic gas (cf. Example 6.2) in the 
canonical ensemble. 


We start with the Hamiltonian 


N 
A(qQ, Pv) = SS [Pyle 


v=1 


and calculate the partition function (with the Gibbs’ factor, since the particles, as in the case 
of the ideal gas, are indistiguishable), 


1 
Z(T, V,N) = ae [er a" pexp (—BH (a, Bu) 


As in the preceding example, the Hamiltonian does not depend on the coordinates, so the 
coordinate-space integral yields V”. Again the remaining integrals factor, 


1 N g 
Z(T,V,N) = Wiaav vn I] fe, exp {—B|p,|c} 
. v=] 


It is convenient to transform to spherical polar coordinates in each integral. This leads to 


yn fos) r ; N 
ae —Bcp 
TAGE Ny IND) Ninat Cal p’ dpe ) 


Using the substitution Bcp = x, the remaining integral can be reduced to the ’-function, 


iP *dne oO? = (4) [Pare = (£) re 
Nee en ez ad ~ \ Be 


where I°(3), according to !(n + 1) = n!, simply yields the factor 2: 


vn ie ee 
20.) = aps (8% (22) | = mm (*” (2) | 


The free energy is calculated, using Stirling’s formula for In N!: 


3 
PL Nee aN) lel aa ee 
N he 
This can again be used to derive the equations of state of the ultrarelativistic gas: 
o OF _ NkT efter 

Se 13am, tee Sal 

aF : 

OT lyn N he 
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3 
rin (= 
iV N he 


As we can see, in this case the term (827)'/7hc/(kT) takes the role of the thermal wavelength 
of the ideal gas. To enable a comparison with the microcanonical calculation, we calculate 
the internal energy, 


(Of = IP ab US SS SINE 


OF 


:= — 
: aN 


This can be used to substitute the energy per particle for the temperature. For instance, one 


has ; 
81 V 3 
SVN = Ne aesin | == g 
N 3Nhec 


This exact result does not completely coincide with Equation (6.54). There the factor 
(2/./3)° = 1.539 appeared instead of the factor 87/27 ~ 0.931 in the logarithm. Recall, 
however, that there the aproximation J3\p| © |pxl + | py| + |p-| had been used. Therefore, 
the difference of the results neither reflects a mistake in our calculation nor even a principal 
problem. 


Exercise 7.3: Harmonic oscillators in the canonical ensembie 


Calculate the thermodynamic properties of a set of N distinguishable harmonic oscillators of 
frequency w. 


Solution The Hamiltonian for this system reads 


N 2 
Py , | 
H(qQv, Pv) = 2 (2 af sma'a?) 


v=1 


This must now be used to calculate the partition function (without the Gibbs’ factor) 
1 NAN 
Z(T,V,N}= 75 d™ qd” pexp{—BH(q,, Pv)} 
Here all integrals factor, too, since H is only a sum of one-particle Hamiltonians, 
+00 +00 
oO 


es 1 2 
AGE, Wik) = AN I] f dqy exp {6 5 moat} x / dp, exp {-0 || 
v=} = -0oO 


Using the substitutions /Bmw?/2q, = x and./B/2mp, = y, the integrals become Gaussian 
integrals. The result of the integration is 


1 Be eee ie 
207. ¥.0) = am | (Gar) ee) 


Pre 
Z(T, V,N) = (= | 


withh = h/2z. For the free energy this implies 


kT 
F(T, V, N) = ~kT nZ(T, V, N) = —NkT In | Fa | 
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Therewith the thermodynamic equations of state follow as 


oF 
p=- = = 0 
dV Irn 
F k 
aoe — VK 1+in{ = | 
aT low i 
oF kT 
iy ee h 


The internal energy is 
U=F+TS = NkT 
Thus S(U, V, N) reads 


igh 
s(U.V.N) = We [1+ Inf || 


which coincides exactly with the microcanonical calculation. The equations of state are also 
identical. 


Systems of noninteracting particles 


In the preceding examples and exercises we have seen that the calculation of systems for 
which the Hamiltonian is a sum of one-particle Hamiltonians, 


N 
HGiescpanarr, ayia iG pp) (7.53) 


ul 


is especially easy in the canonical ensemble. Let h be a one-particle Hamiltonian, which 
depends only on the variables q, and p, of the vth particle (e.g., p*/2m). Now the partition 
function reads (with the Gibbs’ factor) 


if 
AGU IN) reer / d°%q d°™ pexp{—BH(qy, Pv)} 


1 N 
= Nth3n I] f @a. d*py exp {—Bh(q,, pv)} (7.54) 


v=1 


The integral can be interpreted as a one-particle partition function (N = 1), 


1 
Z7.V. = i d?q a° p exp {-Bh(q, p)} (7.55) 


so that the partition function of the N -particle system can be directly calculated from that 
of the one-particle system; 


1 
Z2(T,V,N) = =. (ZT, V, a (7.56) 
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for nondistinguishable particles, and 
ZV N) = (ZC, V, 1))" (7.57) 


for distinguishable particles, respectively. This is a very useful prescription of calculation, 
since in this case one effectively deals with one-particle problems. Let us now consider the 
phase-space density of the total system, 


_ exp {-BH Go, Pv] 


Z(T, V, N) 
ae jee po!) pS yo) _ mee 
AC AND) ECU 


Up to the Gibbs factor, the probability oy (q,, py) of finding the N particles exactly at the 
phase-space point (q, p) equals the product of all probabilities of finding a certain particle 
in a certain one-particle microstate. 

Obviously, for a system of noninteracting particles, the probability of finding a particle 
at the coordinate g with the momentum p, is just given by the distribution 


_ exp {—fh(q, p)} 


P(g, P) = Z(T.V.1) (7.59) 


Note that this is not self-evident. Originally Equation (7.59) was the distribution for a 
system which contains only one particle in all. Since the N particles in a noninteracting 
system do not influence each other, Equation (7.59) is at the same time the correct one- 
particle phase-space density for such a many-particle system. Therefore we can interpret 
such a system as an ideal ensemble. Each individual of the N particles forms a “system” by 
itself and at a given time occupies a certain one-particle microstate. All the other particles 
of the system form the heat bath at a given temperature. 

It is crucial for these considerations that the probability of finding a particle in a certain 
microstate is independent of the microstates of the other particles: in ensemble theory the 
single systems of an ensemble are independent of each other. In an interacting system this 
is no longer true. Then the microstate of a certain particle depends on those of all other 
particles. The Hamiltonian for a special particle then also contains the coordinates and 
momenta of all other particles, and we cannot write down an equation corresponding to 
Equation (7.59). 


Example 7.4: The ideal gas 
As an example, we again consider the ideal gas, 


Be 


N ay) 
eae DP; 
HG, pi) = > an => hq, p)= ie 
LI 
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The probability density for finding any particle in the one-particle phase space with the 
coordinate g and the momentum fp, is given by 


_ exp(-Bhg, p)} 0? aa 
ED) a yeas 2 Sm 


with Z(T, V, 1) = V/A?, according to Equation (7.50). 

Now we are able to check the velocity distribution in the gas, which we had already 
derived earlier in Example 1.2. The probability of finding a particle with a coordinate between 
g and q + dg and a momentum between p and p + dp is p d°q d* p/h?. For the velocity 
distribution f(v) this implies 


. m?> ie lig-are 
f@)d*v = aia / d°q Vv exp {- 5 pmi?| 
if p = mv is inserted and if one integrates over all coordinates. The integral f d°q just yields 
the volume V; this leads to 


3) ( m i 2 mv? 
= exp {— —— 
ae | 22h 
Indeed, this coincides with Equation (1.13). Recall that the factor 1/h? appears because 
p is adimensionless quantity and the phase-space volumes are measured in units of h*” (here 


N=]). This example is well suited to demonstrate, once again, the significance of the Gibbs 
factor in a very beautiful way. One has 


O' (41s 92, +++) Ply P2,---) = PGi, P10 (Ga, Pr) +++ P(Gns Pn) (7.60) 


with p’(q;, p;) being the probability density of finding particle 1 in microstate g,, p; and 
particle 2 in microstate q2, pz and... and particle N in gy, py. However, this is true only 
for a given enumeration of the particles. If one asks for the probability of finding any of the 
N particles in q;, p; and any in 2, p2 etc., then Equation (7.60) must be multiplied by the 
number of all ways of enumerating them in a different way, namely N!. 


i 


a pr 


Exercise 7.5: Mean velocity and most probable velocity 


Solution 


Calculate the most probable, the mean, and the root mean square absolute velocity in the ideal 
gas, using the velocity distribution 


é 3/2 ee 
f@) = (=) exp |B 5 mir} 


The differential 
d?w(v) = f(v)d*v (7.61) 


denotes the probability of finding a particle in the ideal gas with the velocity vector v between 
(vy, vy, Vz) and (v, +dv,, vy +dvy, v, +du-), independent of its position. At first we use this 
to calculate the probability of finding a particle which has an absolute value of velocity between 
|v| and |v| + |dv|. To do so, in Equation (7.61) one simply substitutes polar coordinates for 
the velocity vector and integrates over all spatial directions: 


fm \3r IM Gate 
dw(v) = (<= ) exp |B 5m ar dv (7.62) 
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Equation (7.62) is Maxwell’s velocity distribution for an ideal gas. The most probable absolute 
value of the velocity, v*, corresponds to the maximum of the function F(v) = dw/dv. The 
latter is calculated from 


F’(v)|y+ = 0 


par ( m ie m mv’? |, fe mv 0 
fe (— = —= oy {= —— expit = 
InkT a |r | ee leo | le 


=> —-— (vi ut = 0 
2kT i. 


? QkT 
=> v* =| — 
m 


The mean absolute value of velocity ({¥|) is defined as 


“n 2 By) /peS) 2 
ey = 1 F(v)v dy = 4x (<=) [ exp \- a | vid (7.63) 
Using the substitution y = mv?/2kT, one can reduce the integral to the I'-function (cf. 
Example 1.2): 


MN? f 2kT Np 
(@o) = 4x (5) (=) =| ciey 


im AME fT Ve 
= 4 — -TQ 
alae (=) ee 


Using (2) = 1 yields after arranging 


(v= a (7.64) 
mit 


The mean squared velocity is calculated in a very similar way: 


oo 3/2 oo my 
nh eal m ) e 4 
(v } = if F(v)v' dv = 4x —= [ exp | ae |» dv 


Using the same substitution as in Equation (7.63), one obtains 


OT eee 
a\ 4 (_) ae > f en) yi? d 
Gee m Te eit ees 


Ht OE Ne les 
= & (ar) (=) Ane 
because (5/2) = (3/2). G/2) = (3/2)(1/2)./z. This yields 


vi me Yea 


Maxwell’s velocity distribution is depicted in Figure 7.2. The most probable velocity has 
been normalized to 1 by the choice of the units on the abscissa. As one can see, v* < (v) < 


(v?). All three velocities are essentially determined by the ratio kT /m. The mean kinetic 
energy of a particle follows as 


1 3 
(Exin) = 5m’) = ql 
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Figure 7.2. Maxwell's velocity distribution. 


Exercise 7.6: 


in coincidence with our result (1.9). Because of the isotropy of the distribution f (v) we have, 
furthermore, that 


Velocity distribution of an evaporating gas 


Calculate the velocity distribution f*(v) of particles evaporating from a hole in a container 
with an ideal gas at temperature T (Figure 7.3). 

Assume that the equilibrium in the interior of the container is 
not disturbed by the evaporating particles. In addition, calculate the 
mean velocity in z-direction and the mean squared velocity of the 
evaporating particles, as well as the rate R = d*N/dtdA of the 
particles leaving the container per unit time and hole area. 

Show that in general R = 4(N/V) (v), if (v) is the mean 
absolute value of the velocity in the interior. What force acts on the 


Figure 7.3. The system. container due to momentum conservation? 


Solution 


At first it is clear that each particle which hits the surface element dA from the interior leaves 
the container with the same velocity. In Chapter 1, Equation (1.5), we obtained by a simple 
consideration the number d°N of particles, which in the time dt hit a surface element dA of 
the container wall with a velocity vector ¥. We have 


ON = a dt dAf (v)d>b 7.65 
= 70: (7.65) 


if the z-direction is chosen perpendicular to the surface element dA and if f (¥) is the velocity 
distribution in the gas. This holds only for v. > 0, because particles with v. < 0 move in the 
wrong direction. 

Now one easily understands that the velocity distribution {*(¥) of the particles which 
leave the container must be proportional to v, f (v), 


f @)= cu, 7 @) (7.66) 


i 
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For, if a particle had v, = 0, it would not leave the container at all, f*(¥)|,.9 = 0. We have 
already included in Equation (7.66) the assumption that the equilibrium in the interior of the 
container is not essentially disturbed by the particles leaving the container. 

The constant of proportionality c is determined by the normalization 


+00 +00 +00 
/ av, | avy | lv (Ga) = Il (7.67) 
—0o —0o —0o 


To simplify the following calculations, we write the Maxwell distribution f(v) in the form 
fv) = ih CORO Le) 


with the distributions of the single velocity components 


m mu? 
fod = J aren ©? | ar | 


which are separately normalized to 1. The velocities of the particles leaving in the x- and 
y-directions have the same Gaussian distribution as in the interior of the container, while the 
z-component has been weighted by an additional factor v, > 0. Equation (7.67) becomes 


oe) 
2) dv.v; f,(vz) = 1 
0 


Or 
m i q mv? ay 
over joo |) ae | 


With the usual substitution y = mv?/2kT, one obtains 


m kT iL “yg tes 2m 
“V InkT m Jy y kT 


The normalized velocity distribution of the particles which leave the container is 


= {27mm 
FM= fr. fi vy) kT vz f,(vz) 


This yields the mean velocity of the particles in the z-direction: 


re 2am [* 
c puro => = | v? f.(v;) dv; 
0 
mv? 


oo 


m 2 = 
EGS mel We 
Th, © exp | | : 


= te [AE [ye ay = [=*r (5) 
kT m m Jo m z 


The asterisk at the mean value bracket indicates that one has to take the mean value using the 
distribution f*. Because (3/2) = ./2/2 we obtain 


ae a 
(uz)" = os 


Of course, here one has a positive mean value for the component v-,. In the container itself, on 
the other hand, one has (v-) = 0. Analogously, the mean squared velocity in the z-direction 
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is given by 


(vz) 


2am e 
2pryats = f= f of 2) dv; 
pure a fy BAe 


ge aoe mov2 

ae — —  } dv, 
LE ea exp =| & 
aa Tee Dee pe 
kT m m= Jo 


II 


2kT 
ye * dy = —TI(2) 
m 
Using (2) = 1, one obtains 
: ksh 
(2) = 


m 
The mean squared velocities in the x- and y-directions, on the other hand, have the same value 
as in the interior of the container: 


Pl Sy =e = 


The mean kinetic energy of the particles leaving the container is 


kT 
m 


(€xin)” = ;™ ((v?)" + (v2) + (v2)') = 2kT 


It is thus larger than that of the particles in the interior of the container, where it is only ; Keli 
Equation (7.65) directly yields the rate R = d*N/dt dA by integration over all velocities; 


d’N N nace) +00 +00 : 
k= fk = Vv iL dv iL dvy iE. dvu.v-f (v) (7.68) 


Note, that here the distribution f(v) appears in the interior of the container and not f*(v). 
In principle, Equation (7.68) can be directly integrated with Maxwell’s velocity distribution. 
For our calculation, however, we choose a more general way, which remains correct for each 
distribution f(v) that depends only on the absolute value |v| of velocity. To do this we 
substitute spherical polar coordinates. We have to take into account that due to v. > 0,6 has 
to be restricted to the angular interval 8 € [0, 7/2]: 


N foe] n/2 2n 
R= — / uw av [ sing ao f dov cos 6f (v) 
Vv 0 0 0 


The two angular integrals can immediately be calculated (sin @ cos 6 d@ = sin @ d(sin@)), 
N a 
R=>—n uv fv) du 
Vi Jo 


In the preceding exercise we have already introduced the distribution of the absolute values of 
the velocities, F(v) = 42 vu? f(v), so that 
P ay Pe F(v)d 1N Ww) 
=-— uF (vu =-— 
Ne |p aed ee 
The rate of the evaporating particles increases with the particle density N/V and the mean 
absolute value of velocity (v). For the special case of an ideal gas we obtain with (v), according 
to Equation (7.64), 
N [| kT 


VV 207m 
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To calculate the force acting on the container because of the repulsion of the particles, we first 
determine the momentum which is carried away by the particles per unit time in z-direction. 
In the mean, the particles have the momentum (p.)* = m (v,)*, and fora hole of area A, there 


are exactly RA particles leaving per unit time. Therefore, the force F, (on the container) is 
Neer ee 
V VY 20m 2m 
1N 1 
=—= —kTA=-—--—pA 


a MW 2 


Up to the factor 4, which comes about by the fact that the particles are not reflected at the 


hole, F- is given by the pressure p on the area A. The minus sign corresponds to the negative 
z-direction, in which the container is accelerated. 


F, = —RAm (v.)* 


Calculation of observables as ensemble averages 


In the introduction to ensemble theory we assumed that all observables can be written as 
the mean value over the ensembles with respect to an appropriate function f(7;, p;): 


co 1 open 
(Fi Pi) = san cP GC, a Ca (7.69) 


Thus the phase-space density f(7;, p;) contains all the information about the system which 
can be provided by statistical mechanics. Now we want to consider which functions 
f (F;, pi) have to be chosen to obtain certain observables. As we already know, the entropy 
is given as the ensemble average of fs(r;, pi) = —k In e(7;, pi): 


S = (—kInp) (7.70) 


On the other hand, from Equation (7.70) we can determine the thermodynamic potentials 
S(E, V, N) (microcanonical) and F(7, V, N) (canonical). Therefore Equation (7.70) al- 
ready contains all thermodynamic properties of the system. These properties therefore need 
not be calculated by Equation (7.69); for the first step it is sufficient to calculate S(E, V, N) 
or F(T, V, N) from Equation (7.70). Then all other thermodynamic quantities follow just 
as in Chapter 4. Of course, one can also write down the functions f(7;, p;) corresponding 
to a certain quantity. So, for instance, the internal energy is given as the mean value of the 
Hamiltonian: 


UH ee pi) (7.71) 


However, with the aid of Equation (7.69) one can also obtain observables, which thermo- 
dynamics does not tell us anything about. For instance, the phase-space density is such an 
observable: 


N 
PACH coo gSyi eee (w" [ [¢& -*) 6c - 7») (7.72) 


Il 
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The delta functions in Equation ( (7. 72) just cancel the integral in Equation (7.69) and yield the 
integrand at the points ae a or Py ae Dy. We remark that, strictly speaking, Equation 
(7.69) stands for a general Honpe of the phase-space density on the real numbers. Such 
a mapping is given by the distributions f(7;, p;). In meee to Equation (7.72), the phase- 


space distribution of the particle i results from p(r), ..., Tn, Pi;--+, pn) (distinguishable 
particles): 
pil, p) = (hb; — 7) 8B; — P)) (7.73) 


For noninteracting systems p;(7, p) is identical to the corresponding single-particle distri- 
bution o(r,, pi). For interacting systems this is not true, since Equation (7.73) then also 
contains the action of the other particles on particle i. In the same way, one obtains the 
density of particles i in coordinate space, 


pi) = (6%: — 7) (7.74) 
or the momentum distribution of particle i, 


pi(p) = (8(pi — p)) (7.75) 


The total particle density in coordinate space \s 


N 
p(?) = (s 5G; - a) (7.76) 
i=] 


and the total momentum distribution is 


N 
p(p) = (s 8 (pi; — A] (7.77) 
iz] , 


Observe the different normalizations of the quantities (7.74-77) 
if dF pi(F) = i} GD) = (7.78) 


/ WOE i aS) = (7.79) 


Another very interesting quantity is the distribution of the relative distances of two particles, 
or the relative momenta. These follow from 


fir) = (8(r — |r, — Fel) (7.80) 


The distribution fj,(r) is the probability density for finding the particles i and k at a 
separation r. The distribution of the absolute relative momenta reads 


Fix(p) = (8(p — |p: — pxl)) (7.81) 


The mean distance of the particles i and k is 


Gee ont = / BOE aes 
0 


EXAMPLE 7,7: 


p;(R) FOR THE IDEAL GAS 


The second equation in (7.82) follows, if Equation (7.80) is inserted for fj,(r) and if the 
averaging procedure and the integration are exchanged. Analogously, the mean relative 
momentum of particles 7 and k is given by 


on) Se i ee ae (7.83) 


Correspondingly, one can also calculate the distributions for the relative distances of three 
particles, or the probability for several particles to come very close to each other (cluster or 
droplet formation), etc. The practical calculation for such n-particle correlation functions, 
however, can become very complicated in the case of real gases. 


Example 7.7: ;(r) for the ideal gas 


Calculate p;(F) according to Equation (7.74) for an ideal gas. 
The phase-space density for the ideal gas is 


N N 
‘ By exp {—4, Pr} Ee 
1 O05 9 pO 2] =: = WN! iG, Pi 
AG ny Pi Py) = NW Savoy ZT, V1) I To Pi) 
with the one-particle partition function 


V 


1 3> 43 B .» 
EGE, We WD) SS aa ee Ss 


Thus, one has 


= 1 3N= BN 
pi(r) = Wan fa Loop 
x P(e Ne Die ey on) OU, =) 


] = 
Ee fee BOB ys Be =i) 


k=) 


Since the one-particle distributions p; (F;, Px) are also normalized to 1, all integrals except that 
over r;, p; yield a factor 1, 


(nO = 3 [eid = ew |-F al oa 7) 
ig x 2 
Se ae Pe ew |-F 7] 


The momentum integral together with the factor h~? gives a factor A~*, which cancels: 


pir) = = 


The probability density of finding any of the N particles at the point 7, is constant over the 
whole container. The total particle density is 


N N 
eG) = (y bi - a) =Via®) =F 
i=1 i=l 
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Exercise 7.8: The law of atmospheres 


Consider an air column above the surface of earth with a basis area A. Calculate the density 
distribution of the particles in the column under the influence of gravitation, at a given tem- 
perature T. Assume that the air behaves like an ideal gas and assume gravity to be constant. 
(See Figure 7.4.) 


Solution The Hamiltonian of the system reads 


N 72 N 
oa P; =» oH 
H(r;, pi) = > (Z + mgs) = » aH Gin feb) 
t=] 


f= 


if there are N particles in the air column. Since we are dealing with a 
system of noninteracting indistinguishable particles, we have 


N ~ > 
is cae = Exp Pah 
seong bis ie o8ee = i SS ee 
pr rvs Pi Pn) I] ZT, V.1) 
N 
= N! pi(Tis Pi) 


iH 
earth’s surface 


The one-particle partition function can be easily calculated, 


Figure 7.4. The law of atmospheres. 1 B 
LON ol d° p exp {- — P| / d°’r exp {—Bmgz} 
h 2m 


The momentum integral, together with h~?, equals A~?, and the integrals over x and y yield 
the basis area A of the air column, 


PAE) a i d {—Bmgz} Z 
Veal) ea zexp{—Bmgz} = —— 
Jo ser Bmgis 
The definition of the single-particle density is 
= _! 3N+ 13N > 
pit) = saw fa rd” p 
SU pina ee ey) oe) 


1 ein Tht eee 
= gan | PNFA DT | one, SG — 7) 
k=1 


Due to the normalization of the p, (rx, px), all integrals except the one over r;, p; yield the 
factor I, 


Bmgi3 = oe 2 ss 
ma | Pivexp}~~ By f a°iexpl—pmgz)) 5G; ~7) 


The momentum integral together with h~> equals A~? and thus cancels the factor 4°. The 
integral over the coordinates cancels because of the 6-function, 


eG) = 


Ay ids exp{—Bmgz} 
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For the N particles in the air column the total density distribution is 
NBmg 


pr) = exp{—Bmgz} 


It does not depend on x or y, and it decreases exponentially with the height z. If one writes 


the particle density p(z) with the aid of the ideal gas law, 


p(2) 
kT 


one obtains for the pressure in the height z: 
Nmg 


p(z) = 


exp{—Bmgz} = p(0) exp{—Bmgz} 


AQ) = 


The pressure at the surface p(0) = Nmg/A corresponds to the gravitational force of the N 
particles on the basis area A. 


Exercise 7.9: 


Solution 


Relative momenta in the ideal gas 


Calculate the distribution of the absolute values of the relative momenta of two particles in an 
ideal gas. 


According to Equation (7.81) we have 


GD) = Oa = |e = ply 
] 


= [era Boe, ...F0, Bi... By) 8(p — |B; — Bel) 


1 - aya We 3 Se ws 
= gay J PFE DY] | ov, Bd 8(p — |B — Ped 
fica 
Because of the normalization of the p,, all integrals except those corresponding to the indices 
i and k yield a factor 1, respectively, 


1 zi 2 e Sek 
Six(p) = 76 fen fan fan fers 


Ba 238 > > 
x exp {-£ (pb) + Be) t 8(p — Bi — Pel) 
The two integrals over the coordinates cancel the factor V~*. To be able to calculate the 
momentum integrals, it is convenient to transform to the momentum of the center of mass 
K = (p; + px)/2, and the relative momentum p;, = p; — Py. Then we have 


= =? 1 = = =. 1 = =2 +2 SE 1 +2 
p=K+ 5 Pik and FSS uh aswellas p; + py = 2K + 5 Pit 
and thus 
as se B =17) 37 B 72 
Six(p) = 76 fa Dik &Xp {- Tae 5(p — Pix) il d°K exp 4— an K (7.84) 


(Remark: The Jacobi determinant of the coordinate transformation has the absolute value 1.) 
Allintegrals over the components of the center-of-mass momentum have the value ./mz/B. In 
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the integral over pj, one can introduce polar coordinates, and Equation (7.84) can be rewritten 


as 
© (mn \?? ae pos 
fix(p) = 76 (>) an | Pix exp|-£ pi] 5(p — pix) apix 
ae 1 aia 5) B 2; 
Ti) (<a) p exp{- 2p 
Because of 


/ fix(p) dp 
0 


lI 
NA 


(air) [wr oe-Zr] a 
i) 
‘= =) /2 2m Sf 12 e-” dy 
JtIm 
(ee ee 3 
A(mkT)??T =] 
mmkT 2 


this distribution is normalized ((3/2) = ./m/2). As one can see, the distribution of the 
relative momenta is again a Maxwell distribution, however, with different coefficients and a 
different argument in the exponential function. 


wo] a 


NA 


Exercise 7.10: Mean distance of two particles 


Calculate the probability density of finding two particles of an ideal gas at a distance r, if they 
are contained in a spherical container of radius K. What is the mean distance of two particles 
in this sphere? 


Solution Analogous to the preceding exercise we must calculate 


fier) = (8(r — [F; — 7; I)) 


1 BNE aS Nia 
= Winn fa rd Dp 


x Gee a Di ieee Py) ee — Ir; — r;I) 


1 ey 
iv any, Pl VeNGe Pr) 6(r — |F; — rl) 
fei 


Because of the normalization of the p;, all integrals except those corresponding to the indices 
i and k yield a factor 1, respectively, 


1 a f s . 7 
fir) = 7G [es i dD | d?r; / dr, V2 
xX exp {— Es (DB; + pe)} 8(r — |r — Fal) 
Day : 
The momentum ae together with the factor h~® yield A~®, which cancels the factor A°, 


fir) = a7; [ei ee = | ara) (7.85) 
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Figure 7.5. Concerning the geometry of the R— and r;,—-integrations. 


To evaluate the remaining integrals, one substitutes center-of-mass and relative coordinates: 


> ee Bi Aye 
R= Bn ls Vip =i — (7.86) 
2 ee oy eer 7.87 
y= = Us = mm erik 2 

5 Tik Vr 9 Vik ( ) 


Since the integrations in Equation (7.85) extend only over the finite spherical volume, the 
integration limits must also be recalculated for the new variables. In Equation (7.85) the 
vectors 7; and 7, must fulfill the conditions 


pee Ke Bull as ee 


In the new coordinates these conditions read 


Se ee NG 
(a+ in) OK? and (a - iu) Sake (7.88) 


Equation (7.85) transforms into 
1 s = 
fix) = y2 [tin | eee i) 


where we have to integrate over all vectors r;, and R, which fulfill the constraints (7.88) (as 
we have seen in the preceding exercise, the absolute value of the Jacobi determinant of the 
transformation (7.86—87) is just equal to 1). 

If the integral over 7; is interpreted as the exterior integral, the vector rj, is fixed with 
respect to the inner integration over R. We must have Irix| < 2K, because the relative distance 
of the particles i and k cannot exceed twice the sphere radius. 

If the vector 7;, is given, conditions (7.88) can be interpreted geometrically. All vectors R 
in the interior of a sphere of radius K with its origin at —(1/2)r;, fulfill the first condition, and 
all vectors R in the interior of a sphere of radius K with the origin +(1/2)7;, fulfill the second 
condition. Thus for a given 7;,;, all vectors R in the interior of the overlap region of the two 
spheres (Figure 7.5) fulfill conditions (7.88). Since one is still free to choose the coordinate 
system for the R-integration, it is most convenient to place the R,-axis along the direction of 
the vector 7. 
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Figure 7.6. Conditions (7.88). 


If one finally passes over to polar coordinates, the integration limits for the R-integration 
follow from Figures 7.5 and 7.6. ForO < @ < m/2, |R| can assume all values between 
0 < |R| < R&.(, riz), where R‘ (6, r;,) must be determined by the condition 


] 2 
(5m eas cos) + (RO, sin 6)’ = K? (7.89) 


Analogously, for 1/2 < 6 < 7, |R| can assume all values between 0 < |R| < R® (6, Tit), 
where R® (6, r;,) now must fulfill the condition 


1 2 
(5 rin — R2 cos 0) + (R® sin a)” = K? (7.90) 


First one determines R(), and R®. by solving the quadratic Equations (7.89) and (7.90): 


max 


ff 


1 
Ro = 5 {—ris cos @ + [r2, cos? @ — (r2. - 4x7)]'| for 0<6< = (7.91) 


Rei = a {ris cos@ + lee cos’ @ — oe = 4x?)]'" For 


2 <6 


lA 


m (7.92) 


| a 


In both cases, the solution with the positive sign has to be chosen: In Equation (7.91)cos @ > 0, 
and to obtain R‘!). > 0, the positive sign has to be chosen. Correspondingly, in Equation (7.92) 
cos @ < 0, and again the positive sign must be chosen. Using the abbreviations x = cos 0 
and c? = (4K?/r3, — 1), Equations (7.91) and (7.92) can be rewritten as 


jh “ { (x? ay = x| 


Vik 


eG ee) 3) 
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Now the integral reads 


1 2x n/2 Rua 
fk) = — oe i) i do | sin 6 dé | R’? dR 
[Fig |? <4K2 0 0 0 


y2 
+f sino def ™ R2dR 
m/2 0 


The @-integration simply yields the factor 27. Performing also the R-integrations and 
substituting x = cos @, one is left with 


f(r) = oes dri. 5( ) 
kV) = V2 3 pee Vip OW Vik 
: 3 y 3 
x | / dx (RO. (x, rik) + / an (Rey G1) | (7.93) 
0 =] 


In the next step we tur to the x-integrals, 


Ga) = (#) [fa (x? dee) = +f dx { (x? ae +x} 


If we substitute x —- —x in the second integral, we can see that the latter must have the same 
value as the first: 


1 3 
i 1/2 
1 (riz) se [ dx {(? + ec) - x} 


1 
= “ / dx {(2? + aie — 3x (ss + c’) ea (i -e eye o =| 
0 


3 1 1 
= “i tf dx (a + eae (4x? + c’) — i dx (4x° + axc?)| 
0 0 
The second integral is elementary, and the first one is simple, if one considers 


4 (2p cy al = (2 +2)" (4x? +2) 
x 


One obtains 


2 1 
T(rix) rik { (3? + ey) ox a el 


3 
eee {( iy == =| 
Inserting again c? = (4K?/r2, — 1), one obtains 


Gen es pany ok au 
(rin) = 4 Tin 2 Vik 2 


Thus Equation (7.93) can be rewritten 


er Pe 3 3 2K \* 3 (2K\* 1 
Fur) = vy 6 i <4K2 Ne ik 2 Vik z 


= 
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The remaining integrals can be solved by substitution of polar coordinates . The angular 
integration simply yields a factor 47, 


lan ps 2 1/26 Vee eee 
unm ga [arabe rok |(Z) - 5 (ZF) + 


Ieee || 2KN Of eR el 
“(r) = — — =—— |) ==/ =) +2 7.94 
16) ee (=) ; (= 2 Te 
If one considers V = 4 K?/3, one can conveniently rewrite Equation (7.94) as (Figure 7.7): 
1 PAG 3 Pp Se 1 r \s 
; =— —)--(— - (— 7.95 
Se alee slags) # alae) | cs) 
The distribution (7.95) is a function of the dimensionless variable 
f(r) y =r/(2K), where € [0, 2K]. It has a maximum in the vicinity of 
1.0 r © K and it vanishes forr = 0 andr = 2K. This means that both 


very small distances r — 0 and the maximum distance r > 2K occur 
only very scarcely. Most frequently, the distances are comparable to 
the sphere radius K. Observe that the function fj, (r) is automatically 


0.5 normalized to 1: 
2K i 
f(r) dr =24 | ay {y" —iy+ 3” 
0 D 2) 
0 K 2K 
r if 3 1 
= 2442 22 =1 
13 8 - = | 


Figure 7.7. The function f(r). 
The mean distance of the two particles is 


2K il 2 1 
= | BROCE 48x | bs 1» Se 
0 0 2 D 


It is thus a little larger than the sphere radius K. 


—_-—————_—_ SSeS 


Connection between microcanonical and canonical ensembles 


The three preceding examples have shown that the canonical ensemble gives essentially 
the same result as the microcanonical ensemble, although the possible microstates are very 
different in both cases. Now we want to examine the reason for this coincidence in greater 
detail. 
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The probability of finding a system of the canonical ensemble in the microstate (q,, P,), 
is (without the Gibbs’ factor): 


] 
rang XP I-BH (Gq, PAG dp — (7.98) 
This probability is constant on the energy surface H(q,, p») = E (basic postulate of 
statistical mechanics). Therefore we can easily calculate the probability of finding a system 
in any microstate with an energy between E and E + AE. To do so, we only have to 
integrate Equation (7.96) over this energy shell; the integrand is constant in this case: 


1 
dp = Fay Py, py)d "qd" p = 


1 1 

ap(E) = 5 exe(-BE) ox f d%q d™ p 797) 
Z h E<H(qy.py)SE+dE 

The last integral has already been calculated many times. It is just the number of all 

microstates in the energy shell of thickness dE. With the number % of states carrying an 

energy H(q,, py) < E, 


1 
BE VIN Sy / Gaga \p (7.98) 
h A(qy. py) SE 
the integral in Equation (7.97) assumes the value 
! if sn, 3n _ OD 
1BN da’ qd" p= ~—dE = g(E)dE (7.99) 
(ee E<H(qy,py)SE+dE OE 


if g(E) is the density of states, which we have frequently used before. The probability of 
finding a system in a thin energy shell between FE and E + dE, is therefore given by 


1 
ap Ey = pb) ak = 7 BF) exp{(—BE}dE (7.100) 
Of course, the partition function Z can also be expressed with the aid of g(£): 


EE ON) 


1 
Aan a" q d™ p exp{—BH (qv, Pv)} 


II 


[are exp{—BE} (7.101) 


In the case of discrete quantum mechanical states, the density of states g(F) is replaced 
by the degeneration factor gz, which denotes the number of quantum mechanical states 
which have exactly the same energy. Since in quantum mechanics the stationary states with 
energy E can be calculated, Equations (7.100) and (7.101) can be directly transformed to 
quantum mechanics. Then 


p(E) = = exp{—BE) (7.102) 
is the probability for the quantum mechanical system to assume one of the g¢ energy States 
E. However, this does not yet have anything to do with quantum Statistics, since in this case 
we are also dealing with distinguishable particles. The theory which has been presented 
up to now is called Maxwell-Boltzmann statistics. This theory starts from enumerable 
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particles and is afterwards corrected with the Gibbs factor, if “in real life” the particles are 
indistinguishable. In true quantum statistics this will be no longer necessary. 

Equation (7.101) now provides a very interesting relation between the canonical and 
microcanonical ensembles. On the one hand, we have calculated the density of states g(E), 
which is tightly connected to £2, and on the other hand, the integration in (7.101) yields the 
canonical partition function (free energy). Even the converse of this statement is true. If 
Z(B, V, N) is known, one can use this to calculate g(E). To do this, in Equation (7.101) 
B = 1/kT is interpreted as a formal parameter, which may also be complex. Now we 
consider the analytic continuation of Z(B) (V and N = const.) to the complex f-plane. 
Then 


Z(B) = il dEg(E)e F® (7.103) 
0 


is an analytic function of B, if #6 > 0. The relation RB > O guarantees that the integrand 
in Equation (7.103) is bounded for all energies and that the integral exists. Equation (7.103) 
is just the definition of a Laplace transformation of the function g(E). In some sense here, 
the Laplace transformation is an extension of the Fourier transformation. If 6 were purely 
imaginary, then Equation (7.103) would be exactly a Fourier transformation, which also 
has a reverse transformation. 

For the Laplace transformation one can also write down a reverse trans- 
an formation. To find it, we multiply Equation (7.103) by e*”’ and integrate over 
C the integration path C in the complex plane, with 8B = B’ + i” (p’, B” real) 

and 6’ > 0 (arbitrary), which is depicted in Figure 7.8, 


Be ReB Tne: rae 
B’ +i00 B’ +100 foe) . 
if dB Z(p)e®= = i dB i eF\E-E) o (EY dE (7.104) 
B’—ioo B’—ioo 0 
Figure 7.8. Integration 
path for Equation (7.104). Since the integrand is analytic due to RB > O, on the righthand side of 
Equation (7.104) the order of integrations may be exchanged. Here again the 
integrand is bounded and analytical for large E and RB > 0. With dB = dp! + dp = 
idp” for arbitrary but fixed B’ > O we obtain 


Bitico , +00 
/ dB ES | dp’ eB +B" E'-E) = Sa SCE 3B} 
B’—too —0o 

(7.105) 
where we have used the well-known formula f°. dxe'* = 276(k). Inserting this into 


Equation (7.104) yields 


B'+i00 : fo) co 
i, dB Z(pye®= = i dbo = jr S(E = B)e(E) 
B 0 


'—10O 


2rig(E’) (7.106) 
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Hence we have found the inverse of the Laplace transformation 


1 B’+ioo 


g(E) = — dp e8* Z(p) (7.107) 


ne B’—ioo 


The real part #8 = £’ in this case is arbitrary but it must hold that B’ > 0 (so that Equation 


(7.103) remains analytical). 


Example 7.11: The ideal gas 


We want to check Equations (7.103) and (7.107) explicitly for an ideal gas. First we calculate 
g(E), using &(£) from Equation (5.56), which including the Gibbs factor 1/N! reads 


S(E,V.N) = ~~ ae (mE)3N/2 
‘) ui — er cere m 
WYN! 28 7( 2%) 
and thus 
a= yr qr 3N/2 
E)= — = aw oe 2PM 7.108 
8(E) = oe = Fann may (7.108) 
Insertion into Equation (7.103) yields 
VN 9) 3N/2 lo) 
Z(B) = ay or | de) 2 lane (7.109) 
WYN! TCX) Jo 


With the substitutionx = AE the integral in Equation (7.109) can be reduced to the I’-function: 


N 3N/2 1 3N/2 poo 
Z(6) = V aaa) (<) Hl dxxiNl-| = 
PEIN Ine =) B 0 


The value of the integral is just [(3N/2), and we have 


Vari \e aml Ne 
meer aoa =——| %=|s7 7.110 
Z(B) N! ( hp ) Ni e® (<a) 


as we had already calculated in Example 7.1. Now we want to calculate the density of states 
g(E) from the partition function (7.110) by using the reverse transformation in Equation 
(7.107). We have 


yn Im 3N/2 1 B' +i0e ebE 


'—i00 
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This integral is conveniently evaluated with the aid of the residue theorem. To do this, 
however, the integration path must be closed, without changing the value of the integral (Figure 
7.9). Let us first take E > 0; then the path (1), extending leftward from $8 = +00 ona 
sphere witha radius r (r — 00) to3$ = —oo, does not contribute. Namely, using k = 3N/2 
we have 


' xn 3n 
B =re'’® and roode/F. >| 


aes = SADIE TOS O) SPIE ESE —> 0 for r—- oo (7.112) 
B* rk eike 

because cos @ < 0 and because exp{i Er sin g} is bounded for all r. 
One could argue that on this part of the sphere #8 < 0, and thus the 
condition for the analyticity of Equation (7.103) is not met. Regarding 
Equation (7.111), one can see that this is not true: The integrand is 
analytical except for the origin; thus mathematically our argumentation 
is completely correct. 

Analogously, for E < 0 path (2) can be used. Then in Equation 
(7.112) cos @ > 0, but E < 0, so that the first exponential factor again 
vanishes for r —> oo. For E = 0 there are no problems either, since 
in that case the factor r~* vanishes sufficiently fast for k > 1. 

Because of the residue theorem we can deform the integration path 
arbitrarily, as long as the path does not leave the region of regularity of 
the integrand, and as long as all singularities of the integrand remain 
in the interior of our path. 

The integration path parallel to the $8-axis can thus be placed 


Figure 7.9. Integration path for onto this axis (i.e., 8’ = 0), only if the pole of the integrand at B = 0 


Equation (7.111). 


is passed on the right. Therefore the integral (7.111) for E < 0,i.e., on 

path (2), yields the value zero, since here the integrand is every where 
regular and there are no poles included. On path (1) one single residue at B = O remains to 
be calculated. To obtain this, we expand the integrand e*£ /B* into a Laurent series, 


Ge = ae n—k = (chia: n 
ea ean 


The residue is the coefficient a_; in front of B~' in the Laurent series, E*~| /(k — 1)!, so that 
we finally get 


] B’ +i00 ebE 0 E<0 


ne dp —- = Een 7.113 
201i B'-io0 BE &—D! E > 0 ( 


Inserting this into Equation (7.111), and using k = 3N /2, we obtain 


yn nm 3N/2 F3N/2-1 
g(E) = — ( he ) P(e) for E>0 (7.114) 
2 


N! 


which, because of 7'(3N/2) = (3N/2 — 1)!, is identical to Equation (7.108). Our derivation 
of equation (7.113) is valid only for integer k but the result holds as well for noninteger k of 
(k — 1)! is replaced by '(k). This can be shown by the defintion of the complex P’-function. 
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The canonical and the microcanonical ensembles therefore do not only occasionally yield 
identical results, they contain the same information. Just as the Legendre transformation 
leads from a closed system with the natural variables (E, V, N) and the thermodynamic 
potential S(E, V, N) to a system with the given temperature (JT, V, N) and a new potential 
F(T, V, N), the Laplace transformation provides a connection between Q(E, V, N) (strictly 
speaking, g(E, V, N)) and Z(T, V, N). 


Exercise 7.12: Density of states for N harmonic oscillators 


Solution 


Calculate the density of states g(£) for a system of N harmonic oscillators from the partition 
function, according to Exercise 7.3. 


We have 


kT 


N 
AGE VID (=) = (fiw) 


Using Equation (7.107), this yields the density of states g(E), 


1 Vy B' tice efE 
E)={[{ — = dp — 
B(f) (5) Ini i B an 


The integral to be calculated is essentially the same as that of an ideal gas. According to 
Equation (7.113), we have 


] N EN"! 
={— ane fe E>0 
g(E) (=) (ND! or > 


which exactly coincides with Equation (6.61). 


Fluctuations 


We want to elucidate the connection between the microcanonical and canonical ensembles 
once again, from another point of view. To do this we start with Equation (7.100): 


P(E) = 586) exp{—BE} (7.115) 


where p,(E) is the probability density of finding a system at a given temperature (B = 
1/(kT)) at the energy E. At first, we look qualitatively at Equation (7.115). 

The density of states g(E), which we have already calculated in several examples, is in 
general a function which strongly increases with E (g(E) x E NN -> oo). By contrast, 
the Boltzmann factor e~* decreases exponentially with energy. 

Therefore p.(E) must be a function with a maximum. The maximum, at E*, 
corresponds to the most probable energy. It is determined by 


dpc (E) ] 0g 
a (pple —BE} =0 7.116 
OE Z & :#) pian =) ( : 
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or 
1 


l1 dg = 
as el 


a (7.117) 
g OE 


Now we know that the number Q of states in a constant small energy interval AE obeys 
the relation 2 = g AE, so that for Equation (7.117) we can also write 
dInQ f as 1 


= — or 22) 2 = (7.118) 
ee Ene ot 


OE 


where in Equation (7.117) on the left side we have multipied 
both numerator and denominator by AE, and where we have 
used fat = 0. Namely, the thickness AE of the energy shell 
is independent of the energy E. The most probable energy E* 
of the canonical ensemble is thus identical to the fixed energy 
Eo = const. of the microcanonical ensemble. Equation (7.118) 
is just the prescription according to which the temperature in 
the microcanonical ensemble has to be calculated at a given 
energy, cf. Equations (4.8) and (4.9). Now the maximum of 
the function p;,(£) at E* is simultaneously the mean value (E) 
Figure 7.10. p-(E). of all possible energies. This can be seen in the following way: 
We have 


(en eee i? dEg(E)E exp{—BE} 
Z Jo 


ae vs g In Z(B) 11 
=- = —Z=-——In . 
Z Op ap . pe) 
which because of F = —kT In Z and B = 1/(kT) can also be rewritten as follows: 
a) ie a F 
(E) =U =+— [| — ) = -k7T? — [ — 
OB NT OLN kd 
2pay OF 
= aT (7.120) 
Using 0F/0T|y y = —S (cf. Equation (4.32)), this implies 
(E)=U=F+TS (7.121) 


ie., the mean value (E) is also identical to the fixed energy Eg of the microcanonical 
ensemble, since Equation (7.121) is only the reverse transformation from F (T, V, N) to 
U(S, V, N), where in the microcanonical case U coincides with the given energy Eo. We 
have thus derived the general statement: 

In the canonical ensemble the most probable energy E™* is identical to the mean value 
of all energies (E) and corresponds to the fixed given energy Eo of the microcanonical 
ensemble. The distribution p.(E) has a sharp maximum at this value, as has been shown 
in Figure 7.10. In the canonical case all energies E occur at a given temperature, but the 
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probability decreases very rapidly, if E differs from the value E* = (FE) = U = Eo. The 
measure for the width of the canonical distribution is the standard deviation o from the 
mean value (E). It is defined by 


antl 0 ed eR 28 (7.122) 


To calculate a”, we differentiate Equation (7.119) with respect to B, 


a 5 fae e(E)E? E iy E)E E 
6 ZI S(E)E" exp{—BE} + 55 i 8(E)E exp{—B ) 
S(O = (7.123) 
With 6 = 1/kT we obtain from Equations (7.122) and (7.123) for the standard deviation 
ees ae: aad = kT’C 7.124 
ano = ial i pea 


The relative width is the ratio of o to the mean energy U = (E): 


o Vo? 1 
eS ee TIS, (7.125) 

(E) (E) U 
The total heat capacity, however, is proportional to the particle number N, as is the internal 
energy U. The relative width of the canonical energy distribution is therefore proportional 


to 1//N and approaches zero like JN ~! for large particle numbers (N — oo): 


ee; ( i ) (7.126) 
(E) JN 
With increasing N the maximum becomes ever more strongly peaked. Hence, deviations 


(fluctuations) from the mean energy (E) become less and less probable with increasing N. 
For N — 00, essentially only the mean energy occurs in 


joey) 5(E-E,) the canonical ensemble. In the microcanonical ensemble the 
energy distribution p»-(E) is simply 
bs Pmc(E) = 6(E — Epo) (7.127) 
if Ep is the given energy. The canonical distribution for N > 
E.E+AE £ oo approaches the 5-function more and more. 
ia Recall that for practical calculation the 5-function is very 
Figure 7.11. Pmc(E). often being replaced by a thin rectangle of width AE and the 


constant area 1. For N — oo this has no consequences on the 

results. For this reason, the canonical and the microcanonical results must coincide for 
large particle numbers. 

One can even express the shape of p,(£) in the vicinity of the mean energy by purely 

thermodynamic quantities. To do this, we expand In{g(E)e~*"}, in the vicinity of the 
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maximum E*, with respect to small deviations from E*: 


2 


1 a : ; 
In{ge""*} = In{ge** } lg. + 5 pg Mae ene-(E — BY +: (7.128) 


Of course, the first derivative vanishes at the maximum. Now In{ge~**}|-+ & —B(U—TS) 
with In gle~ © In(g AE) |e» © In Q|e+ = S/k|g+; hence the second derivative is given by 


2 1 a2 8 
om inifeen oles ee (7.129) 
OE? (ee | 
On the other hand, in general S(E, V, N) obeys 
Z ci 
25)|| a a2 hee 
JE |yy f& OE? de 1 ay OPA a BE IP NV 
this implies 
2 ale 
oe 2 = -—-— = oe Js (7.131) 
Inserting this into Equations (7.128) or (7.129), we obtain (for Ee =U): 
eo) = 8 (Ce) ee eee 7.132 
In(geP¥) = —B( econ a. (7.132) 
or, after exponentiation, 
1 2 CE)? 
[Re et = 7.133 
Pc(E) Zé exp TC, (7.133) 


The canonical energy distribution p.(E) in the vicinity of the most probable energy 
E* = (E) = U is thus a Gaussian distribution, the width of which decreases at large 
particle numbers. The maximum value itself, p.(U), is +e? with the free energy F. 
Now we see the profound reason for the equality of the results in the microcanonical and 
canonical ensembles: the deviations (fluctuations) of energy from the mean value in the 
canonical ensemble become smaller and smaller with increasing particle numbers. In the 
thermodynamic limit N —> oo they even vanish completely. This means that at a given 
temperature, the system can assume (up to very small deviations) only a certain energy, 
which coincides with the microcanonical total energy. As we have seen, the calculations 
in the canonical ensemble are much easier than those in the microcanonical one, and the 
latter is not often used for practical calculations. However, it is of considerable theoretical 
significance. 


Virial theorem and equipartition theorem 


In this section we want to make a statement on the mean energy U = (E) of a system at 
a given temperature T. Let H(q,, py) be the Hamiltonian of the system. All coordinates 
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qy and p, of phase space shall be denoted by x;, where x; runs over all momenta oe 
coordinates (i = 1,...,6N). We want to calculate the mean value of the quantity x; “ ; 
if x; and x; are two ae coordinates or momenta: 


0H ] 0H 
: = rhea Been E 
(s a 7a XP(X)Xi a (7.134) 


Here p can be the microcanonical, or alternatively, the canonical phase-space density; 
according to the preceding sections the results should be identical in both cases. At first we 
use Equation (7.134) in the microcanonical case, with 


1 - 
Es = E<H(x)<E+AE 
Pmc(X) = 4 Q Sr) Sey (7.135) 
0 otherwise 
Inserting this into Equation (7.134), one obtains 


0H ] 0H 
(1 = } = an / Co —— 
OXf Qh E<H(2)<E+AE OX, 


] O(H —E 
= aaa / a a Oe) (7.136) 
Qh E<HO)SETAE OX, 


because 0E/8x; = 0 (E is fixed). Now to this expression we apply the same trick which 
we have used before to calculate Q2, 


0H 1 i) O(H -—E 
po ae / poe SS ae) (7.137) 
OX one OE JocH@)<E OXk 


ie., first we integrate over all phase-space points below the energy suuace and obtain the 
result for the thin energy shell of thickness AE by application of AES . Integration by 
parts of the term 0(H — E)/dx, yields 


oH l ) 
= AE— i oN x (Hh =a 
es ~ On3N OE 0<H<E & min 


OX; 
-| a* x(H — E)~ i (7.138) 
O<H<E Xk 


In the first term we still integrate over 6N — 1 variables (without x,). The quantities x; max 
and xz min heed not be specified; they evolve in a unique way if the equation E = H(x) 
is solved for x,. For this reason the first term also vanishes, no matter whether x; iS a 
coordinate or a momentum. Namely, if x, assumes its extreme value, the corresponding 
point lies on the energy surface which includes the integration region, and thus we have 
H — E = 0. Using 4x;/0x, = 5;x, we obtain 


0H Sik 0 
ee ee | d°\x(H — E) (7.139) 


Here the differentiation 9/8E can be performed, if one takes care of the fact that the 
integration limits also depend on E. The general formula for the differentiation of an 
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integral, whose integrand and limits depend on a parameter q, is 


x=p(a) x=p(a) aF (a, 
il DEO a (ge) == / cm 
da Jx= F(a) x=f(a) 9a 
a a 
Sree ayn nen Fa] (7.140) 
0a 0a 


Applied to Equation (7.139), with F + (H — E) this yields 


aH oF 
pga, ere az} | Go (=) 
OXx QIN 0<H<E 


dE 
4 E (2 Dye — || (7.141) 


ay eee (7.142) 


because the integral in the curly brackets (with the factor h73% ) just gives the total number 
of all states © in the interior of the energy surface. On the other hand, & was the number 
of states in a shell of thickness AE, so that Q/AE ~ § = 02/0E is the density of states. 
oH z= bik 

Xi — ) = OiK nt So Sea (7.143) 


a 
Ox, x find 


As we have already noticed many times, for large particle numbers (NV —> 00) we have 


In & © In (because EY ~ E~'), so that k In © may be replaced by the entropy, to very 
good approximation, 


oH dix : 
Ee) a = dixkT (7.144) 


This is the desired final result. First, it means that the expression (x; = has a non-zero 


mean value only fori = k. If x;, for instance, is a coordinate qv, then according to 
Hamilton’s equations of motion cH = a = — py: 
0H : 
Me a Gi (7.145) 
xj 
In this case a is just the generalized force F; on the particle. Analogously, x; = p; yieids, 
0H ; 
Xj cee (Pigi) = kT (7.146) 


The quantity p;q; is just twice the kinetic energy in a Certain direction, so that for a particle 
? which can move in three dimensions Equation (7.146) reads 
3 


(Tj) = kt (7.147) 
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where 7; denotes the kinetic energy of particle i. 
If Equation (7.145) is rewritten for vectors, correspondingly, we obtain 


= (F Fi) = 3kT (7.148) 
Therewith for N particles we obtain the virial theorem 
(T) ss r+ F S NKT 7.149 
a go Le = : 
2 | 2 
The second mean value (i.e., (Equation (7.148)) is called Clausius’ virial: Just as Equation 
(7.147) is a measure of the mean kinetic energy, Clausius’ virial is a measure of the mean 


potential energy. To understand this, we consider the case that the force F; can be written 
as the gradient of a potential V, 


N x N 
— (oe ; | pen (be : vu (7.150) 


i i=l 


Assuming a power function V « r® for the potential, we obtain 


= OV; 
(7, > VVi) = (ro = a (Vj) (7.151) 
or 
and thus according to Equation (7.149), 
in) = vy = er (7.152) 
t aoe 2 fi = @ . 


The virial is indeed proportional to the mean potential energy. Especially for quadratic 
potentials (w = 2), in the mean the kinetic and potential energy are of equal magnitude and 
have the value ; kT per spatial direction. This statement can be formulated more generally 
for a Hamiltonian which contains only quadratic terms: 


3N 
He >) (Avie; Bra) (7.153) 
v=] 
One can easily convince oneself that for such a Hamiltonian it holds that 
a aH aH 
2H = Py +a— (7.154) 
v= OPy qv 


The mean value of the total energy is then 


3N 3N a 
(H) = : 13° (mS) +> (a al (7.155) 


v=1 Opy v=] 


If f is the number of quadratic terms in the Hamiltonian (here f is equal to 6N ), then by 
use of Equation (7.144) one obtains 


(H) = 5 fk (7.156) 
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In the literature f is often called the number of degrees of freedom of the system. However, 
this is a little confusing, since in classical mechanics the number of degrees of freedom 
is defined by the number of necessary coordinates, while strictly speaking, f counts the 
number of quadratic terms in Equation (7.153). However, if we keep the notation f, then 
Equation (7.156) reads: 

In the mean each degree of freedom of the system at a temperature T has the thermal 
energy ST. 

This is the so-called equipartition theorem (equal distribution theorem), which says 
that the thermal energy is uniformly distributed over all degrees of freedom of the system. 
The equipartition theorem, of course, is a special case of the virial theorem for quadratic 
potentials. 

We have obtained the virial theorem (7.149) with the aid of Equation (7.144) by taking a 
mean value over the ensembles, we have taken the mean value over all possible microstates 
of the microcanonical energy surface. However, the virial theorem can be directly derived 
from classical mechanics by taking a temporal mean value along the phase-space trajectory. 
This is thus one of the very scarce ways to check the equality of temporal mean values and 
ensemble mean values (ergodic theorem)! To do this, we start with the quantity 


Cs > Bi Ti (7.157) 
The total time derivative of G is 

dG > > > => 

a = De (7; inst Di -7i) (7.158) 


t 


Now we have, of course, >°; pj - eas? (here T denotes the kinetic energy) and Di = F,, 
so that we obtain 


dG as > 
Now we form the temporal mean value of Equation (7.159), 


dG la aaG 


ee) as a 
or 

SS SSS 1 

Ti poi = hin — = 

2T + , r+ F; Jim AO) G(0)} (7.161) 


For a given total energy, G(t) is a bounded function for all times, so that the limiting value 
on the right hand side is zero, 


=e lS 
je ee Be (7.162) 
i 


This is again the virial theorem (7.149), but now for temporal mean values instead of 
ensemble mean values. This correspondence is a direct hint that temporal mean values and 
ensemble mean values really provide equivalent results. 
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Now we still want to show that the mean value (7.134) and the result (7.144) can also 
be derived using the canonical phase-space density. To do this, we insert the canonical 


distribution 
= ] => 
pr — z exp{—BH(x)} (7.163) 
into Equation (7.134): 
aH 1 aH 
se a xen 7.164 
(5 } aa | ae ae, ra 
Now the whole term e~?# = =-— 4 = e~F can be integrated by parts, 
(x s-}= = ] jee [ger] 
OXk ZHAN B Xk min 
bik 6N.-BH 
-- B ae Sete (7.165) 


Here also, the first term must vanish. If, for instance, x, is a momentum, then we have 
Xkmin —> —0O and Xz¢max —> +00, so that the kinetic energy becomes very large and 
e FH _, (. If x, is a coordinate, then x, min and x; max lie on the walls of the container. 
However there the momenta are reversed (gases), so that the potential V becomes infinite 
and e~£ -» 0. For oscillators (without a container), x, min — —0O and x; max —> +00 
is allowed, but then of course we also have V — oo ande~# ~» 0. The last integral in 
the curly bracket is (with the factor h~>”) the partition function. Taking all this together, 
Equation (7.165) can be rewritten as 


0H ip 
x; S28 25 ie (7.166) 
Oxx B 
In the canonical case we therefore have the same result as in the microcanonical ensemble 
(7.144). 


Example 7.13: The virial theorem and the ideal gas 


Using the virial theorem one can easily derive the ideal gas law. This is very useful, especially 
for the equations of state of real gases. According to Equation (7.149), we have 


N 
= (oa i) = 3NkT (7.167) 


p= 


Now the force F, on a particle of the ideal gas is given exclusively by the momentum reversal 
at the container walls, and can therefore be expressed by the pressure of the gas. Denote by 
d F ‘ the mean force which is exerted by all particles incident on a : surface element dS; i.e., 

dF’ = P dS (orientation of d§ to the exterior). Then dF = —dF’ = —p dS is the mean 
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force which is exerted by the piece d S of the container wall on the gas particles, and we have 


N 
(S4-F) =n fra (7.168) 


i 


This integral can be easily evaluated using Gauss’ theorem, 


<p pF -d3 = -p f araiv7 = -3p f a'r = —3pv (7.169) 
Inserting Equations (7.168) or (7.169) into (7.167), we immediately end up with 
DV = NB 


For better understanding: canonical ensemble as the mean value 
of all possible distributions 


In discussing the canonical ensemble we have been able to show that this ensemble exactly 
corresponds to the most probable distribution in phase space. Especially for the energy, we 
have even seen that the most probable energy value E* in the canonical case is identical to 
the mean value (£) of all possible energies. The same can also be shown for the phase-space 
density itself. This is not only the most probable distribution, but also the mean value of 


all possible distributions. However, this proof is really not trivial. 


Again we use the language of ensemble theory and consider NV identical copies of the 
system. Let phase space be subdivided into equally large enumerated phase-space cells 
Aq;. A distribution in phase space is then represented by the set {n;}, if n; is the number 
of systems which are in the microstate corresponding to Aw; (Aa; small). Of course, for 


all distributions {;} it must hold that 


Naa, (7.170) 
i 
if i runs over all phase-space cells. Another condition the set {n;} must fulfill is 
NU =) &; (7.171) 
i 


i.e., the mean value of all energies E; over all phase-space cells i must be equal to the 
mean energy U. For every distribution {n;} which is compatible with Equations (7.170) 
and (7.171), there are still another W{n;} ways to reorder the distribution, which we also 


know already, 


N! 


W{n;} = Ted (7.172) 


The mean distribution ({7;}) is just given by the set of mean values of the (n;), 
= en te Win} 


(nj) Sa (7.173) 
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Here the sum extends over all possible distributions {n;}, where the double prime at the sum 
indicates that only such distributions are considered which fulfill the boundary conditions 
(7.170) and (7.171). Of course, W{n;} is proportional to the probability of finding the 
special distribution {n;}. The denominator in Equation (7.173) guarantees normalization. 
Equation (7.173) can be rewritten with the aid of a little trick. 

At first we introduce a new W instead of W, 


W{nj} = NM! re om (7.174) 


Here the w; shall be arbitrary numbers. Of course, for @; = 1, W goes over into W. Now 
W allows us to write Equation (7.173) in a more convenient way. If one forms 


PW, U) = 5" Winj} (7.175) 
{n;} 
one has 
(nj) = @; — In (7.176) 
00; all w=] 


In the course of performing the differentiation in Equation (7.176), I just comes into the 
denominator and the factor n; into the numerator, where the w;s cancel if all w; = 1 . The 
quantity [(NV, U) is a function of NV and U due to the boundary conditions (7.170) and 
(7.171). Therefore, it is sufficient to calculate 


TW, U) =N! >’ (<) (7.177) 


{ni} 


Now ['(N, U) would simply be (@; + @2 + -- eM , according to the polynomial theorem, 
if we did not have the energy condition (7.171). 

We can use a trick for the calculation, which we already know from the Laplace 
transformation. We calculate the Laplace transform of [(V, U) with respect to U, 


GN) = i dU exp{—BNU}T(N, U) (7.178) 
0 


Here f is an arbitrary complex variable, which however must have the dimensions of 
(energy)~'. The quantity G(N, 8) can be calculated for arbitrary 6. Inserting Equation 
(7.177) into Equation (7.178), we obtain 


ow, p) = | a nae ue wy? --- exp{—BNU} (7.179) 


! 
0 a ny. nz! 


Due to the boundary condition (7.171) for the sum in Equation (7.10), in the exponential 
function VU may be replaced by - nj Ej: 


GN, B) = IP dU J.’ ——— (wre F*)" (ane FY"... (7.180) 


! 
: fay 70772! 
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The double-primed sum in Equation (7.180) extends only over distributions {n;} having the 
fixed mean energy NU. However, since then the whole expression must be integrated over 
all energies U, we can equally well drop the integration { dU and instead perform the sum 
without the energy condition, 


N 
! N! 
EO) = 
{ni} 


where the single prime indicates that the sum is now only restricted by the normalization 
(7.170). Then the polynomial theorem can be applied to Equation (7.181), with the result 


N 
GW, B) = bs one (7.182) 


The reason for the Laplace transformation, which at first seems to be unmotivated, is the 
fact that we can calculate [ from GCN, B) by the reverse transformation 


Ser Pee io (aye FF)" (a e~PF2)" cae (7.181) 
LAA AY, O20 © 


] B’ +ioo 
EON th) = = dBe®NY GN, B) (7.183) 


EJ B’—i00 
which is what we originally intended to do. Therefore we must examine the integrand of 
Equation (7.183) in a little more detail: 


N 
Iy(B) = ef NYG, B) = bs w; exp{B(U — En (7.184) 


To do this, we abbreviate 


f@®) = Do exp{B(U — E;)} > Iv(6) = [f(B)~ (7.185) 


At first we study Iy(B) on the real B-axis. The factor (e8”) increases extremely rapidly 
with B for large NM (BU > 0). On the contrary, GV, B) decreases equally rapidly with 
B due to the factors e~**'. Since both terms are strictly monotonous, Jy (8) must have a 
very sharp extremum for some real By, where Bo must be determined from 


a) 
aq In (B) 
ap Bo 
Since the factor in the square bracket is positive, the condition for Bo, which thus has to be 
determined from U, reads 
re 7 (7.187) 


= NUS (Bo! S > @; (U — E;) exp{Bo(U — E;)} = 0 (7.186) 


(Of = 


Recall that the @; are only formal parameters (which later on will all be set equal to one). 
The sharpness of the minimum can be estimated with the aid of the second derivative: 


2 


2 
api (8) = NW — DL (= wo; U — Ej)exp(B(U — en) 
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Figure 7.12. The function [y-(B). 


+Nif(—W (> aw (U — Ei) exp{B(U — a) (7.188) 


or 
2 
ap? 


since the first term in Equation (7.188) vanishes at Bo (because of Equation (7.187)), and 
because in the second term e®” cancels after drawing out f(Bo). Now f (Bo) is greater 
than zero (as one can easily convince oneself), as well as the last factor in Equation (7.188), 
which can be interpreted as ((U - Een (This is the reason that we indeed deal with a 
minimum.) The whole expression is therefore very large for MW — oo, and the minimum 
becomes arbitrarily sharp. 

Next we examine the behavior of /,;(f) in Bo in the direction of the imaginary f-axis. 
A short consideration reveals that /,;(8) must have a sharp maximum here, so that Bo forms 
a saddle point of Iy(B): 

One recognizes at once that the complex function J,y(f) at the point Bp = (Bo) +7 -0 
is complex differentiable, and that therefore the Cauchy-Riemann differential equations are 


= ip LeU = ea 
He) Nf (Bo) ereeee 


‘0 


(7.189) 


fulfilled: 

wu=sv and Una (7.190) 
where 8 = x +iy, U = RC) and V = S(Jy). Partial differentiation yields: 

a o- 

ay oe) = Sra (7.191) 


Hence, if Jy() has a minimum at fp on the real axis, then on the imaginary axis it 
must have a maximum at fp. This maximum is as sharp as the minimum. 
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Taking all this together, the integral (7.183) can now be calculated very conveniently, if 
the integration path (which runs arbitrarily parallel to the S8-axis) is laid through Bo. There 
the contribution to the integral comes practically exclusively from this sharp maximum. 

It is therefore convenient to approximate the integrand on the integration path by a 
Gaussian. We set 


Iv(B) = (f (BY = fexp{g(s)}1" (7.192) 
with anew function g(), 
g(B) = In f(B) (7.193) 


The reason for this substitution is that f changes very strongly with 3(8), but g, which is 
the logarithm of f, changes much more moderately with 3(8). Therefore we can expand 
g around fo for small y = 36, B = Bo + ty, 


1 
g(B) = g(Bo) + 8’ (Bo)iy — 5 8 (Body +++: (7.194) 
Now we have 
f'(Bo) 
= = 0 
& (Bo) F (Bo) (7.195) 


because f’(Bo) = 0, and therefore by inserting Equation (7.194) into Equation (7.192) we 
get 


N 
Iy(B) = LF (Bo) exp {- rE s"(0)»"} (7.196) 


Here Bo is the fixed value of the saddle point. With dB — idy, Equation (7.183) is 
rewritten as 


] +00 K; N ss ; 
TW, U) = = dy[ f (Bo) exp —% & (Bo)y (7.197) 
The value of this Gaussian integral can be easily written down, 


PW, U) = Lf (Bo) 22. N8"(Bo) 7? (7.198) 


Here we must insert 


f (Bo) = Ds w; exp{Bo(U — E;)} (7.199) 


and 


g” (Bo) 


f"(Bo) _ (fm) 
(Bo) \ f(Bo) 

F"(Bo) _ Lio U — Bi exp{BoU = Ei)} 

F (Bo) dU; @ exp{Bo(U — E;)} ieee 
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We obtain for In I’, using Equation (7.198), 


InPW, U) = N In f (Bo) — : In {247 Cee = N In f (Bo) (7.201) 


Here we have neglected the second term in the limit NM —> oo, because it grows only 
logarithmically with NY. Now we can calculate the mean distribution (n;) according to 
Equation (7.176): 


a i U—E£; 
(n;) =o; — InT = __ a exp{Bo(U — Ei)} _ (7.202) 
dW; all wj=1 do; ©) exp{Bo(U — Ej)} Ales 
a oa 7.203 
aie ie Ponce ai 


The point Bo must be determined from Equation (7.187) with w; = 1. Strictly speaking, 
in the derivative 0/dq@; in Equation (7.202) we would have to take into account that the 
value of Bo depends on a;, so that according to the chain rule a term a; Se = InT also 
appears; because of f’(8o) = 0, however, this term must be equal to zero in accordance 
with Equation (7.201). 

With Equations (7.203) and (7.187) (@; = 1) the mean distribution of the VV identical 
systems on the microstate i is completely identical to the most probable distribution (7.20). 
Indeed, the results (7.203) and (7.201) are even more useful. Namely, now we can even 
denote the fluctuations in each single microstate i, i.e., the deviations from the mean dis- 
tribution (7.203). Up to now, we have only been able to do this for the deviations from the 
mean energy (EF) = U, and we have noticed that the relative deviation becomes smaller 
with increasing \V. This is also true for each single microstate: The standard deviation 


(amy) = Wi} — tm? = (or 55 ) (agar) mE 


is a measure for the fluctuations in the microstate i. That Equation (7.204) is correct can 
be seen in the following way: 


a Pa a 
eee [eres ta! ] i 
i Fyn ee aoe Ae dn 
5 if Melee an 1 SSF 
T2 \ da, T da? 


(¢ ar ) w? 3? 
ae ge (ea) oe ee (7.205) 


(7.204) 
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With Equation (7.202), Equation (7.204) becomes 


vy ap 8 | @rexplfo(U — Ei)} 7.206 
((Aniy’) = Ney 3) &j exp{Bo(U — a a 


OW; 


all wj=1 


Here, as in Equation (7.202), Bo is strictly speaking a function of the w; and thus 


((An;)) _ a exp{Bo(U — Ei} w; exp{Bo(U — E;)} ; 
NYS, @; exp{fo(U — Ej)}  \ Yo; w; exp{Bo(U — Ej)} 


aBo { #2 (U — Ei) exp{fo(U — E;)) 
dw; do; @j exp{Bo(U — E;)} 
ie a Ue ee 
= 25 Cee SAD EOE) Oe EUS au w; exp{Bo(U — en| (7.207) 
(3) «) exp(foU — E))}) 


The last term is, of course, equal to zero because of Equation (7.187). Cancelling all factors 
exp{BoU}, and inserting Equation (7.202), one obtains (with w; = 1 for all i) 


.\2 A : 2 j 
((An;) } = (nj) ($F) ie OBo = E,) Mil (7.208) 


i IN N dw; N 


The derivative 09/0; follows easily by differentiation of Equation (7.187) with respect 
to w;. The energy U is fixed, and therefore we have 


BU _ gy  _Fiexpl-foki) Ly wiEvexpl-BoE) 
Or arg ee Wee ENO ed ee meee — Bok; 
00; vie Wj exp{—BoE;} ay Wj exp(—BoE;)) 

4 of [_Dje/B}expl-PoF)) 
D0; @j exp{—BoEj} 


00; 


(7.209) 


. (3) @)E} exp(—-oB,}) | 
(Xj @) expl-FoE)}), 


or, for @; = 1, if Again equation (7.202) is inserted (observe Equation (7.187)), 
OBo By ae U (nj) 


Box (EU? N ee 
If we insert this into Equation (7.208), we finally get 


((Ani)?) (nj) [ (mi)  (E; — uy? fa 


N N 


(7.211) 
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because ((E; — U)*) = (E? — 2E;U + U*) = (E?\— (2E;) U+U? = (E?\—U?. Using 
this, the relative fluctuations are calculated to be 


((Anj)?) 1 [+ Go| 


7: (E; — U)?) 


ny a) ON - 
For NM — oo, all (n;) — oo, and the relative fluctuation in the microstate i vanishes. 
In other words: Not only is the mean energy in the canonical ensemble identical to the 
most probable energy, and not only does t correspond to the energy which is given in the 
microcanonical ensemble, but the phase-space density is also simultaneously the mean and 
the most probable distibution of all possible distributions. The deviations (fluctuations) of 
this distribution vanish for a large number of systems (Vv — oo). 


Applications of 
Boltzmann 
Statistics 


Quantum Systems in Boltzmann Statistics 
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In this chapter we want to show how what we have learned up to now can also be applied 
to quantum mechanical systems. However, this is not a truly quantum statistical considera- 
tion which takes into account the indistinguishability of the quantum mechanical particles. 
Those considerations will be introduced in part IH of this book. However, some important 
statements which also remain true in quantum statistics can already be derived with the aid 
of the canonical distribution. This shall be demonstrated for the example of a set of N quan- 
tum mechanical harmonic oscillators. The energy eigenvalues of a quantum mechanical 
harmonic oscillator are well-known from Volume 4 of this series: 


1 
cy =o (n+ ) i Se yA one (8.1) 


They are determined by a quantum number n which can assume all numbers 0, 1, 2,.... 
Now we must translate the classical canonical phase-space density (for an oscillator), 
exp{—BH(q, p)} 

ZL Vel) 


1 
ZA Nie Dy = A faa a exp{(—BH(q, p)} (8.2) 


to the quantum mechanical case. As we had already noticed in the case of the ideal gas, the 
role of the microstate (¢, p) in quantum mechanics is taken over by the quantum numbers. 
Therefore we set 
a exp{—B En} 
SZ) 


YS exp{—Ben} (8.3) 


P(G, P) = 


yA @ ae 51) 


Now the microstates of the oscillator are really discretely enumerated with the aid of the 
quantum numbers. The quantity p, is the probability for an oscillator to be in a quantum 
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State with the quantum number n. If an oscillator has several quantum numbers, then of 
course the index number must be extended. Instead of the classical energy H(q, p) we 
now have the energy eigenvalue ¢, belonging to the microstate n. Equations (8.3) are 
correspondingly valid for many-body systems, too. For noninteracting systems we have, 
again (the particles are taken to be distinguishable), 


Z(T, V, N) = (Z(T, V, 1)}* (8.4) 


because the many-particle states result from the occupation of the single-particle states with 
N particles, and the total energy is the sum of all single-particle energies, 


1 ree a eer ce eras Eny (8.5) 


where particle 1 occupies the quantum state n,, particle 2 occupies n2, etc. However, as 
we have already mentioned several times, this is not yet quantum statistics, since we still 
consider the particles to be enumerable. 

For distinguishable particles we have 


ZR UE WIN) ee 15s |-« Da 
= Y- exp {—Bén,} el 
= Z(t at) (8.6) 


and the Gibbs factor 1/N! is added afterwards for indistinguishable particles. This ad 
hoc prescription still is a real conceptional problem that will not be removed before the 
introduction of a quantum statistical manner of counting the microstates. 

As usual, the partition function for quantum systems yields the thermodynamic 
properties with the aid of the free energy F, 


F(T, V, N) = -kT In Z(T, V, N) (8.7) 


Now we want to apply these considerations to a system of N quantum mechanical harmonic 
oscillators: 


Example 8.1: N quantum mechanical harmonic oscillators 


The single-particle partition function of the system is 


Era = 5 exp {Aro (x ar 3) 


n=0 


II 


Z(T, V, 1) 


= Y > (exp(—fhio})" 


n—() 


II 

oO 
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This geometrical series can be easily calculated, 


exp {— = ] 
1 —exp{—Bio} exp { 5 } — exp {— 5 | 


=i 
2 sinh (= )| (8.8) 


The N-particle partition function results from this as 


Z(T,V,1) = 


N : Pho ah 
PAGE, Ve INDY = [LOE 1 TY 2 sinh (= (8.9) 


Here we do not need any Gibbs factor, if we consider the oscillators to be distinguishable, 
analogous to the classical case. The free energy is 


F(T, V, N) = NkT In (2 sinh (=) as he + NkT In{1 — exp{—fio}} 


The term Niw/2 is exactly the contribution of the zero-point energy of N oscillators to the 
total energy. Additional thermodynamic properties can be derived immediately, 


ee 

Pe TAN gE AN, 
OF 

Die tae Sa =0 
aV |v 


Just as with classical oscillators, the quantum mechanical oscillators do not exert any pressure, 
because they are not capable of translational motion. The entropy is 


s=— oe = we[ EP com (B®) — in fasinn ( 5 J] 
OT a fs Z 
yt | ee eee 
= Nk | = In {1 — exp{ pro | (8.10) 
and the internal energy is U = F + TS, 
1 1 
U = Nho| + aT | (611) 


Again, the first term is just the zero-point energy. Equation (8.11) is of great importance. 
Namely, it can be interpreted to mean that U equals N times the mean energy of one oscillator, 


1 
Om= Nae) with (€,) =fw| — + an 
2 exp{Biw} — 1] 
Comparing this with Equation (8.1), the quantity 
] ] 
=O fe = - 
n) Soo or {€,) =hw (5 + )) (8.12) 


is obviously the mean quantum number (n), i.e., the mean level of excitation of an oscillator at 
temperature 7’. This result remains correct also in quantum statistics! In addition, one can see 


8 
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that the equipartition theorem is not valid for the quantum mechanical oscillators. The latter 
states for N classical oscillators (as already calculated) 


(Ura = INIGIE (8.13a) 
Of course, Equation (8.12) can also be calculated directly, since it is valid that 


== En 7 —)e re 
Ze e 7 y a(n + 5 Je 


n=0 


co 


= . nee + ; ya 


n=0 n=0 


The second sum yields 3 Z, and the first sum is equal to 


oO = 
gine 


es) 
fiw 
) ne Bivln+ 5) =e 2 ) n (exo) =e oe eae 
n=0 n=0 d a ens) 


Thus, the mean energy follows as 


ee 1 h ey fn cee 

En) = 3 w+ Zz Oe i Cl — ef? 
Inserting for Z the first term of Equation (8.8) we obtain Equation (8.12). To reveal the 
connection between the classical result (8.13a) and the quantum mechanical one (8.11), we 
expand the exponential function in Equation (8.11) for the limiting case of high temperatures 
T > o, Pio > 0, 


N 1 
U= Phot Me | | 


2 (1+ Pio + 5 (fiw)? +---) -1 
Sn ie i (8.13) 
2 Pho(l + 5 Bio +---) 
3 ( ) 
On ea 
B 
me NET o.: 


In the case of high temperatures the classical limit is exactly recovered. This is easily under- 
stood, because the characteristic parameter Biw = hw/kT measures the ratio of the energy 
levels of the oscillator compared to the mean thermal energy kT which is available. If the 
latter is very large, the discrete structure of the energy spectrum does not show up any more, 
and one has the classical limit. On the other hand, for the case T — O or fia — oo, one has 
the largest deviations from the classical case. Then 


N 
Ux —hw 
DP 


In Figure 8.1 the mean energy per oscillator is shown in units ofhw. Curve | is the correct 
quantum mechanical result. For T = O there remains the zero-point energy iw/2, while for 
T — oo the classical case « kT (curve 2) is approached. Curve 3 corresponds to the original 
Planck oscillator. 
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Around 1900, Planck became the first to assume discrete energy levels 
for oscillators in connection with the thermal radiation of a blackbody. In 
contrast to Equation (8.1), however, he had no zero-point energy (cf. Ex- 
ample 2.2 of Quantum Mechanics: An Introduction). This led to the result 
that in the case of high temperatures the oscillator also did not reproduce 

@/@ the classical result. he 

This contradiction was not removed until 1924, when the Schrodinger 
equation was established, which automatically provides the zero-point 
energy. 

The heat capacity of the quantum mechanical oscillators in the case 

il kT 2 of low temperatures also shows strong deviations from the classical value 


Figure 8.1. Mean energy per 


oscillator. 


hw (cf. Equation (6.63)) 
Coe. =k 
while now 
aU exp{ Bia} 
C= — = NK ee 8.14 
: OT |wy ae (exp{Phw} — 1)? ( 


By an expansion analogous to Equation (8.13), one can check that for Biw > 0,Cy > CY 
converges, as it should be. However, for small temperatures, Biw — oo, Cy approaches zero 
like x?e-*(x — oo)! This is also at once clear, if we consider the following: If the thermal 
energy is KT < ha, then an oscillator cannot (only with extremely small probability) be 
excited to a higher energy level. The system is thus not at all capable of absorbing the energy 
kT offered by the heat bath. 

On the other hand, the classical system can absorb arbitrarily small energies kT. The fact 
that the heat capacity vanishes for small temperatures is characteristic for all quantum systems 
with a discrete spectrum. (See Figure 8.2.) 

It is very instructive to calculate from the partition function (8.9) the corresponding density 
of states of the N-oscillator system. To do this, for 

; N 

ZG VN ee | eer rut 

| — exp(—Piio} 


with the aid of the binomial expansion 


where the binomial coefficient 


Ge a(a —1)-+-(@ —14+1) 
ic oe i! 


is defined for real w and therefore we write 


AT, v= ¥ (19 exo{po( 0-1)! 


f=0 
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0 
0 


0.5 1.0 es) 2.0 
kT _1 
ho x 
Figure 8.2. Specific heat of N quantum mechanical 
harmonic oscillators. 


Comparing this with the general formula 
Z(7, VN) = f dBg(E) exp(—6E) 


which for discrete enumerable energies goes over into 


Z(T, VN) = >) 8 exp(—BE;) 
t 


(instead of the density of states now there is the degeneration factor g;), we find 


N 1+N-1 
E, =hw{l+ i y= ; (8.15) 


The energies E; are just the zero-point energies of the N oscillators plus / quanta of energy 
fiw. There are exactly g, ways to distribute these indistinguishable energy quanta among the 
N distinguishable oscillators. One can easily see this in the following way: consider / equal 
balls, which have to be distributed onto NV boxes, and calculate the number of different ways 
to do this. In doing so, recall that not only a single ball fits into one box, but that also all / 
balls can be put into one box, while all other boxes remain empty. 
Now we can put the / balls with the aid of N — | lines into N boxes (cf. 
@ ®@ @ @ © Figure 8.3: left to the first line is box no. 1, etc., right to line no. (N — 1) 


oe e | | oe |: eee is box no. N; in the figure there are/ = 9 (balls) and N = 5, ie., four 
lines). We obtain all ways of subdividing the balls into boxes by drawing 

bs | es i Nigel teins lines, if we consider all permutations of boxes and lines. There are exactly 
oars (N +1 — 1)! possibilities for the (n — 1) lines plus / balls. However, the 

Figure 8.3. Concerning the permutations of the balls among themselves do not yield a new situation, 
derivation of (8.16). because the balls are indistinguishable. For the same reason, a permutation 


of the lines among themselves does not change anything in the subdivision 
of the balls into the N boxes. Therefore, we must divide the total number of all permutations 
by the numbers of the permutations of the balls, /!, and lines, (N — 1)!, leading to the result 


Wer I)! oe 


Et) = IN — 1)! i 


(8.16) 
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The distribution of indistinguishable quanta instead of enumerated particles is the starting 
point of quantum statistics. With the degeneration factor, of course, we also know the number 
of microstates 2 at a given energy (8.15). Itis simply 8&2 = g;. Thus we can check whether the 
entropy § = k In 22 coincides with expression (8.10). Using 7, N > 1 and Stirling’s formula 
for Equation (8.16), we get 


S=kU+N)iInd+N)—klinI— NkinN 
To obtain S(E, V, N), 1 = E/@iw) — N/2 must be inserted, according to Equation (8.15): 


Een, EN E oN E oN 
oe ee a Wee eer ee eee ies 
2 (+t )inf = + ZI (= * )™ | 


If we want to compare this with Equation (8.10), we must express the energy in terms of the 


temperature, 
1 as ae eee Xho 
=| = — = — In ——______ 
7 UE he E- Sho 
or 


1 
jz = A ho exp{Pho} + 1 (8.18) 
Z exp{Piw} — | 
which is identical to Equation (8.11). Inserting Equation (8.18) into (8.17), we indeed exactly 
recover Equation (8.10). 


Paramagnetism 


An especially interesting application of classical statistical mechanics (Boltzmann statistics, 
canonical ensemble) is the paramagnetic behavior of substances. It is well known that the 
atoms of many substances have a permanent magnetic dipole moment 2. If sucha substance 
is subject to an external magnetic field H, then the dipoles try to align in the direction of 
the field, so that the potential energy — - H of each dipole becomes minimal (principle of 
least energy). In this case all magnetic moments of the atoms add up to the total magnetic 
moment D,, of the substance. On the other hand, at a given temperature the statistical motion 
of the dipoles counteracts the alignment. Namely, there are many more microstates if the 
magnetic moments have an arbitrary orientation compared to the case when all of them point 
in the same direction (principle of maximal entropy). In the limit of very high temperature, 
therefore, all dipoles are statistically distributed, and the magnetic moments cancel each 
other, so that the total moment D,,, vanishes. In the case of a finite temperature and a finite 


magnetic field, the mean total moment (Bn) is Somewhere between these extreme cases. 
As a model of a paramagnetic substance we consider a system of N freely revolvable 
dipoles, the translational motion of which we neglect. (In a solid the atoms are placed at 


certain grid positions, but also for paramagnetic fluids and gases the translational motions 
and the magnetic properties can be assumed to be independent of each other.) 
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Hence we must calculate the partition function of a system with the energy 
N > 

Ee fe (8.19) 
i=l 


If the homogeneous field H points in z-direction, then the orientation of each dipole can 
be expressed by the polar angles 6; and ¢;. Each microstate corresponds exactly to a set 
{6;, $;} of orientations of all dipoles. The partition function over all microstates depends 
on T, H, and N, where the magnetic field plays a role similar to that which the volume 
usually plays: 


N 
ZACH AN) = [aa [as.-- f as exp [oust soa} (8.20) 


i= 


if u; - H = w,,H, = wH cos 6; is assumed. The integrals f dQi extend over all spatial 
angles. The partition function factors, since we have not assumed any interaction between 
the individual dipoles: 


Zh, Hane ZF FZ, 1)" 
TAC, 185 = [ acexripun cos 8} (8.21) 


For the integral we obtain, with the substitution cos@ = x, 


1 
FA) Beg c a) ea an f dx exp{BuHx} 
= 


20 
= (exp{BuA} — exp{—BuF}) 
Bu 
= 4r Sana) (8.22) 
Bu 
The probability for a dipole to assume an orientation between 6, 0 + d@ and ¢, ¢ + d¢@ is 
given by 
exp{BuHA cos6é} , 
Q = ————— sinédéd 8.23 
pO, od iy d (8.23) 


Analogously, the probability of finding dipole 1 in d&2;, dipole 2 in dQ, etc., is a product 
of terms of the form (8.23). With the aid of Equation (8.23), the mean magnetic moment 
(jt) of a dipole can be calculated. To do this we rewrite 4 = je, in Cartesian coordinates 
and find 
sin 6 cos @ 
(u) = = il uw | sin@sing | exp {Budi cos 6} sind dé dg (8.24) 
cos 6 
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Figure 8.4. Total magnetic dipole 
moment, x = BuH = H# 
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We see at once that (u,) = (Hy) = 0. The reason is that all orientations of the dipole 
perpendicular to the z-axis are equally probable. For (2-) we obtain 


Ve = [0s 6 exp{BuH cos 0} sin 6 dé dd (8.25) 


Of course, this integral can be easily calculated (which is left as an exercise for the reader). 
We want to pursue another path. One can write 


1 a ) 
2) = + — MZ(T, A,1) = —-— F(T, A,1 8.26 
(Hz) 2B OH n Z( ) aH ( ) (8.26) 
or, for the total mean dipole moment in z-direction, 
a 
D.) = —— F(T, H,N 8.27 
(D-) aH ( ) (8.27) 


This equation explicitly reveals that the connection between the intensive variable H and 
the corresponding conjugate extensive variable (D,) = N (-) is completely analogous to 
the relation between the extensive variable V and the intensive variable p in the case of an 
ideal gas: one obtains (D-) or p (up to a sign) by differentiation of F with respect to H or 


V, respectively. Thus it is here sufficient, too, to know the free energy 
sinh(Bu) 
Bu 


to be able to calculate all thermodynamic quantities. Explicit calculation of Equation (8.25) 
or Equation (8.27), which is easier, yields 


F(T, H, N) = —kT In Z(T, H, N) = —NkT In {ax (8.28) 


_— 
4 
~~ 


] 

7) = N (uz) = Nu feotn (Bru 7) a ra | (8.29) 
Bu 

The total dipole moment as a function of the characteristic variable x = Bu = pHs) 

can be seen in Figure 8.4. For small x (small magnetic fields) we have 


3 
eo a = ae (8.30) 


where the function 
1 
L(x) = conte) — = (8.31) 


is called the Langevin function. 

If the magnetic field increases for finite temperature, the 
total dipole moment grows linearly with H. This region is inter- 
esting for nearly all temperatures. Since atomic dipole moments 
are of the order of magnitude of the Bohr magneton jvz, e.g., in 
the case of room temperature also for very strong magnetic fields 
kT x < 1. Only in the case of very low temperatures, T > 0, 
can the saturation region x >> 1 be reached, where nearly all 


5 LOm x 
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Figure 8.5. Specific heat of a paramagnet. 


dipoles are aligned in field direction. There L(x) ~ 1. In the region x < 1 the total 
magnetic moment is proportional to the magnetic field, 
Ny? 

D.) = —H-—... 8.32 

(D:) 23kT (8.32) 
The proportionality constant is the susceptibility 

d (D.-) Np? Cc 

= ie 8.33 

soy On Ser © 7 a 

The relation (8.33) is known as Curie’s law. The quantity C is called Curie’s constant. The 
entropy of the system results from (x = Bu) : 


sinh(x) NuH 


an [BGR (8.34) 


= NkIin {40 


and using Equations (8.28), (8.29), and (8.34), the mean energy is given by 
ee ee ed (8.35) 


which is just the energy of the mean dipole in the magnetic field. This can be used, for 
instance, to calculate the heat capacity in the case of a constant magnetic field, 


dU re] Ox 
ee SS ic 
H aT lan ax (-NyuL(x)) aT 
er E re le Nk E se ae 
7 i sinh? x x2 aT  H sinh? x : 


This specific heat shows an interesting behavior. Since for high temperatures (x —> 0) 
we have U * 0, Cy approaches 0, too (which can be proven by expansion of the sinh? x 
in Equation (8.36)). This is typical for systems whose energy has an upper limit. Here 
the energy U also can never become larger than zero for T — oo (complete statistical 
orientation), and the system cannot absorb further energy, Cy (I — 00) = 0. 
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Therefore, in the case of high temperatures the magnetic dipoles do not yield any 
contribution to the heat capacity of paramagnetic substances. 

Up to now, we have considered classical dipoles, which can assume all possible orien- 
tations. However, the magnetic moment of atoms is caused by electrons moving around the 
nucleus; i.e., itis a quantum mechanical quantity. Therefore we want to perform the same 
considerations once again for quantum mechanical dipoles. Assume again a magnetic field 
H in z-direction. In quantum mechanics, {i is an operator which is defined by 


i = (gl + 88) Hep (8.37) 


Here / is the angular momentum operator and 5 is the spin operator, all of which are now 
dimensionless. The factorh has been incorporated into the Bohr magneton jug = eh /(2mc). 
Equation (8.37) is motivated by the fact that the magnetic moment of an electron rotating 
on a sphere is classically proportional to the angular momentum of the electron. 

Analogously, the magnetic moment of a rotating charged body is proportional to its 
spin (proper angular momentum). However, in general the constants of proportionality gI 
and g; can be different. For electrons we have, e.g., g) = 1 and g; = 2. In Volume 1 of 
the lectures: Quantum Mechanics I, An Introduction (Springer 1989) this, and especially 
the definition of the gyromagnetic factors (g-factors), have been extensively discussed. 

Then j is no longer proportional to the total angular momentum j = / + 5, and thus 
it is no longer a conserved quantity. In systems with conserved total angular momentum 
(e.g., atoms), / will precess around j, and in the mean only the projection of /4 onto i will 
remain constant, 


= (ef -7 +83 j) ue (8.38) 


Inserting here j = 1+ 5 and/.3 = 5 Gj? — I? — 32), after multiplying the factors out we 
obtain 


= 


1 ) =2 22 i 
TD (2 meee (Gr es ey ) us iP (8.39) 
In a given electron state in the atom, now, /?, 52, and j? are good quantum numbers, and in 
Equation (8.39) we can replace these quantities by their eigenvalues /(/ + 1), s(s + 1), and 
jG +1) (without the factor”, since has been incorporated into 44g from the beginning). 
We obtain 


Lp = gupj 
7 (5 ‘ a) 
&§ 7 DG oP (8.40) 


where the values g; = | and g, = 2 for electrons have been inserted. The. projection factor 
g is the gyromagnetic ratio or Lande factor. Equation (8.40) remains valid also for the total 


magnetic moment of all electrons, if correspondingly the total quantities §, L, and J are 
inserted. 
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The possible energy eigenvalues of a dipole in the magnetic field are 
E=—-Hp- H = —gugHj, = —gugHm 
m=-—j,-jt+1,...,4) (8.41) 


if m is the component of j in field direction (z-direction). For a system of N dipoles we 
have the partition function 


+) N 
Z(T, H, N) = | Se [asu9t y m (8.42) 


m),M2,...NN=—J i—) 


because now for all N dipoles the sum must extend over all possible orientations m;. Here 
again the partition function factors, as usual, for noninteracting systems: 


DRS es A BF (8.43) 
with 
+j +7 2 
Zee expe) — eae Sa! (8.44) 
m=—j n=—] m=0 


where, as an abbreviation, we have introduced the characteristic parameter x = PgupH, 
and g = e*. The geometric series in Equation (8.44) can be summed up at once, leading 
to the result 
Z(T, H,1) = 4 qi _ exp{=jx} — exp( + Dx} 
l1-—q 1 — exp{x} 


_ expl(i + 1)x} — exp{—(j + 5)x} 


- (8.45) 
Expl Sexi oh 
Using the hyperbolic sine, Equation (8.43) can be rewritten as 
N 
sinh H(j+34 
Z(T, lal N) = aE eee (8.46) 
sinh{} Bgi.s 1} 


For the free energy this yields 


sinh( t Bgity H)} 


Using Equation (8.27), it is again easy to calculate the total mean magnetic moment (D.), 


sah Gece 
Pent) = OAC ST | ae (8.47) 


a 
(Dz) = — 55 F(T, H, N) 


1 
Ngus {(3 a 3) coth (HeueH ¢ aa ;)) 


1 1 


I| 
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Figure 8.6. Brillouin functions. 


Here one introduces, as an abbreviation in analogy to the Langevin function, the so-called 
Brillouin function with the index j, 


1 1 1 y 
B; = (| 1 =_ th 1 — — — coth ; — 8.49 
. (1+ 35 )e (+97) 2j Lar] 
Using this and considering y = Bgu,Hj, Equation (8.48) 
becomes 


(D.) = Negus] B;(y) (8.50) 


The function B;(y) is depicted for different values of j in Figure 
8.6. For j — oo we obtain B;(y) — L(y), the classical result, 
since a quantum mechanical dipole with j —> oo also has nearly 
continuously many possibilities of orientation. 

Naturally, the largest deviations occur for j = 1/2. Dipoles 
oes with j = 1/2 can be more easily aligned than those with jJ- 
j= 5 (er) Oo, since in the former case thermal motion cannot so easily turn 


L 
| 
L 


the dipoles out of the field direction. Namely, the dipole can 
; Bellonie either be parallel or antiparallel to the field direction. For high 
functions temperatures, y = BguzHj — 0, B ;(y) is linear, too: 
0 ane ry; 1 1 
0 10 20 30 
‘ = = ] = 
H jSaeee Bj(y) 3 ( ‘i 7 ) 4 
T K 
ey ye as ee 
Figure 8.7. Dipole moment: calculation ed as ¥ = a; y + >> -(8.51) 
and experiment. J J 


and the susceptibility follows from 


ne ners 
1 
8 eI + Js 


DD.) ~ N 
(D:) 3kT 
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Figure 8.8. Entropy and internal energy of a system of dipoles with |s| = ; : 


guriGtl) Cc 
ee (8.52) 

3kT ‘3 

The classical limit can also be confirmed: again the Curie law is valid, however, with 
a different constant C. If one inserts for the classical dipole moment /z in Equation (8.33) 
pL = gigj,thenthe case j — oo just reproduces Equation (8.52). Figure 8.7 demonstrates 
how well this theory agrees with experiment. 

Because of its special significance, we still want to examine the case 7 = 1/2 in more 
detail. With g = 2 the dipole has then only the two possible energy values: 


=>X=N 


1 1 
E = —gupHm, arm 5: 
za aa! 
€ ee 
E= (8.53) 
ae m= 5 
with € = gH. The single particle partition function is simply 
a 
Z(T,H,1)= )) exp{-BE} 
n= 3 
= exp{Be} + exp{—Be} 
= 2cosh(fe) (8.54) 


The N-particle partition function is again Z(T, H, N) = (Z(T, H,1)]‘. For the free 
energy this means 


F(T, H, N) = —NkT \n{2 cosh(Be)} (8.55) 
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Figure 8.9. Specific heat and total magnetic moment of a system of dipoles with is) = 5 : 


This is a special case of Equations (8.45-47) for 7 = 1/2, if we take into account the 
addition theorems of the hyperbolic functions. Equation (8.55) yields the thermodynamic 
properties 


ONCE Jel ND a a = Nk [In{2 cosh(Be)} — Be tanh(Be)] (8.56) 
OT |i 
U =F +TS = —Ne tanh(Be) (8.57) 
OF 
|) SS —wN h 8.58 
(D-) aH py ip tanh(Be) (8.58) 
Cy = =~ | = Nk(Be)* cosh~?(Be) : (8.59) 
ail |e 


These quantities are shown as a function of 1/Be = KT /e in Figures 8.8 and 8.9. The 
entropy vanishes for T — 0, since here we have only a single possible state for the whole 
system (total alignment, &2 = 1). One can also verify this directly using Equation (8.56). 
For T > oo there are 2 states available for each dipole (4, |); therefore, we have 2 = 2% ; 
and the entropy $/Nk approaches the value In 2. This can also be immediately verified 
by use of Equation (8.56). As one can see, entropy in quantum mechanics is a very vivid 
quantity. 

The internal energy at T = 0 has exactly the value U = —N €, since all dipoles are 
aligned. From Equation (8.59) one can read that for T = O(x — oo) the heat capacity 
approaches zero like x*e~?*, This means that the system at T = 0 does not absorb any 
energy. Or, stated differently, no dipoles can be disaligned from the total alignment of all 
dipoles as long as Be > 1. 

For T — oo, U approaches zero (statistical orientation of all dipoles). Here also the 
system cannot absorb arbitrary increments of energy (cf. Equation (8.59)). 

This behavior shows a basic difference from the classical treatment of paramagnetism. 
In the classical case, we had Cy > O for T > oo, since for high temperatures U = 
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const. = 0. This remains valid in the quantum mechanical case. However, in the case 
of low temperatures the classical system has a constant heat capacity Cy ~*~ Nk; i.e., the 
classical dipoles can also absorb small thermal energies kT. The quantum mechanical 
dipoles, however, can be excited by thermal energies kT < € only with extremely low 
probability; i.e., Cy, — O for T — 0, as derived above. 

This is again an example of the fact that quantum systems with a discrete spectrum 
obey C — 0 for T — O. The specific heat therefore shows a maximum which is located 
at approximately « ~ kT. Such a heat capacity with the general form 


INS A Nee 
SN eee 2 
EG ‘(= ) exp | | (1+ exp | =) (8.60) 


is characteristic for two-level systems with an excitation gap A = 2e. It is known as the 
Schottky heat capacity, and its significance lies in the fact that many systems can be treated 
as two-level systems. 


Negative temperatures in two-level systems 


The example of a paramagnetic system with j = 1/2 (two-level system) allows us to 
discuss a possible extension of the notion of temperature. Each of the N particles of the 
system shall be able to assume two possible energies, +e. Let the number of particles in 
the level +e be N,,, and that in —e be N_. Of course we have 


N=N,+N-_ (8.61) 
The total energy of the system is 

(Ne — Neje (8.62) 
Equations (8.61) and (8.62) can be solved for N+ and N_, 


ae Ne, 2 

jr) € 
] E 

N= = (x - =) (8.63) 
2 € 


The number Q of possible states of the system at a given energy E and particle number N 
(microcanonical) is 


Ls 2 ee 
want ~ [E+ 2)P TE = 2)P 


€ 


Q(E, N) = (8.64) 
Namely, there are exactly N! ways to give the particles a different enumeration, where, 
however, different enumerations of the particles in the state +€ among each other (N!) yield 
no new Situation (just like different enumerations of the particles in —e(N_!)). Equation 
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(8.64) immediately allows for the calculation of the entropy of the system, 


EN KN InN o N a) ee 
ee eS eee | € 


ae (w- =)m{5(w- =) (8.65) 
a € ws € 


where again Stirling’s formula has been used for N,, N_ >> 1. Equation (8.65) yields for 


the temperature 
N Se 
a ae nf 3 (8.66) 


A ee 
IE Pp dE 


Na Qe N+4 


As long as E < 0; i.e., there are more particles in the lower level —€, we have T > 0, 
as usual. If temperature is taken as the variable, then for 7 — oo the particles distribute 
themselves equally on the upper and the lower levels (V; = N_ > E = 0). 

Thus this does not lead to a new situation. However, the particles of such a system 
can be excited by special mechanisms, so that an over-occupation of the higher level +e is 
reached. In lasers this mechanism is called pumping; for instance, it can be done optically 
using light radiation. The precondition in this case is, however, that the particles remain in 
the upper level (metastable level) for a sufficiently long time; otherwise a high occupation 
in Ni >> N_ cannot be achieved. A state with N, > N_isalso called inversion. Because 
E = (Ni — N_)e > 0, to an inverted state there corresponds a negative temperature 
according to Equation (8.66)! 

To understand this a little better, we plot S/(Nk) according to Equation (8.65) as a 
function of E/(Ne) (Figure 8.10). For E/(Ne) = —1 all particles are in the lower level. 
The slope B « 0S/0E is infinite, and T = 0. 

In the case of equal distribution in the upper and the lower levels (Ni = N_), we have 
E/(Ne) = O and the slope 8 = 0. Here the temperature suddenly jumps from +00 to 
— 0d, as soon as there are slightly more particles in the upper level. If finally all particles 
are collected in the upper level (pumping!), we have E/(Ne) = 1, and again T = 0. 

Thus, in such a system it is indeed reasonable to describe an inverted state by a negative 
temperature. Such inverted states are significant not only in lasers; substances with a nuclear 
magnetic moment also can be inverted. To do this, one only has to align as many dipoles 
as possible by a high magnetic field at not too high temperatures. 

If now the field direction is suddenly reversed, nearly all the particles are in the “wrong” 
State (inversion). Of course, they will go over into a more convenient state with a certain 
relaxation time, but during this time one can attach to them a negative temperature. 

In practice, this situation can be reached in lithium fluoride (Purcell and Pound 1951). 
The nuclear spins are aligned by a strong magnetic field. Thermal equilibrium of the spins 
among each other is reached after a relaxation time t,, which has the order of magnitude 
of 10~° s. If now the field is suddenly reversed, one has an inverted state, in which the 
spins after 10~> s are indeed in equilibrium among each other. It is therefore reasonable to 
attach to this state a negative temperature of the spins. One must be aware of the fact that 
the whole LiF crystal is still at laboratory temperature—only the spin system is influenced 
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B=+0 ,T=0 B=-0o ,T=0 


Ne 
Figure 8.10. Concerning the problem of negative 
temperatures. 


by the field inversion. Now the relaxation time necessary to obtain thermal equilibrium 
between the spins and the crystal grid is very large, t2 * 5 min. Therefore, during this time 
T one can determine the negative temperature of the spin system by the negative nuclear 
magnetic moment. Not until about 5 minutes later is the system again in equilibrium at 
laboratory temperature. 

Finally, we remark that only for systems having an upper limit for the energy can 
negative temperatures reasonably be defined. Only then does the curve S(E) behave as 
shown in Figure 8.10, with aregion B « dS/dE < 0. If the energy is able to increase to 
infinity, then in general the entropy (number of states) always increases further. 


Gases with internal degrees of freedom 


In our treatment of the ideal gas we have assumed the particles to be ideal mass points. 
However, this is a reasonable approximation only for monatomic noble gases. In contrast, 
most gases consist of molecules which can perform internal motion (rotations, vibrations, 
etc.). We now want to calculate their influence on the thermodynamic properties. 

In many cases, it is a good approximation to assume that the single degrees of freedom 
of a molecule are independent of each other. Let the Hamiltonian of a single molecule be 
of the form 


H = Abrans(R, P) + Hrot(bi, Po,) + Aviv (Gj, Pi) (8.67) 


The first term Hans describes the translation of the center of mass R of the molecule, the 
second term H,o, is the rotational energy, which depends on the Euler angles ¢j = (0,¢,W) 
and the corresponding angular momenta. Finally, Hyip is the energy of the vibrations of the 
molecule, which are described by the generalized coordinates of the normal vibrations q; 
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and the corresponding momenta. In Equation (8.67), the interactions between the degrees 
of freedom (Afot vib), Which come for example from the change of the moment of inertia due 
to the vibrations, are neglected. The advantage of Equation (8.67) is that the single-particle 
partition function factors just as in the case of noninteracting particles: 


l a a ol 3 3 l i 
AON Oe er f dp {a @ Per d’q 
x fat exp {—B (Abrans + Arot + Avin)} 
= Atri Zot Lib (8.68) 
with 
1 
Zig] OR / d? P exp (—B Hans) (8.69) 
1 
Zrot = rie #6 | re exp {—B Aro} (8.70) 
1 
Zi af fea fatr exp {—B Aviv} (8.71) 


The total partition function of a gas with N molecules results as 


1 l 
Z(T,V,N) = an LEE. V, 1)* = Ait Zane ZrorZ vib (8.72) 


The free energy of the gas for N >> 1 becomes 
CN Niet (nA VN) 


Zirake 
NEF In a +L SKF In Ze NET In Zo 


= Frans + Frot + Frio (8.73) 


Note: the free energy of the translation is CE Vi) — ee Ze (ey) 
—kT I|n a Bisel ly —NkT [In{ fut T VD }+ 1]. The total free energy is simply 
the sum of the contributions to the single degrees of freedom. The same is valid of course 
for all other extensive quantities of state. Using 


p2 
Alans = aM (8.74) 
the translation leads to the partition function of the ideal gas, 
2 MkT \*”? 
Ztrans = V ( H2 ) (8.75) 


Therefore the part Frans is identical to the free energy of an ideal gas. The Lagrangian of a 
symmetric rotor with the moments of inertia / 1, /2, and J; expressed by the Euler angles @, 
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g, and w, is, ee to Figure 8.11, 


Lrot = 0 seg tnt) pe aac, + cos 0)” (8.76) 


If we express the time derivatives of the Euler angles by the cor- 
responding canonical momenta, pg, = aa , then the Hamiltonian 
is 

(pe — py cos 6)” 


liv = + — + (8.77) 
a a oP 21; sin? 6 


The angles 0, ¢, and y are in the ranges 0 € [0, 7], o € [0, 27], 
and yw e€ [0, 27]. Here the angle w describes the rotation around 
the symmetry axis z’ of the gyroscope (cf. Volume 2 of this series). 
Figure 8.11. Euler angles. For the partition function Zyo, this yields 


er a [we dody [ dpo dpgd —B Pi. SF Py 
rot = x 
2 h3 a TE EES 21, 21; 


(pe — Py cos 6)” )} 


8.78 
21, sin* 6 le) 


At first glance, these integrals look a little deterrent, but they are easy to solve. First, the 
integrand does not depend on ¢ and 7, so that these integrals simply contribute a factor 
(27r)?. The integral over pg is a Gaussian integral with the value ./27 1, /B, and we are left 


with 
oo: Qn I too Ba 
ae et — f af dpyex |B 5p 
me 


= Q)2 
“2 i dpy exp L+ 22 Waites (8.79) 
a 21, sin? 6 


The last integral is again a Gaussian integral, but with a shifted origin. However, it is well 
known that the value of a Gaussian integral does not depend on the position of the origin, 
and we obtain 


2 /9on] anes) Dell 
gs a p—= sal fe ao f dpy a0 |-5 2h a a sin @ (8.80) 


The last two integrals factor and yield, with the use ofh = h/2m: 


7.= 1 eninge | 2m (8.81) 
Se B B B ie 
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The partition function has quite an analogous form to that of the translation; however, now 
we must replace V'/9,\/20 MKT /h?2 by 27'/3,/27 IkT /h?. Observe, that Equation (8.81) 
is dimensionless, too, since the moment of inertia has the dimension [mass] - [length]. 

A particularly interesting special case is that of two-atom molecules 
like HCI, Hz, O2, No, etc. (See Figure 8.12.) For these, the moment of 
inertia /; around the symmetry axis is very small. However, now one 
may not simply set J; = 0 in Equation (8.81), since in that case Zyo, 
would vanish identically. The reason for this is that in the transition 
from Equation (8.76) to (8.77) we divided by /3. Therefore, we must 
eliminate the degree of freedom w in the Lagrangian. This leads to 


Di} Ps 
cme) é 21, sin? @ 


Therefore, the calculation must be performed again from the beginning. We find that the 
last square root in Equation (8.81), which belongs to the rotation w, simply drops out: 


Ziot = (8.83) 


For two-atom molecules consisting of identical atoms another peculiarity has to be 
taken into account. If such a molecule (N2, Oz, etc.) is rotated about ¢ = qr, the 
initial situation is recovered, since both atoms are indistinguishable. This means 
that in this case the angle ¢ does not run from 0 to 2 , but only from 0 to z, since all 
angles@ > z lead toa microstate which has already been taken into account. Since 
the integral f d@ contributes only a factor 27, in Equation (8.83) for homonuclear 
molecules the factor 2 drops out. This is a problem which is completely analogous 


Fi 8.13: ' : 
Pay tae to the Gibbs’ factor, and which cannot be understood Classically. 
molecule. Hence, the free energy of the rotations for two-atom molecules is 
[kT 
Fi, = —NkT In Z', = —NKT In | (8.84) 
wth 
where in general @max = 27, and where in the homonuclear case @max = 7. The entropy 
becomes 
OF’ Drax lik LT 
Pe rot ee max 
Stot = ar | > Nk in ata + 1 (8.85) 


and the contribution to the internal energy 1s 


ues = [ee aS, 


rot 


ae (8.86) 


Correspondingly, for gases with several atoms the full partition function (8.81) must be 
inserted, 


aa l 2a 1; 2n I; 21 13 
Frot = —NKT In Zr = —NKT In =F 7 y vm aa ane" (8.87) 
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TABLE 8.1 Specific heats of gases at T = 20°C extrapolated to low pressure (p — 0) 


Gas Number of degrees of freedom = Cy?[JK~'mol"!] — C#°°[J K7mol7"] 


trans rot total 
He 3 0 3 IBIS) 12.47 
Ar 3 0 3 Nee 12.47 
O, 3 2: 5 21.0 20.78 
N2 3 D 5 20.7 20.78 
H2 3 2: 5 202) 20.78 
NH; 3 3 6 25a DISS 
H2O yap 3 3 6 26.5 25.81 
0 Frot Pa a 3 
Srot = — =— Nk | in { —,/ ——,/ ——,/ —— (AT aye — 8. 
rot aT Tt Re Re Re ( ) te 3 ( 88) 
3 
Un See So = eel (8.89) 


The total internal energy results from that of the ideal gas Ujdea = 3 NkT plus that of the 
rotations (8.86) or (8.89). For two-atom gases one obtains 


3) 5 5 
C= a Ns + NkT = 5 NRT and se 3— Nk (8.90) 
and for gases with more atoms 
3 5 
(== ads + allele = INE and Cy = 3Nk (8.91) 


With the use of the gas constant R = Nak = 8.31439 J/(K mol), one can calculate 
Equations (8.90) and (8.91) using the molar specific heats. A comparison of the theoretical 
values with the experimentally observed data is listed in Table 8.1. We have also written 
down the number of degrees of freedom of the molecules. The validity of the equipartition 
theorem is very well confirmed. The latter attaches to each degree of freedom the quantity 
kT as the contribution to the total internal energy per particle, and correspondingly, the 
quantity ; k as the contribution to the specific heat. 

In all cases, the previously derived relation C, = Cy + R for the molar specific heats 
remains valid. 

Now we want to examine what changes in our results if the rotation of the molecule is 
not treated classically, but quantum mechanically. Since the quantum mechanical theory of 
gyroscopes in the general case is very complicated, we restrict ourselves to a simple linear 
rigid rotor with two degrees of freedom for the axes of rotation and the principal moments 


of inertia (/, 7, 0). The Hamiltonian of such a gyroscope is 


(8.92) 
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This will yield the essential qualitative changes compared to the classical case. The 
eigenvalues of H,o, are identical to those of the angular momentum operator, 


Id + 1? 
2] : 

The energies €;,, are degenerate with respect to the projection m, since for a spherical 

gyroscope the orientation of the rotation axis is of no importance. The partition function is: 


l= 0,1, 2,352.56! =) =) lee ey (8.93) 


Pir 


co 6+ foe) el 2 
Zs = SS 3) Gag = a+ es {oe | (8.94) 
1=0 m=-l i=0 


Equation (8.94) cannot be calculated in closed form, but for high temperatures (T —> oo), 
as well as for low temperatures (T — 0), one can give good approximations. A systematic 
expansion of Equation (8.94) for large T is possible with the use of the Euler—MacLaurin 
formula, which serves to calculate the integrals numerically. The Euler-MacLaurin sum 
formula is: 


b 1 N-1 1 
i) f(x)dx = (5700 +5 Foss 54) 


N-1 
Bo; ; : . 
aa = one (8.95) 
j=l : 
where X%» = a,xy = bh = Poa xj = a-+ jh. The Bo; are the Bernoulli numbers. 


Now we apply this equation to the function 
Tas) = (2x ae lew F8G+) 
where!@ =e 27k Using a! ibe =n =e chin 


dx = — f(0) + I+) —= fed 
/ f(x) 5 fF) 2, fe 2 ait (0) 
or 

= es 1 1 1 

1 = al ee i? Sten, wy aes ere 

fo i Fedde + 56 - S/O + = 6") —+ (8.96) 
The first term in Equation (8.95) becomes 

i aa / Ox + Dew |-Fae+ | dx 

0 0 ie 


[| ey} dy = 2 
OP are oles (8.97) 


where we have substituted x(x + 1) = y. The next terms are 


fO)=1 (8.98) 
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Figure 8.14. Specific heat of rotations. 
(3) 
‘’0) =2- — 
f (0) A (8.99) 
© ©\? @\° 
“(0) = -12— 12, — -j— : 
f (0) a (=) @ (8.100) 


vo =10(3) -10($) «(8) (3) 
f (© = 120(3 || =) aE 2D - (8.101) 


Inserting this into Equation (8.95) and sorting for powers of ©/T yields 


(i te ie 8.102 
Cea ie 315aur se. 
One obtains an expansion in @/T which is a good approximation for high temperatures. 
For T — co one obtains the classical partition function of two-atom gases (symmetric 
gyroscope), cf. Equation (8.83), 

Eo 2k 


Zrot(T = oo) a © es Re 


(8.103) 


In this case, the mean thermal energy kT is so large that the gyroscope assumes a very high 
angular momentum quantum number /, and the spacing of the discrete energy levels is very 
small compared to kT. The other limiting case T > 0 can also be easily studied. Then 
the summands in Equation (8.94) become very small, and it is sufficient to consider only 
the first summands: 


©) © 
ZiT > 0) 1+ 3exp{-22| + Sexp 62 | + (8.104) 


Just as in the classical case, the free energy and all other thermodynamic properties can 
be calculated from the partition function Z;o. In Figure 8. 14 we have depicted the specific 
heat of the rotations (which has been calculated numerically from Equation (8.94)). For 
T/® > 1 it approaches the classical limit, while for T/© ~ 1/2 a steep descent sets in. 
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For T/© < 1, Equation (8.104) yields 


@\? e 
(Gi ae = 12k (=) exp {22 | (8.105) 


i.€., an exponential decrease. 

We know already a similar behavior from another quantum system (harmonic oscil- 
lators). It is typical for systems having a discrete energy spectrum. In the limit of low 
temperatures the mean thermal energy kT is no longer sufficient to excite the quantum 
mechanical gyroscopes into higher energy levels, causing the exponential decrease of the 
specific heat. 

Before we compare this statement with experiment, we also want to calculate the 
contribution of the vibrations of the molecules. It is not difficult to do this at once quantum 
mechanically, because each of the normal vibrations of a molecule has exactly the same 
Hamiltonian as a harmonic oscillator: 


: : D; | 222 
Hin = >> a + = Bw? (8.106) 


Here the g; are the generalized coordinates of the normal vibrations (elongation from the 
rest position) and the B; are the corresponding masses, which can be calculated from the 
geometry of the molecule and the masses of the involved atoms (cf. Volume 2 of this series). 
The proper frequencies w; of the normal vibrations additionally depend on the oscillator 
constant of the bonds in the molecule. Here we do not want to calculate these details 
for special molecules, because the qualitative behavior of the specific heat can also be 
understood without it. 

According to Example 8.1, the partition function of a quantum mechanical oscillator 
of frequency w is given by 


=| 
ee = [2 sinh (5 ar) (8.107) 


For the normal vibrations the total partition function results as 


f -1 
; ] 
Zvin = | | [2 sinh ( 5 Aro) | (8.108) 


i=1 


The contribution to the free energy is 


f 
1 
Fyn = YO kT In {2 sinh €E pie (8.109) 


| 


Corresponding to Equation (8.1 1), the internal energy is 


f 
1 
Uv = ha; E + Sea | 8.110 
‘ ye 2) exo eio eal Bate) 
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Figure 8.15. Specific heat C, of different isotopes in the 
hydrogen molecule. 


and the specific heat (cf. Equation (8.14)) is 


exp{ fha;} 
(exp{Phia;} — 1)? 


Especially for two-atom molecules there is only one normal vibration, f = 1, in which the 
atoms move exactly in opposite directions along the molecular axis. The specific heat has 
then exactly the behavior shown in Figure 8.2. 

In general, however, the typical energies of the molecular vibrations/iw are of the order 
of magnitude of some tenths of electron volts. This corresponds to temperatures of some 
thousand K. The molecular vibrations cannot show up below these temperatures. 

In contrast to this, the typical energies of the rotations hi? /2] are of the order of magni- 
tude of some hundredths of electron volts. At room temperature KT © 1/ 40 eV therefore 
only the rotations are of importance, in good agreement with experiment. For a two-atom 
gas, therefore, the following qualitative course of the molar specific heat results (here in the 
case of constant pressure C, = Cy + R): 

For very small temperatures T ~ 10 K only the translational motion is of importance; 
in the case of room temperature rotations can be excited, while for very large temperatures 
the vibrations also come into play. However, only a small number of gases do not become 
liquid at sufficiently low temperature, and so permit our theory to be checked by experiment. 
Such cases are, for instance, H2 and especially the molecules HD, HT, and DT, in which a 
hydrogen atom is replaced by the isotopes deuterium or tritium. 

One can see in Figure 8.15 that not only does the qualitative behavior agree with the 
prediction from the theory, but also the influence of the different moments of inertia of the 
molecules and the different vibration frequencies «; of the otherwise chemically equivalent 
molecules is confirmed. So DT has the largest moment of inertia /, which leads to the 
lowest excitation energies for rotations. 

The larger mass of the isotopes D and T analogously leads to a lower frequency of the 
normal vibration @ compared to HT and HD. Observe that chemically (i.e., with respect 


if 
Cv vin = os k(Bhiw;)° (8.111) 
=A 
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to electron configuration), the gases H2, HD, HT, and DT are completely identical. For 
very large temperatures T ~ 5000 K the excitation of the electrons sets in, leading to 
a dissociation of the molecules, i.e., to ionization, so that C,, cannot be further observed 
experimentally. 


Relativistic ideal gas 


Now we turn to another system which is frequently used in particle physics: In large 
accelerators, as for example at the Gesellschaft fiir Schwerionenforschung (GSI) between 
Frankfurt and Darmstadt and at CERN in Geneva, it is today possible to accelerate heavy 
ions to very high kinetic energies E >> m, and to perform experiments with them. If 
such particles hit a target, there are collisions between the atomic nuclei in which the 
nucleons are slowed down, assuming a statistically distributed kinetic energy from the 
former relative motion. This energy can be so large that the binding energy of the nucleons 
in the nucleus (some MeV) is comparatively small. Then, for short times, one obtains a gas 
of nucleons which in crude approximation corresponds to an ideal gas of noninteracting 
classical particles. The Hamiltonian of such a gas is 


N a7. 2791/2 
fl = ee” p+ (2) | = (8.112) 
i=] me 


Here the rest mass mc? of the particles has been subtracted, so that there remains only the 
kinetic energy. The total partition function corresponding to Equation (8.112) factors, as in 
general it must for noninteracting systems, 


1 
Z(T, V,N) = a as oe (8.113) 


with 


' aXe 1/2 
ZT. Vi) = aq | a°p exp —Bmc? 1+(2) —] (8.114) 


ie m 
The integral over the coordinates simply yields the volume of the gas. Additionally, the 
integral over the momenta can be simplified by substitution of spherical polar coordinates, 


4nV & ale 
Ze iB exp(pmc?) | p- dp exp {mc E + FT (8.115) 
0 m 


Now we perform a substitution which is useful in many relativistic problems 


— = sinhx 
mc 


dp = mc cosh x dx 
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p2 1/2 
1 =p (=) = cosh x (8.116) 
mc 


Then the following expression remains to be calculated, 


4nV PRL bus eae 
AT, Ya) = 5 (mc) e / dx cosh x sinh” x exp{—wu cosh x} (8.117) 
0 
where as an abbreviation the characteristic parameter u = Bmc? has been introduced. The 
quantity w measures the ratio of the rest energy mc? of the particles to their mean thermal 
energy kT. The integral (8.117) can be looked up in a table. There (e.g., Gradstein-Ryshik, 
Volume 1, p. 409) one finds the following standard integral: 


[oe] 
i exp{—u cosh x} sinh(yx) sinh x dx = le K,(u) (8.118) 
0 u 


where K,(u) is one of the frequently used cylinder functions, which are also called the 
modified Bessel functions. In general, cylinder functions are defined as solutions of the 
differential equation 

pa dw 


Gen tae —(22+y7?)w =0 (8.119) 


where z also may be complex. The solution of Equation 
2 (8.119) which remains finite for z = 0 is the Bessel function 
J,(z), while the singular solution is the Neumann function 
N, (z). Of great use are the linear combinations H{?"(z) = 
dy eo + iN,(z), which are called Hankel Fnnone of first 
1 or second ie respectively. Now, the functions K,(z) are 
essentially Hankel functions with an imaginary argument, 


K _ Fl . HOG 
y(Z) = a exp | 5 vit 5) (Cone (8.120) 
0 
0 1 cay The essential behavior of the K-functions can be seen 
in Figure 8.16. They are exponentially decreasing functions 
Figure 8.16. The K -functions. which diverge at z — 0. The asymptotic form for small 


arguments (z < 1, real) and large arguments (z >> 1, real) 
can be looked up in a formula table. 
The series expansion of K,(z) 1s 


n-1 


Rie) = aL oS 


es 1 Zz \ 2k-+n 
n+] a 
a Z ki(n +k)! G) Giz) 


Zi 1 1 
i= = SWE ya Sw k 1 
x fin 5 SVk +1 5 Yat + | 
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Here the function W is the well-known Gauss function, which is the logarithmic derivative 
of the [’-function: V(x) = + In (x). For small arguments the K -functions diverge like 
K,(z) ® 5 (n — 1)!(5)~", which can be seen in the series expansion (8.121). For large 


arguments these functions behave like modified exponential functions « e~*: 
i=l 
a Tin+tk+ 5 7 
Ki (2) = fe aE Com 
2z to KIT (sn ~k + 4) 


a0" (8.122) 


Here / is a natural number at which the series is cut off, and © € (0, 1]. The last term 
exactly corresponds to the estimate of the error in the Taylor expansion. With the identity 


cosh x sinh x = 5 sinh(2x), we find for the partition function (8.117) 
4nV 3, K2(u) 
AAG WD) = A (mc) e* —— (8.123) 
u 


This immediately leads to the nonrelativistic limit with u = Bmc*? — ©, i.e. mc? > kT. 
If the mean thermal energy kT is very small compared to the rest mass mc? of the particles, 
according to Equation (8.122) we have K2(u) © Jn /2ue—", and thus 


4nV 3 1 3/2 IZ 2nmkT \?/? 
Zl Ve 1) x qa (mc) Bmc2 > = V 7D (8.124) 


which corresponds to the nonrelativistic case (cf. Example 7.12). Analogously, for very 
high temperatures u = Bmc? < 1, with Equation (8.121) one finds from Equation (8.123), 
K2(u) © 2/u?, as well as e” ~ 1: 


8rV ee ese 
Zine ean = er (=) = 8nV (=) (8.125) 


This is just the partition function of the ultrarelativistic ideal gas, which is here reproduced 
in the limit kT >> mc?—high temperatures, or small rest masses. The total partition 
function, according to Equation (8.113), is 


(8.126) 


3) N 
TT Vey re a janv (= ‘ K2(Bmc | 


hi ) exp{Bmc"} oe 


This can be used to calculate the free energy, where as usual we assume N > 1 and 
InN! + NInN — N,so that 


F(T, V, N) = ~kT In Z(T, V, N) 


Vo gme\3 K2(u) 
Soe laa a (*) SNe 
ie) re 


Vi mc \3 K2(Bmc?) 
Na =s ess ES, ee 2 
i in {4 - ( ; ) ee | = Bee (8.127) 
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For the pressure we get 


OF 
Rav IN) == 
P( ) av 


NkT 
= — (8.128) 
T.N V 


i.e., the ideal gas equation is also valid for the relativistic ideal gas. The chemical potential 
can be easily calculated, too, 


OF 


T,V,N) = 
[L( ) aN 


V (2 ) K>(Bmc?) 
h 


= —kT In} 4x — 
N Bmc? 


— mc? (8.129) 
TY 

Here we want to add a short remark. Since in Equation (8.112) we explicitly subtracted the 
rest mass of the particles, in Equation (8.123) there appears the factor e“ = exp{Bmc’}. 
This means that in the free energy (8.127) the rest energy Nmc? of all particles is subtracted, 
so that only the kinetic energy of the particle remains. For the same reason, in Equation 
(8.129) there appears the term mc*. This has the advantage that all results reproduce the 
nonrelativistic results in the limiting case T — 0. 

However, one can also drop the factor e“. This would mean all energies contain a 
contribution due to the rest masses of the particles. Then in Equation (8.129) the term 
—mc? would drop out, and the chemical potential would just increase by this value. In a 
strictly relativistic consideration this is, of course, reasonable because the minimum energy 
which is required to add another particle to the system in equilibrium (chemical potential), 
is just the rest mass of the particle. 

The entropy of the relativistic ideal gas is a little more difficult to calculate. We have 


Bye V pme\3 Ko(Bmc?2) 

ae ie Tried ree 

ee) re 4 jin far (35) eae | + | 

u K5(u) K2(u) \ du 
kT a = = 8.130 
Feotl u u? )$| sae 

with 
du d ; mc? u 

—_— = — =-—S =-= 8.134 
Tp pe = sae i Gi) 


We can calculate the derivative of the K>-function with the aid of a recursion formula: 
n 
Kj(u) = ey _ K,(u) (8.132) 


Inserting this into Equation (8.130), we obtain 


S(T, V, N) = Nk in {4 = (2) Ko) + | + Nk E SUD) Ae | 
N u 


h K2(u) 
Vie. Ko) K\(u) 
Ss jin far oS) BON ge | (8.133) 


Here we can also reproduce the nonrelativistic result in the limit u >> 1. Foru > 1 
in the first term of Equation (8.133) we have Ky(u)/u © /7/2u-*/*e~". The factor poe 
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mc 


Figure 8.17. Internal energy of a relativistic ideal 
gas. 


together with the other factors just yields ws , the nonrelativistic argument of the logarithm. 
The term In e~“ = —u together with u K,(u)/K2(u) © u(1+ = +--)/UA+ = Sipe law 
u— 3 +--+ yields a constant contribution 4 — 3/2 = 5/2, thus just the term which is 
missing in the nonrelativistic entropy (cf. Equation (7.52)). 

In the same way, the ultrarelativistic limit in Equation (8.133) foru < 1 can be 
checked. Then uK,(u)/K2(u) © u?/2 = O and K2(u)/u ~ 2/u3, which just yields the 
right argument in the logarithm. (cf. Exercise 7.2). From Equations (8.127) and (8.133) 
the internal energy (Figure 8.16) is calculated to be 


K 
UG Nye Fons ener Eee | Se 
K2(u) 


K,(u) 3 
9) 1 

aero -134 
mc os + i | (8 ) 
Here u — oo yields the nonrelativistic limit U ~ 3 NkT, too, while for «1 — O we have 
Ky (u)/Ko(u) © u/2, so that U * Nmc?3/u = 3NkT. The internal energy therefore 


continually increases from the nonrelativistic case 5 NkT for small T up to the asymptotic 
ultrarelativistic case U = 3NkT. Equation (8.134) yields for the specific heat 


aU 
OT ly Dau 
= ool | Ky (u) K,(u) K3(u) 3 
= mcs § —— — eC 
T | Kou) K3(u) ie 


Nmc? Ko(u) — Kiw (+n) re ; | (8.135) 
: : 


eG ee K3(u) 


where again we have used the recursion formula (8.132). 
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Figure 8.18. Specific heat of the relativistic gas. 


The expression (8.135) can still be simplified a little, if one uses the recursion formula 


2 
Kyay = Kavi — — Ay (8.136) 
u 
Inserting Equation (8.136) into Equation (8.135) forn ~— 1 = 0, we get 
6 es i LE ey se (8.137) 
= Te ae u : 
ieee! u Kx) K2(u) 


In Equation (8.137) only the ratio K,(u)/K2(u) remains to be calculated, which is a 
considerable simplification compared to Equation (8.135). Using the approximations 


ae, Sea fae. >1 (8.138) 
a u : 
K2(u) 2u 128u2 1024u3 
and 
K,(u) u 
Po = dovoc u<il 8.139 
Ko(u) 2 ( 
we can again reproduce the nonrelativistic case Cy = $ Nk& and the ultrarelativistic case 


Cy = 3Nk from Equation (8.137). (See Figure 8.18.) 

Now we want to add a warning for the calculation with expansions. It is essential to 
take care that one always considers all terms up to a certain order of the expansion parameter 
consistently. For instance, if one wants to evaluate Equation (8.135) for u >> 1 up to the 
order u~?, then K;(u)/K2(u) is necessary up to the third order, since there appears a term 
uK,(u)/K2(u), etc. 
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The 
Macrocanonical 
Ensemble 


Having studied in great detail the microcanonical and canonical ensembles, we now turn 
to the so-called macrocanonical ensemble (also grand canonical ensemble), which is very 
important for applications. The phase-space density within an ensemble denotes the prob- 
ability density of finding the system in a certain microstate compatible with the given 
macrostate. The microcanonical ensemble describes closed systems with given E, V, and 
N, while the canonical ensemble describes systems in a heat bath, i.e., with given 7, V, 
and NV. 

Now we want to consider open systems, in which heat and particles can be exchanged 
with the surroundings. Here 7, V, and yw are the independent variables. A certain chemical 
potential is established, in analogy to temperature ina heat bath, by a large particle reservoir 
which is in contact with the system. If the particle reservoir is sufficiently large, the value 
of the chemical potential depends exclusively on the properties of the reservoir. The system 
under consideration no longer has a certain particle number, since particles are continually 
exchanged between system and reservoir. A mean value and a most probable value of 
particle number will be established, just as a mean energy and a most probable energy were 
established for a given temperature. 

Systems at a given T, V, and w are of great practical interest. Consider a fluid which 
is in equilibrium with its vapor at a given temperature (the system fluid + vapor being 
in a heat bath). Then molecules will continually pass from the fluid into the gaseous 
phase and vice versa. Now the total system (heat bath+fluid+vapor) could be described 
by the microcanonical ensemble, or the system (fluid+vapor) could be described by the 
canonical ensenble. However, if one is interested only in the properties of one of the 
phases, this would be most inconvenient—thus one switches over to the macrocanonical 
ensemble. 

To this end, we must first determine the phase-space density of a system ata given T, V, 
and jz. Not only must the phase-space density denote the probability to be in a phase space 
with a certain particle number N, but it must also denote the probability that the system 
contains just N particles, since now in principle all particle numbers N = 0, 1, 2,..., 00 
are allowed. To determine this probability distribution, one proceeds analogously to the 
case of the canonical ensemble (cf. Chapter 7): 
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First we apply the concept of the microcanonical ensem- 


heathbath ble to the total system. The total energy 
particle reservoir system 


i 7 
Th E.Ne E = Es + Ep (9.1) 
Eny-Npp 


has a fixed value. Also, the total particle number is constant: 


Figure 9.1. Scheme of the system under 


consideration. Ay Naar (9.2) 


We require that the reservoir must be very large compared to 


the system, 
Es ER Ng Nr 
a (el il. — =(1- — ] Ls 
E ( E ) <K N ( N <K (9.3) 
The system S can assume all possible particle numbers Ns € [0, 1, ... N] and all possible 
energies Es € [0,..., FE]. Ifitis ina certain microstate, characterized by a certain particle 


number Ns and a certain phase-space point i with the energy Es = &;, the reservoir still 
has at its disposal a large number &2, of different microstates with the energy Ep = E — E; 
and the particle number Np = N — N,. The probability p;,7, of finding the system in the 
microstate 7 with the particle number N, will be proportional to this number QRr(E,, N-) = 
Qr(E — E;, N — Ns) of possibilities, 


DaveCe oR eRe NR) —aple = ey — Ng) (9.4) 


Because of the assumption (9.3), one can expand with respect to the small quantities E,, 
and Ns. To be able to identify the derivatives which occur in this procedure, we first expand 
In QR: 


P) 
kn Qx(E — E;, N — Ns) = kn Qg(E, N) ~ = (kIn QR(E, N)) Ei 


— a (k In QR(E, NJ) Ns +> (9.5) 
we have: 
) OSR 1 
aE (k In Qe(E, N)) = aE 7s (9.6) 
— (k In Q(E, N)) = a =-5 (9.7) 
If we restrict ourselves to the terms denoted in Equation (9.5), insertion and exponentiation 
lead to 
Q5(E ~ Bi, N~ Ns) & Sq(E, N) exp | = = + we (9.8) 
kT kT 


or, since Qe (E, N) is only a constant factor, 


E; N 
Pi,Ns &% €Xp {- = ae cal | (9.9) 
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The lacking proportionality factor can be determined from the normalization 


Le Day Pi.Ns = ie 


exp {~B (E; — wN)) 
ae Soe exp | Cen) 


Here we have dropped the subscript S on the particle number, since we are no longer in 
danger of confusion. Just like in the canonical ensemble, the sum over i extends over all 
microstates i in phase space with particle number N. 

The distribution (9.10) is the desired probability of finding a system in a microstate 
i with the energy E; and the particle number N at given T and px. The corresponding 
phase-space density can be found by switching over to the continuous formulation, 


exp {—B (H (qu, pv) — “N)} 
eo ge | eG | Pe De 5G, Bo = any 


The phase-space density given in Equations (9.11) or (9.10) is called the macrocanonical 
distribution. Before we examine this distribution in greater detail, we want to derive it 
once again with the aid of ensemble theory, and we want to show that Equation (9.10) or 
Equation (9.11) is the most probable distribution for a given T and w. 

To do this, we consider again an ensemble of NV identical systems at given T, V, and 
u. At a given time, each of these systems will have a certain particle number N and be at 
a certain phase-space point. 

Now we divide all phase spaces of N = 1, 2,... into equally large cells Aw; , which 
are enumerated by i and N. The index i runs through all phase-space cells in the phase space 
of particle number AN. In each of these phase-space cells there will be a certain number nin 
of systems of our ensemble, and we now want to calculate the most probable distribution 
{n; vy}. 

The numbers n; y must fulfill three constraints. First, the total number NV of the systems 
is fixed: 


Yoni =N (9.12) 


iN 


(9.10) 


Pec Nadi Pye (9.11) 


Second at a given temperature, the systems no longer have a fixed energy, but the mean 
value of all energies E; over all phase-space cells has a certain value: 


So nin Ej — N (E;) = (9.13) 


Ny 


Conditions (9.12) and (9.13) are already known from the canonical ensemble. Now there 
is another condition, because the particle number N no longer has a fixed value, but in 
equilibrium there is established a certain mean particle number (NV) 


Yo nin N = N (N) (9.14) 


iN 


tS) 
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We can directly bring over the probability of a given distribution {n; ,} from the canonical 
or microcanonical case, 


(9.15) 


but now the phase-space cells are enumerated by two indices. Here again w; y is the 
probability of finding one microstate in the cell Aqw;y. The most probable distribution 
{nj} is found just as in the former case. We form 


In Winn} = N InN = N = se {(ni.w In nin — nin) — LOR Ie In w;.n} (9.16) 
iN 
and search the extreme value with respect to the n; 7, where we eliminate the constraints 
(9.12-14) with the aid of three Lagrange multipliers 1, —8, and a: 


din W{niv} = — Y {Inniv —Ina;,v} driv = 0 (9.17) 
iN 
ye dae 0 (9.18) 
i,N 
—B >) E;dnin =0 (9.19) 
iN 
a)" Ndnivy =0 (9.20) 
iN 
If one adds up these equations, it follows that 
Sy (In nin —Inojn -—A+ bbe = aN) aye (9.21) 
iN 


Here all of the dn;_, may be assumed to be independent of each other, so that the coefficients 
must vanish, if afterwards a, B, and A are determined such that the constraints are fulfilled: 


fo eye exp{ pe oN) (9.22) 


The quantity A is determined from Equation (9.12), where we again assume the probabilities 
w;,n for equally sized phase-space cells to be identical: 


Nin exp {—BE; + aN} 


= (9.23) 
N Sy on Ses 
while B and a must be determined from Equations (9.13) and (9.14): 
ip —BE; N 
oy _ Lea Biexp (BE: + aN} es, 
Din exp{—BE; + aN} 
a NEXDH =p ee y | 
(N) = 2uiw N exp (9.25) 


De sP Ep aN} 
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For the determination of a and 6, however, we want to use again the well-known prescription 


using the entropy. In the continuous formulation, Equation (9.23) reads 
exp (=p, Py) + aN} 
Pecl(N, Gus Pv) = =i i as eee (9.26) 
ies ABN fd q ie Pp &xp leerigtall (eh, Pv) + aN} 


In analogy to the canonical case, the denominator is again written as 
ae 
2 = )i Gan far [2 pexpt-pHs, pv) + aN} (9.27) 
N=0 


Now Z is called the macrocanonical partition function. We will soon see that its significance 
is analogous to the canonical partition function Z. 
We know that in general the entropy can be written as an ensemble average, 


5S | olin) (9.28) 


For the macrocanonical distribution, Equation (9.28) reads explicitly 


=| 
See) = Oe ian i aa i a” Doge(N, qu, Pv) (kIn Z 
N=0 
+ kKBH(qy, py) — kaN] (9.29) 


In the formation of ensemble averages now we not only have to integrate over all phase-space 
points, but we must also sum over all possible particle numbers. 

The first term in the square brackets in Equation (9.29) neither depends on the phase- 
space point nor on the particle number; therefore it can be drawn out of the integral, so that 
there remains only the normalization integral of Pec- The second term simply yields the 
definition of the mean value of the energy, 


= 1 
(HQ, Pe) = DO) ay / ae" q / 2 poee(N, qu, PH (Gy, Pv) (9.30) 
N=0 
and the last term correspondingly is the mean particle number 
= 1 
Se rae i Ng / a” ppe(N, qv, PvN (9.31) 
N=0 


Therefore Equation (9.29) can also be written as 
S(8, V,a) = kin Z(8, V, a) + kp (H) — ka (N) (9.32) 


This equation is the analogy of Equation (7.27). If one identifies the mean energy (77) with 
the thermodynamic energy U, and correspondingly, the mean particle number (N) with the 
thermodynamic particle number, then a and B can be read off from Equation (9.32). We 
must take care of the fact that is a function of U and a (according to Equation (9.24)), 
and equally, @ is a function of (N) and B (Equation (9.25)), 

CR) op a op 


SS eh ae 
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We have to take into account that In Z(f, V, ~) must only be differentiated with respect 
to the explicit 8 dependence, but not with respect to the implicit dependence in a(B, (N)). 
This is because w does not depend on U, with respect to which k In Z originally had to be 


differentiated. One can easily convince oneself that 0k In Z/08 = —kU, and thus that 
as 1 1 
a ne = B= (9.34) 
Furthermore we have 
ES ee oe Ne ee (9.35) 
d(N)  d(N) da = 0 (N) , 


and with dk In Z/da@ = k (N) (again we must take care only of the explicit a dependence) 


there follows because of dS = @ + £dV — 4dN (cf. e.g., Equation (3.1): 


as fa LL 
eoaeshce  erte Seieee pen 5 apes ey nr ra 9.36 
8 (N) T eee are 
which identifies a and $. Let us now recall the macrocanonical potential in Equation 
(4.111). Thus, Equation (9.32) serves us even further. If we insert a and £ and rewrite it a 
little, we get 


U=TS = 1 (N\ = = T nz (9.37) 


Because of Equation (4.111), we can calculate the macrocanonical potential from the 
macrocanonical partition function according to 


o(T, V, 2) = -kT In Z(T, V, 12) (9.38) 


From thermodynamics, we know already that the macrocanonical potential @ for a system 
at given T, V, and yw has the same significance as the free energy F for a system at given 
T, V,and N, oras the entropy S for a closed system at E, V, and N. The knowledge of the 
macrocanonical partition function therefore allows for the calculation of all thermodynamic 
properties of the system. 

Because of the central significance of the macrocanonical partition function Z, we 
want to write it down once again. Just as in the canonical case, the Gibbs correction factor 
1/N! must be added in the calculation of Z for indistinguishable particles: 


oe ] 
UES ES YS reare / ang J ad?" pexp{—B(H(qv, pv) — KN)} (9.39) 
N=0 i 


This factor ensures that microstates differing only by a different enumeration of the N 
particles are not counted as different microstates. In the case of distinguishable particles 
this factor does not occur. Using Equation (9.39), we find a very important relation with 
the canonical partition function: 


oO 


z(t. Vn) = > (ew {2 ]}) za.v.m) (0.40) 


Therefore, the macrocanonical partition function is nothing but a weighted sum of all canon- 
ical partition functions. The weighting factor z = exp{uz/kT} is called the fugacity. In 
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Equation (9.40) we recognize again, very clearly, the principle which connects the micro- 
canonical, canonical, and macrocanonical ensembles: as we know, the canonical partition 
function Z was formed as the sum of all microcanonical “partition functions” g at energy 
E, particle number N, and volume V, weighted by the Boltzmann factor exp{—f E}: 


Z(B, N,V) = ) exp{—BE}g(E, N, V) (9.41) 
& 


where the energy E is now no longer a fixed quantity, but only its mean value (E) = U is 
fixed. On the other hand, the temperature 7 = (kB)~' has a fixed value given by the heat 
bath. 

The macrocanonical partition function Z results as the sum of all canonical partition 
functions Z at temperature T, volume V, and particle number N weighted by exp{BuN} 
(Equation (9.40)). However, the particle number N also is no longer fixed, but has only a 
mean value, and the chemical potential z has a fixed value given by the particle bath. 

In general, Equation (9.40) can be evaluated for noninteracting systems. For such 
systems we have (indistinguishable particles): 


1 
Z(T, V,N) = ai ATEN oye (9.42) 


If one inserts this into Equation (9.40), one obtains 


Z(T, V, pw) = os = [exp | “= Zn De 


— exp [exp | = Zieave D} (9.43) 


Thus, we can directly write down Z(T, V, w) for many problems which we have already 
treated in the canonical formalism. As an example we will show that for the ideal gas the 
macrocanonical ensemble yields just the same results as the other two. 


eee 


Example 9.1: The ideal gas in the macrocanonical ensemble 


The calculation of Z(T, V, 2) is conveniently done according to Equation (9.43). For an ideal 
gas (Example 7.1) we have 


ZV = 
with 
he 1/2 
= (semet) 
and thus 


3/2 
207.1) <9 feo Fe] v (202) "| 
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The macrocanonical potential is therefore 


ee ee le 2nmkT \*” 
CC Ven men ins (Tava kT exp | = V ( -; ) 
This immediately yields the equations of state: 
ad UL QnmkT \?!? 5 Ub 

| aac {= |v Oe 
Baas AEN ( h2 ) lie | Sed 
ag Dev onmin \ 

——s — T, V, =e — ee . 
fe | elim aA la ( he ) ee 
dp pe QnmkT \?? 

S28 | Tyan = | as aus 
7 ey meee aaa 1 ( ce ) pee 


If one inserts Equation (9.46) into Equations (9.45) and (9.44), one obtains the ideal gas 
equation and the well-known entropy S(T, V, NV) of the ideal gas. 


We want to write Equation (9.38) in another way. The potential @ is defined by 
@=U-TS—puN (9.47) 
Because of the Euler relation (cf. Equation (2.72)), 


U=TS— pV+uN (9.48) 
Equations (9.47) or (9.38) can also be formulated as follows: 
p pV 
-— = — =)nZ : 
kT kT n (9.49) 


In the case of the ideal gas, In Z = N, as one can see from Example 9.1. The significance 
of Equation (9.49) is that In Z for real gases often can be approximately calculated by a 
series expansion (cf. Part IV). Equation (9.49) then directly gives the thermal equation of 
state of this gas. 

At the end of this section we still want to remark that our prescription for deriving 
the macrocanonical partition function has a very general character, and in special cases 
may serve to derive different practical equations of state. Namely, we know very well 
the mathematical operation which connects all partition functions: it is just the Laplace 
transformation! Sometimes it may be advantageous to consider other thermodynamic vari- 
ables instead of (E, V, N), (T, V, N), or (T, V, uw), ¢-g., (T, p, N). Then the respective 
partition function is obtained through another Laplace transformation, in our example just 
a Laplace transformation of the canonical partition function: 


B(T, p, N) =) exp(—y Vp}Z(T, V, N) (9.50) 
Vv 
with a Lagrange multiplier y. This partition function is especially convenient in systems 
with a given temperature, particle number, and pressure. Here, the volume is no longer 
fixed, but at a constant pressure a mean value of the volume, (V), will be established. 
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Just as the logarithm of all partition functions treated up to now could be related to 
thermodynamic potentials, i.e., 
go 5 = king 
Zo F=-kTiInZ (9.51) 
Za @= -kTinZ 


& can also be related to a potential: let ps denote the phase-space density related to &, 


exp{—BH — ypV} 


pgs eee (9.52) 
Lv f a%q f a" paw exp(—BH — ypV) 
Then we have 
din don 
5 = (-kInps) = > f EE? ps tein 507, p, N) + RBH + ky pV) 
V 
=kInS+kB(H) + kyp(V) (9.53) 


or —kT In& =U —TS+kyTp (V). By a procedure analogous to the one performed in 
the case of Z, one can identify y with B, and one obtains: 


Cine (9.54) 


thus, the Gibbs’ free enthalpy is the thermodynamic potential corresponding to & (cf. 
Chapter 4). 


Fluctuations in the macrocanonica! ensemble 


In the preceding section we calculated the probability pj; of finding a system of the 
macrocanonical ensemble just at a particle number N and in the phase-space point i: 


1 
Pin = % exp IPC = N)} (9.55) 


Here £; is the energy corresponding to the phase-space cell i, and Z is the macrocanonical 
partition function 


2= > exp|=p(8, —nA)} (9.56) 
iN 


From Equation (9.55) we can, in analogy to the canonical ensemble, calculate the probability 
density p(E, N) of finding asystem of the ensemble at energy E (no matter which microstate 
1) and at particle number N: If gy(E) is the number of microstates i in the energy interval 
E, E + dE at particle number N, then 


1 
DEN) = g onlE) exp {—B (E — wN)} (9.57) 
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and the macrocanonical partition function is given by 


oO oO 

Z= i) CE eyCEexp{—— (2 — jE) (9.58) 
N=1 79 

In the case of fixed particle number N, the distribution of the energies in the macrocanonical 

ensemble is therefore the same as in the canonical ensemble. In addition, however, there 

is still a distribution in the particle number N. Again, we can calculate the most probable 

values for the energy and the particle number: 


ap(E,N)| — _ 9g _, agn(E) 
on ees dE jn he 


= Pane ) (9.59) 


Because gy(E) ® Q(E,V, N)/AE, the most probable energy of the macrocanonical 
ensemble, just as in the canonical case, is given by 


as 1 


ate ype (9.60) 
Aon peas ae 


and is thus identical to the fixed energy of the microcanonical case. The most probable 
particle number N* must obey 


Op(E, N) dgn(E) 
AW oe AE |e Bugn(E) (9.61) 
or 
os is (9.62) 
aN ae fa 


i.e., N* is also identical to the given particle number N of the microcanonical case. Even in 
analogy to the canonical case, we have N* = (N) = Nyc, and E* = (E) = E,,., because 


(E) =¢+TS+ uN (9.63) 


The mean energy results from the reverse Legendre transformation of ¢ and coincides with 
the thermodynamic internal energy U, and thus also with the fixed energy E given in the 
microcanonical case. Correspondingly, we can conclude for the mean particle number: 


1 
(N) = S0 Npin = Z DN exp (-B (Ei — wD) 
aN i,N 
a) 
Ou OM Iry 


The mean particle number (N) is identical to the thermodynamic particle number N = 
—8¢/dpu|7,v, Which was equal to the fixed given particle number of the microcanonical 
ensemble. The deviations of the mean values in the macrocanonical ensemble are given by 
the standard deviations of the distributions, 


op = (NA) iN) (9.65) 
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One has 
1 (So ae 
oe ane 2 = _ = aS : 
(N?)= DON? pi =z DN? exp (—B (Ei — HN) Z ae), (9.66) 
iN as : 
or, because ATO Z/Ou|r.y = Z-(N), 
kT O 0(N 
(N?) = — — (Z-(N))ry = (NY? + kT aM (9.67) 
LY OM |ry 
a(N aN 
on Sr BA ee ae (9.68) 
Om |ry OK Iry 


In the last equation, (N) has been replaced by the thermodynamic particle number N. The 
thermodynamic quantity 9N/d|r.y can be replaced by the compressibility « of the system. 
The Gibbs—Duhem relation (2.74) for the intensive state variables 


du =vdp—sdT (9.69) 
with v = V/N ands = S/N, in the case of constant temperature and volume, leads to 
a 
ae Sey (9.70) 
dv |r Ov |r 


Now we interpret T, V, and N as independent variables. The pressure is then a function of 
these variables, p(T, V, N). However, pressure and temperature are intensive quantities of 
state, while volume and particle number are extensive ones. Therefore, the pressure cannot 
depend on the quantities V and N individually, but only on the intensive combination 
v = V/N. Hence the function p(T, V, N) must have the special form p(T, V/N) or 
p(T, v). This is, of course, a consequence of the zero order homogeneity of the intensive 
quantites of state. The special form of the pressure p(T, V/N) now allows us to rewrite 
the derivative with respect to N on the right side of Equation (9.70) as a derivative with 
respect to V: namely, according to the chain rule, we have 


a a 9 (x) 
a) Bee Cae UL ser |. 
V a) 
le tr Cae a V/N) . (9.71) 
On the other hand, the derivative with respect to the volume at constant N reads 
ae V/N) = PUT, V7N)| ox aw) 
aV T.N ) (+) T OVI y 
aol a Tv 
Wy aay , ee (9.72) 
Comparing Equations (9.71) and (9.72) we obtain the identity 
Op V dap 
an TV WN av T.N ae 
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Inserting this into the right-hand side of Equation (9.70) yields 


--(i) at 
TV N av 


The derivative of the chemical potential can thus be expressed by the compressibility k = 
— i. dV /dplr.n. Insertion of Equation (9.74) into (9.68) yields the final result 


Op 
aN 


(9.74) 
iN 


aie kT On kT 

N2 = Vv K or a = CE K (9.75) 
Since compressibility is an intensive quantity, the relative fluctuations of particle number 
with respect to N vanish for large volumes like 1/./V, or, in the thermodynamic limit 
(N — 00, V > 00, N/V =const.), like O(1/N). For systems with very large particle 
numbers, deviations from the mean value in the macrocanonical ensemble are vanishingly 
small. 

However, this is true only as long as the compressibility has a finite value. An exception 
is, for instance, the phase transition gas—fluid. In the case of the Maxwell construction 
(Chapter 3), we have noticed that the isotherms in the pV diagram in the phase-coexistence 
region run horizontally, which corresponds to an infinitely large compressibility. There, and 
especially at the critical point of the gas, the fluctuations in particle number of both phases 
become very large, which is also observed experimentally in the form of opalescence at the 
critical point. The large fluctuations correspond to the short-time condensation of gas to 
fluid droplets, which however, can again evaporate. These fluctuations become especially 
large at the critical point, where we have py; © Pgas, and they produce a strong diffraction 
of light (opalescence). Also, in the collision of two heavy atomic nuclei there occur critical 
fluctuations in phase transitions. In that case, we deal with the phases of nuclear matter 
as, for example, pion condensates or the transition to a quark—gluon plasma. The critical 
fluctuations result in an increase of the nucleon cross sections, leading to distinct collective 
behavior (comparable to hydrodynamics).* 

Let us now turn to the standard deviation of energy. The mean value is given by 


1 
(E) = D0 Eipin = 3D) Fi exp {-B (Ei — HN) 
i,N i,N 
= ee (9.76) 
2 OB |b 


In this differentiation the fugacity z = exp{S} is kept constant, which is explicitly 
indicated by the index z in the derivation. The quantity (E z) can be calculated similarly, 


Be 
(E’) = 2, Bi Pow = Z 5p “|. y 
ie poe) 
ee a Ea a Spe = 24 9.77 
Zz ap | ven) (E) aB ley (9.77) 


*cf. M. Gyulassy and W. Greiner Annals of Physics 109 (1977) 485. 
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a? a (E) 
2 2 2 

op go Dy I =- — 
| | op? ZV ap 
If one inserts (EF) = U into this equation, one obtains for the relative deviation from the 
mean energy 


y 2 
ee (9.79) 
uv uw \ar)., 


(9.78) 


Va 


This expression is not totally identical to Equation (7.124). There, instead of dU/dT\.y, 
we had the expression 0U/dT|y y. However, the relation between both quantities follows 
from U(T, V, N(T, V, z)), where the particle number in the macrocanonical case depends 
on (T, V, tz) or on (7, V, z), 
aU aU 
OD | eet 


aU 
V.N aN 


aN 
rv OT 


(9.80) 
View 


Here 0U/0T|y,y = Cy is the same expression as in Equation (7.124). Now we rewrite 
the last term in Equation (9.80). For N(T, V, 42) we have (4 = kT Inz), 


aN aN aN Ou 
—} = — — — (9.81) 
OT \y, ey Ou |ry OT \y, 
If one considers the complete differential of N(T, V, w) for V = const., 
aN aN 
IN = ONE ds (9.82) 
OT ly, OM lyr 
then one has fordN = 0: 
aN aN Op 
paoe epee: i 9.83 
aT |, le ee Oe, ees) 


Observe that here the requirement dN = Oenters on the right-hand side of Equation (9.82), 
since there occurs the term ou lv.v,1.€., the derivative at constant N, V, which had at first 
seemed arbitrary. Inserting this into Equation (9.81) yields, with Ou/oT ys = tl) fe 


a ale (9.84) 
vo Ve oT NV , 


One more remark should be made concerning the relation 24 l.v = ©. It follows by 
differentiation of z = exp{Bj} = const. This leads to ya a We ate a uu ies 0), 
which yields at once the asserted relation. Equation (9.84) can be simplified further. To 
this end, one considers dU = T dS — pdV + udN: 


ae (9.85) 
N.V 


aN 


_ ON 
or 


Viz Ou 


aU 
aN 


LL 
cy. aN 


FLUCTUATIONS IN THE MAGROCANONICAL ENSEMBLE 253 


In the last equation we have made use of the Maxwell relation (4.122), i.e., — 2 Inv = 
St \y.v. Inserting this into Equations (9.84) and (9.80) leads to 


2 
he (9.86) 
vit \ ON Iny 


The relative fluctuation in energy is composed of two parts (consider Equation (9.68)): 


ae kF2 aN 1 aU : 
Vee JE 
2 
(9.87) 
TV 


Ue Oe Ou 
namely, the fluctuations which we had already in the canonical ensemble, plus fluctuations 
which are due to variations of particle number. The total fluctuation of energy in the 
macrocanonical case is larger than that in the canonical case, but it approaches zero like 
O(1/ VN) for N + oo. This is exactly the reason why all ensembles (microcanonical, 
canonical, and macrocanonical) for thermodynamic systems with large particle numbers 
yield the same result. 

We have already been able to show that one can calculate the density of state gy (E), 
which is closely related to the microcanonical quantity Q(E, V, N), from the canonical 
partition function Z(B, V, N) by an inverse Laplace transformation. Correspondingly, it is 
also possible to calculate the canonical partition function from the macrocanonical partition 
function Z. To show this, it is best to start from Equation (9.40): 


dU 
oT 


1 aN 
== (Gi; = c= 
zV T op 


Cm ON 0 U 
Ue Ue oN 


SOE AU AY = It SOE AND) (9.88) 
N=] 


Formally, in Equation (9.88) one can also allow for complex values of the variable z = Fh, 
Then Equation (9.88) is nothing but the complex Taylor expansion of an analytic function 
Z(z). From function theory, however, it is well known how to determine the expansion 
coefficientay = Z(T, V, N). There one has 

ZiP VN) ee) d (9.89) 

? 2 = ay Sen SS tee z 2 
( 2mi Jax eo 

Here one integrates on a sphere around the point z = 0 in the interior of the convergence 
radius of Equation (9.88). For noninteracting systems Equation (9.89) is trivial, since 


Z(T, V,z) = exp{eZ(T, V, 1) = )> — [z(7, Vv, (9.90) 


oo UN 
! 
wey Ne 


leads to the well-known equation 


1 
AGEN) Se WAUE SE Oe (9.91) 
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STATISTICS 


1 O Density 
Operators 


Fundamentals 


The starting point of classical statistical mechanics is the realization that a system can 
assume very many microstates for given macroscopic (thermodynamic) state quantities. In 
the framework of ensemble theory we were able to derive, with only a few, very general 
assumptions, the probability density of finding the system in a certain microstate. All 
observable quantities follow then as averages over all possible microstates with respect to 
this probability density. This concept is now to be transferred to quantum systems. 

To this end, we have first to consider how to define a quantum mechanical microstate. 
In classical statistical mechanics, a microstate corresponds to a certain point in phase space 
(r;, pj). For quantum mechanical systems, however, a simultaneous determination of the co- 
ordinates and momenta of the particles is not possible. The classical phase-space trajectory 
(r;(t), pi(t)) is replaced in quantum mechanics by the time evolution of the wavefunction 
W(r,,...,7n, t) of the system. Let us for the moment again consider an isolated system 
with given macroscopic variables E, V, and N. The total wavefunction of the system is a 
solution of the Schrédinger equation 


) x Es ~f, % es eS 
ih Ws PN, Dal (A, i) W Gee oe o) (10.1) 


Since the total energy in an isolated system is also quantum mechanically a conserved 
quantity (for which reason H in Equation (10.1) does not explicitly depend on time), the 
time evolution of Equation (10.1) can be separated, 


es = VEL 
VOL, Find = Wer. Fuyeww {1 | (10.2) 


if the eigenfunction W fulfills the stationary Schrodinger equation 
AWe(,...,7v) = EVeG,.... Fw) (10.3) 
Since Equation (10.3) has, in general, solutions only for certain energy eigenvalues, the 


total energy E of the system can assume only certain values. For a system of macroscopic 
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dimensions, however, the energy eigenvalues are very near each other, and due to degeneracy 
many solutions may even exist for a certain energy E. We have already encountered an 
example of this in the microcanonical treatment of a system of N quantum mechanical 
particles in a box (cf. Chapter 5). 

Furthermore, for macroscopic systems the exact determination of an energy is not at 
all realizable from a practical point of view. Therefore (as for the classical microcanonical 
ensemble), we allow again fora small energy uncertainty AE. Then there exist a lot of states 
having energy eigenvalues between E and E+ AE. Thisis, of course, al] the more valid for 
systems with a continuous energy spectrum. The specific microstates correspond to different 
wavefunctions BOE, , ++ ,7n). One now obtains the microcanonical quantity Q(E, V, N) 
simply by counting the states having energy eigenvalues between E and E + AE, or for 
continuous spectra, by determining the density of states 8(E) and using Q(£) = g(E)AE. 

We proceed in exactly the same way as for the quantum mechanical microcanonical 
treatment of the ideal gas. Instead of averaging over all phase-space points of the energy 
shell E < HG Pi) < E+ AE, wehave to average in the quantum mechanical case over 
all states 2 having an energy eigenvalue between E and E+ AE. However, a microstate 
we by no means yields a certain value for an arbitrary observable quantity f (7;, p;); rather, 
Ff is measured with a certain probability. 

, In quantum mechanics, each observable f(7;, P;) corresponds to a hermitean operator 
Ff (ri, B;). Such an operator has a set of eigenfunctions ¢; (7), ..., 7), such that 


fos = Sor (10.4) 


Each eigenvalue f corresponds to a possible measurable value of the observable quantity 
f(F:, Pi). Ina microstate ae one measures the eigenvalue f with the quantum mechanical 
probability amplitude 


(4| YP) = [an + Pryde, ... Fr) VOG, ..., Fy) (10.5) 


since ne is just equal to the state @ + with this probability amplitude (has the overlap (10.5) 
with $+). Thus, even for a certain microstate one obtains only a probability distribution for 
the possible measured values. If one performs measurements of the observable fF (Fi, Di) 
in a set of identical systems in the same microstate we each eigenvalue f occurs with the 


probability amplitude (9 | we}, The quantum mechanical average of all measurements 
is the expectation value 


@) | A] yO 3 3 i) (= SN Eo = re * 
(wf if" Ve = fa ri. ry VO, ey Ge P)UP Ch, ere ete, 
(10.6) 
In quantum statistics another average adds to this. One is no longer able to tell which 
specific microstate oe the system assumes; one can give only a probability p; of finding 
the wavefunction we . If one now performs a measurement of the observable i in a set 


of such identical systems, one can measure only the average of the quantum mechanical 
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expectation values, weighted by the probabilities p;, 
()= Delve oe) ron 
i 


This, however, is not the most general expression for the statistical average, since here we 


consider only diagonal expectation values (wi? | i | wi}. In quantum mechanics there are 


also measurable quantities which depend on arbitrary matrix elements (vw? | if | we), and 
one has to extend Equation (10.7): 


(f) = Ss Pri (wP \f" wi) (10.8) 
ik 


The quantity p,; is now to be interpreted as the probability with which the matrix element 
(wi? | up | we’) contributes to the statistical average ye of the observable y . The transi- 


tion from the diagonal representation, Equation (10.7), to Equation (10.8) can be easily 
illustrated, if one expands the states we with respect to a complete set ¢;, 


We = day bx (10.9) 
k 


If one inserts this into Equation (10.7), one obtains 


(7) = me ew (¢ be = (x nal (4 if" ov (10.10) 
i ae ; 


kk 
The expression in brackets can now be identified with the more general probabilites py, 
which contain also nondiagonal terms, 


poo Se ay a (10.11) 
i 


ie 


so that one obtains for Equation (10.10) the expression 
(/) = Prk (¢ \f" bx’ (10.12) 
kk! 


One can now interpret the numbers px, as the matrix elements of an operator p in the basis 
of the dy, Pee = (de Al dt). Then Equation (10.12) reads 


(f) = S° (x || ox) (os lf by (10.13) 


ae 


or, because of the closure relation of the basis, 


1 = >) Idx) el (10.14) 
k 


/) 


\ 
| 


~ (oy laf oe = Tr(6f) (10.15) 
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As one observes, the statistical average of an observable e corresponds to the trace of the 
product of the operator f with a statistical operator p, the density operator. The matrix 
elements fj; in an arbitrary basis are just the probabilities with which the matrix elements 
i | fa | k| of the observable a contribute to statistical averages in this basis (see Equation 
(10.12)), ‘ 

From quantum mechanics one knows the general definition of the trace of an operator O: 
he = a: (Px| O |bx). The trace is just the sum of the expectation values of the operator 
(diagonal matrix elements) in an arbitrary basis. The value of the trace is independent of 
the basis chosen, since with ¢, = Ski Wi it follows immediately that 


D2 (il O Ibe) = D> Sz.Se; (Wil 6 |wy) 


k kif 


Dd 84 (il 6 |¥;) = > il 6 Iwi) (10.16) 
ij i 
The unitarity of the basis transformation S is required. 

Expression (10.15) reduces, of course, to our initial Equation (10.7), if one uses the 
eigenstates of the operator 6 or of the observable f as a basis. In this basis, we either have 
Pik = p;5;% OF (i \/' k| = (i if i) Six. 

The prescription (10.15) for the calculation of statistical averages in quantum mechanics 
is exactly analogous to the classical statistical ensemble average, 


ee 1 a 
(Fi, Pi)) = yaw [ doo, FG, Bo) (10.17) 


the only difference being that in the quantum mechanical case one does not sum over all 
phase-space points (7;, P;), but over all states which span the Hilbert space of the considered 
system. The density operator thus assumes the same role in quantum statistics as the phase- 
space density in classical statistical mechanics. The necessity of assigning an operator to 
the phase-space density in quantum mechanics becomes immediately clear, if one considers 
that the phase-space density itself is a classical observable, and we assign an operator to 
each classical observable in quantum mechanics, 


(4 Gl oi) ey yee pee DU eee. Dee) (10.18) 


In principle, we can now write down the density operators of the three classical ensembles; 
we have only to reinterpret the observables occurring in the classical phase-space density 
as operators. 

However, before we do this, we want to investigate the difference between the Statis- 
tical and the quantum mechanical average, as well as the general properties of the density 
operator, in more detail. 
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Pure and mixed states 


Ifa quantum mechanical system is in a certain microstate, described by a state vector jw ” 
we say it is ina pure state. If on the other hand, the system can be in any of several different 
microstates |W’) with probabilities ;, we are dealing with a mixed state. We now want 
to show that the mixed, as well as pure, states can be completely described by the matrix 
elements of the density operator; i.e., all quantum mechanical and statistical averages of 
arbitrary observables can be calculated if the density matrix is known. 

To this end, we first denote the density operator in an arbitrary basis |¢,) in Dirac’s 


notation, 
p= > Idx) Pre (Px (10.19) 
ae 
According to the preceding section, the diagonal matrix elements px, = (bx |A| dx) are 


just the probabilities for the system to assume the special state |¢;,), while the off-diagonal 
matrix elements py, = (dy |A| dx) give the probabilities for the system to spontaneously 
make a transition from a state |¢;) to another state |¢,’). If we prepare our system in such 
a way that it may be in any of the states jw) with the probabilities p;;, and p;, = 0 for 
i + k, the density operator is diagonal (states with sharply defined probability): 


b= > [w) pie (WO | (10.20) 
i 


Here we assume that the states jw ‘ form an orthonormal system. The orthonormalization 
can always be achieved by Schmidt’s procedure (see Volume 1). Pure states are defined by 
the fact that only one state vector contributes to the sum (10.20). For mixed states, several 
terms contribute; i.e., one cannot exactly determine the state that the system assumes. Note 
that the states jw :) are not necessarily complete in the full Hilbert space. They just span 
the subspace of the Hilbert space in which the state vector is not precisely determinable. 

If several states |W(i)) occur with the probability p;;, the system is in a mixed state. 
However, it is in a pure state, if and only if the state vector |¥) of the system is precisely 
known; i.e., 0;; = 1 for one index i and zero otherwise. Thus Equation (10.20) becomes, 
for pure states, 


OS ee NE (10.21) 


If the system is in the precisely defined, pure state lw My the density operator reduces to 
the projection operator 


Pryoy = [BO}(UO! (10.22) 


corresponding to this well-known state, and the respective subspace is one dimensional. 
The density matrix possesses only one nonvanishing element with respect to the states 
Jw , namely, p;; = 1, and py, = 0 otherwise. However, note that with respect to an 


arbitrary basis, the density matrix of a pure state may contain many matrix elements which 
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are different from zero. If one transforms Equation (10.21) to another basis. one finds 


Arne = DT bed (Pel VO} (VO | ber) bel = Ibe) aPa™ (dy (10.23) 
kk! se 


if the ae are the expansion coefficients in Equation (10.9). With respect to this basis the 
density matrix reads 

De =a (10.24) 
From the general properties of projection operators, 

ae, = Fos (10.25) 


since |W) ( Y} WY) (| = |W) Cv], a convenient criterion follows for the case when the 
density matrix describes a pure state. In this case it must be valid——-independent of the 
basis—that 


(pro le ae prure (10.26) 


If, on the other hand, the system may assume several (or even infinitely many) states |W) 
with the definite probabilities ii, the state vector is not fixed, but every vector of the 
subspace spanned by the jue ) may contribute. The p;; are then the probabilities of finding 
the special component |“) in the mixed state. To be able to interpret them as probabilities, 
it must of course hold that 


mS Pi = | 


Cree 71 (10.27) 


We now want to show that if the density matrix is known inone basis, all quantum mechanical 
observables can be calculated. Let be an observable of the system and le r) be the 
eigenstates corresponding to the eigenvalue f. The most general measurable quantity is 
the probability |(d,| %)| of measuring the eigenvalue f in the pure state [¥). This 
probability can be also expressed by the density matrix jP!"@ = |) (W©] belonging to 
the pure state |W). Let Pion) = |r) (b¢| be the projection onto the eigenstate of the 
observable e belonging to the eigenvalue f Gust as 6°" is the projection onto the state 
|). Then the following identity holds: 


(dy worP STs) (10.28) 


To prove this identity, we have to recalculate the trace in Equation (10.28) in terms of the 
basis of eigenstates |) of the operator f. It is 


Tr(AP Pig) = Yd (ér| PT le") 
rz 
D471 ¥)( ¥| b7)( bp] dp) 
he 
( op] ¥)( | 67) (10.29) 
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Here the expressions for 6 = |W)(W| and Pig.) = |r) (by| were explicitly in- 
serted, and the orthogonality of the basis, {¢,| oy) = Sry, was exploited. Due to the 


factor 5, the sum reduces to the term with f = f’. Quite analogously, we obtain in a 
mixed state 


Tr (6P\6,)) 


ED lerl¥}a(¥| eal orl or) 


Dolor] YO) ei ( YO] G9) 


yy pir |(op| ¥)) (10.30) 


i.e., the superposition of the quantum mechanical probabilities I be poy? for each state 
|v) with the statistical probabilities ;;. 

In general, performing the trace for an arbitrary operator and an arbitrary basis |®,) 
yields 


(/) 


n (6) =D {ea)ou(e” 7a 


ki 


xy Pii yD (,| ¥)( w| dy) (Oy /f | 


kk’ 


Soi Yo afa}* (by |f] x) (10.31) 
i 


kk’ 


which, of course, agrees with Equations (10.10), (10.12) and (10.18). In Equation (10.31), 
however, one readily observes the main difference between the quantum mechanical aver- 
age, with amplitudes Al and the statistical average, with probabilities p;;. The amplitudes 
a are complex numbers having absolute values and phases, while the p;; are real num- 
ber probabilities. This means that in the quantum mechanical average, interferences may 
occur—to speak in the language of the wave picture—but this is not the case for the Statistical 
average. 

Let us, for instance, consider the subspace spanned by the vectors [wo), If the state 
vector |W) of the system is exactly known, a linear combination 


Iv) = Soa; |v) (10.32) 
! 
can be formed, where the |“) have, perhaps, to be made into a completed orthonormal 
system by adding further vectors. The coefficients a; = ( w] W) are complex numbers 
with certain absolute values and relative phases (the absolute phase of the wavefunction is, 
as one knows, irrelevant). The quantum mechanical expectation value of an observable y 
now reads 


(de) = Davao" 


i,k 


a 


vw) (10.33) 
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However, if one forms the purely statistical average in a mixed state, where the [w) just 
appear with the probabilities p;;, 


i) = Emu cos 


One observes that the mixed terms drop out in the latter case. Even if one prepares a system 
in such a way that in the mixed state the fii COrrespond by their numbers exactly to the |a; ee 
nevertheless in general one does not obtain the same average, since information about the 
phases is not contained in the statistical average. 

The quantum mechanical average (10.33) is called coherent due to the possibility of 
interference, while the statistical average (10.34) is called incoherent. 


eee 


Example 10.1: The free electron 


A free electron with spin can be described by the wavefunction 
; 7) = — ke? 
i;7) = Qny2 exp f 7| Xs 


with 


1 
X+1/2 = 0 
6) 
X-1/2 = 1 


where s = +1/2 characterizes the two possible spin projections. Each linear combination 
VE = 44 @z 412 + 4-Pj 19 (10.35) 


is an eigenfunction of the free Hamiltonian. The two functions Pz 41/2 and ®; _1/) are or- 
thonormalized, and thus span a subspace of Hilbert space for each momentum or energy 
eigenvalue. According to Equation (10.35), in the state Y; one measures the spin projections 
s = +£1/2 with the probabilities |a,|?. 

As one knows, a certain spin projection of the electron corresponds to a polarized electron 
wave. For instance, fora, = 1 anda_ = Othe wave is right-handed polarized and fora, = 0 
and a_ = 1 itis left-handed polarized. But according to Equation (10.35), all coherent linear 
combinations correspond to a definite polarization state, in general to elliptical polarization. 
One can describe the polarization by the polarization vector 


B = (5 151 Ws), 


where the o are the Pauli matrices. If we insert Equation (10.35) and use the orthonormality 
of plane waves, we obtain 


ac a Ge Bh. 
~ a 
jes (at, a*) G ( ‘| = |) 7 (Chea = a’a_) 


aya, —a*a_ 
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Because |a,.|? + |a_|? = 1, one readily convinces oneself that always |P| = ];iVe., the system 
is maximally polarized. However, if one measures the polarization in a statistical ensemble of 
electrons (e.g., from a hot cathode), these electrons have in general no polarization at all. This, 
however, does not simply mean that both spin projections s = +1] /2 in an unpolarized electron 
beam occur equally often (this would also be the case in a linearly polarized electron beam 
Wyo) (en) = |p| = Ny ./2), but that in the statistical ensemble the state vector in the subspace 
corresponding to s = +1/2 is not determined. One can give only real probabilities o, and 
p- Of finding an electron in the states ©; ,,)2 or ®j__,/2, which means that all relative phases 
of both states may occur. The corresponding polarization vector follows from incoherent 
(statistical) averaging: 


(P| = ps. (Pz 41/2 1Fl Pz 41/2) + O- (PE -1/2 1F O72) 


0 0 0 
= p+|[ 074+ p- 0 = 0 
1 a P+ — P- 


If both probabilities are p, = p_ = 1/2, the beam is completely unpolarized == (0) 


(?) 


In this example, it becomes clear that we deal with a mixed state if we do not have 
the maximum information which it is possible to obtain by quantum mechanics, i.e., if one 
determines only a few quantum numbers (in this example, the energy) from a lot of numbers 
(energy, spin projection, etc.). 

Now several quantum numbers in one state always correspond to several mutually 
commuting operators, which can be simultaneously cast into diagonal form. The subspace 
of the Hilbert space, in which the state vector is not fixed, is now spanned by just that 
eigenstates of the operators, whose quantum numbers are not determined. In particular, the 
density matrix is diagonal with respect to this basis. For instance, the density matrix in the 
preceding example of electrons with spin reads 


0 
p;,s' = G p++ p-=1 (10.36) 
Ua pe 


On the other hand, the density matrix of the pure state (10.35) can be expressed by the az, 
or even simpler, by the polarization vector, 


aGpe aud: 1 ( ee ee 


a 

pure oe * Ok 2 

p ; =. a a_ = — i 5 

va a (2.2) (oe (0 DOR tee eee 


(10.37) 
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Properties of the density matrix 


Some important properties fulfilled by the density matrix can be directly extracted from the 
two preceding sections. From the definition of the matrix elements of the density matrix in 
an arbitrary basis, 


CL = nae (10.38) 
i 


the hermiticity of the density matrix immediately follows, 


Pee = Pre Or Pt =H (10.39) 


since the p; are real. From the normalization, >; P: = 1, one concludes that 


ye i bi (x ef) = | or iea— (10.40) 
k i k 


The density matrix represents a pure state if, as already mentioned, 


BP =>/p (10.41) 


The matrix elements 
pik = (Oy [A] ®,) (10.42) 


in an arbitrary basis are to be interpreted as the probabilities that the system assumes the 
state |®,) (probability o,,), or makes a spontaneous transition from the state |®,) to the 
State |®,-), respectively. Accordingly, the density matrix of a particle in coordinate space 
representation, 


OF =e Va) (10.43) 


is to be interpreted as the transition probability of the particle to go from 7 to r’. The 
diagonal elements p(r) = (F || 7) especially are just the density distribution in coordinate 
space. Analogously, the momentum distribution follows via the diagonal elements from 
the representation of the density matrix in momentum space, (p’ |p| P). Note that one 
obtains only the coordinate space distribution or the momentum distribution, but not both 
simultaneously, in accordance with the uncertainty relation. However, the density matrix 
contains, in addition, information which cannot be understood from a classical point of 
view. For instance, the spontaneous transition probability of a particle from point 7 to point 
r’, measured through (7’ |p| r) , has no classical analogy. 

Let us now study the time evolution of the density matrix. To this end, we allow 
for a temporal change of the particular states Jwe (t)) (in the Schrédinger picture), over 
which one has to average, with the probabilities p;. Each of the state vectors fulfills the 
Schrédinger equation 


0 : a : 
A |WOW) = HY) (10.44) 
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or its hermitian conjugate 


) .; - 
Hse Ol =O OF (10.45) 
On the other hand, the probabilities p; do not change with time, 
ae 10.46 
Ay co (10.46) 


They merely determine how accurately we fixed the state vector in the beginning (¢ = 0). 
Afterwards, however, the system may evolve according to its Hamiltonian, and the p; will 
stay constant, as long as one does not interfere from outside. We obtain the time dependence 
of the density matrix via 
d d : 
ih — p = ih— WO) o;, (BOC 
ot, 2 ()) a (HOO| 


t] 


Y[F YO) 0: (YO = [Y°O) a (Y°O| A] 


= Hp— pH (10.47) 


or 


II 
jal 
> 
ney) 
(pees) 


oe 
iia 


This equation of motion of the density matrix is named after von Neumann. It is the analogy 
to the Liouville equation for the classical phase-space density: 


(10.48) 


oA eer 1H pO (10.49) 
dt ot 

Note that in quantum mechanics the classical Poisson bracket {H, p} is transformed into 
the commutator 1 / ih [# ; il. Let us emphasize that von Neumann’s equation (10.48) must 
not be confused with the dynamics of operators in the Heisenberg picture. This is given by 


a) nee. PUR PS a eae is 
ie Ou (4(t), p(t), t) — 1p a On (q. P, t) ae | Ou, An | (10.50) 


where all states jw | in the Heisenberg picture remain time-independent. Since the density 


matrix is just a linear combination of projectors onto these time-independent state vectors, 
in the Heisenberg picture it holds that 


d 
a (10.51) 
- PH 


In contrast, von Neumann’s equation refers to the Schrodinger picture, where the operators 
possess only an explicit time dependence, but where the state vectors | (1) are time- 


dependent. For the dependence on time of the expectation value of an arbitrary operator f 
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one obtains (Schrédinger picture) 


ne (f) == 1r(Af) air Ge (f)) 


\| 
Bt 
ET 
msl 
aah) 
D 
[ es | 
Shy 
+ 
Roy) 
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al oQ 
ee ioe 
ee 
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Tr (4. A| f) + ih (4) (10.52) 


where a can at most depend explicitly on time in the Schrédinger picture. A density 
operator, which fulfills 


d R 
ih— p= [ A. A| =O (10.53) 
dt 


is called stationary. In this case, which is completely analogous to the classical stationary 
ensemble, one does not obtain any contribution from the time dependence of the density 
operator to the time dependence of the expectation values. 

We now want to consider the density matrix once again, but from 
another point of view. Let a total system be given which consists of 
two interacting partial systems (Figure 10.1). To the first partial sys- 
tem we assign the coordinates &, to the second the coordinates x. The 
time evolution of the total wavefunction W (€, x, t) is determined by the 
Schrédinger equation 


i x 


el " 
Figure 10.1. System consisting th ce WE, x,t) = HE, x) WE, x, 1) (10.54) 
of two interacting partial systems. 


Let § (x) be an observable with the complete set of eigenfunctions ¢s5 (x), 
which depend only on the coordinates x of one partial system. Then the total wavefunction 
can be expanded in terms of the @s(x), where the expansion coefficients ®>(E, r) depend 
on the € and on t. Wavefunctions of the system with the coordinates & are 


W(E,x,1) = D> Os, 1)ps(x) (10.55) 
S 


Furthermore, let f (x) be any other observable of the partial system corresponding to x. 
Then the expectation value is 


(YZ ¥) = (56, n¢s@ [feo] ove, 192) 
Sau 
= Le (EsE, 91 O56, 9) (456) [Fe] dy) (10.56) 


Sas 
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Here two space integrations (Dirac brackets) appear, since one has to integrate over x as 
well as over & in the expectation value (w if" v). If we now set 


Psst) = (Ps, t)| By, t)) (10.57) 
Equation (10.56) becomes 
(w if v) = nS Ps'.s (és) feo] bs:(x)) = Tr (sf) (10.58) 
S.S’ 


Obviously Equation (10.57) defines a density matrix for the partial system x. The density 
matrix thus describes the external influence of the partial systems on the system in which 
the observable ih (x) is observed. In practice, the partial system with the coordinates € may 
be, for instance, a heat bath or something similar. 

It is interesting to calculate once again the time dependence of the density matrix, using 
Equation (10.57) 


ihpss(t) = ih i) dé {D3(E, 1s (E, t) + FE, NOs E, 1} (10.59) 


One obtains the two time derivatives by inserting Equation (10.55) in (10.54), multiplying 
by $%,(x), and integrating over x: 


A a 
ih = bs(E,1) =D (b9(x) |AE, ¥)| x ()) Oe ED (10.60) 
K 
The matrix element still depends on the coordinates &; let us denote it by Hs’x (€). Then 
we obtain 
a 
= Oot) = ) | Hex €)OxE,) 
ie 
a 
ih O56, 1) = — DOLE, DAs) (10.61) 
K 


If one inserts this into Equation (10.59), one gets 


ihpys(t) = > / dé {P3(E, 1)H9 x E)Ox&, 1) — OLE, NA Ks(E)Os(E, 1} 
K 


(10.62) 
Here, one cannot in general express the right-hand side in terms of the density matrix 
(10.57), except for the case where the Hamiltonian H(E, x) actually does not depend on &. 
Then the Hsx(€) = Hs-x are mere numbers and can be brought in front of the integral. 
Then, and only then, the integrals over D¢®x and ©; by can be expressed again in terms 
of pxs and psx according to Equation (10.57). In this case Equation (10.62) reduces to 


ips s(t) = » {Hex pxs — psx Hxs} (10.63) 
E 


i.e., just to von Neumann’s equation. Thus, a necessary condition for the validity of von 
Neumann’s equation is that the system does not interact with its surroundings, i.e., the 
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Hamiltonian of the partial system H (x) must not depend on the external coordinates. This is 
in complete agreement with our prior assertion that the probabilities ; are time-independent 
as long as one does not interfere from outside. 


The density operators of quantum statistics 


After these preliminaries, it is not difficult to rewrite the classical phase-space densities in 
terms of density operators. These can depend only on conserved quantities, since according 


to the preceding section, for stationary ensembles it must be valid that [# : A| = 0. Since 


the classical phase-space densities depend essentially on the Hamiltonian, it is convenient 
to use energy eigenstates as a basis, which are defined by 


H In) = En \dn) (10.64) 


where the index n enumerates all different states. In this basis the density operators have 
to be diagonal, 


Pmn = PnOmn (10.65) 


The quantities p, = (bn | p| dn) can be interpreted as the probabilities that a system assumes 
the special energy states |@,,). Thus, if one measures the energy state in a large number of 
identical systems (an ensemble) which have the same Hamiltonian and the same density 
matrix, one will find an arbitrarily chosen system in the energy state E, with probability 
Pn. In the microcanonical ensemble we fix the energy E of an isolated system up to a small 
uncertainty AE. All states with an energy between E and E + AE have equal probability. 
This is a consequence of our fundamental assumption of equal elementary probability of 
the microstates. It holds in the microcanonical case that 
ee Bos £, = FANE 
Pn = (10.66) 
0 otherwise 

if &2(E, V, N) is the number of states in the considered energy interval. In a system with 
a continuous energy spectrum, one first calculates the density of states g(E), and then 
Se a ae 

Note that the probabilities , can be derived in the same manner as in the classical case. 
Now the discrete energy states E,, assume the role of the surface elements on the energy 
surface. One can denote the density operator also in general in an arbitrary basis. To this 
end, we start from Equation (6.3), and interpret the classical Hamiltonian as Operator 


io) 1:(6(#-6-1)) (10.67) 


This expression looks somewhat pathological, and is not very well suited for calculation. In 
practice, one does better to use the simpler energy representation (10.66). The denominator 
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in Equation (10.67) effects the normalization Tr 6 = 1, while the 5-function vanishes, as 
long as 6 does not act on a state with the energy eigenvalue F. 
The canonical density operator has in the energy representation the diagonal matrix 


elements 
= EXP (LE, (10.68) 
aaa) , 

with the partition function 

Z(T, V, N) = } | exp {-BEn} (10.69) 
Also, in this case, the operator can be written generally in an arbitrary basis, 

exp | = H 
= (10.70) 


exp {6A = ye (a) (10.71) 


The trace in the denominator of Equation (10.70) again effects the normalization and is 
identical with the partition function, 


Yr 


n 


Y= (bn lexp {—BEn}l on) 


n 


ze 
La 
oO 
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oe 
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a (-#4]|0 


S- exp {BE} = Z(T, V, N) (10.72) 
Here, we used the fact that the |@,,) are eigenstates of H with the eigenvalue E,,, so that one 
simply obtains exp {—8 E,,} by applying exp |-6A on an energy eigenstate. 

From the knowledge of the density matrix in any representation, one can determine all 


observable quantities of the system. For instance, the average of an observable ( a is given 


by 


(f)=1 (6f) = i (op [-a]) ike 


This prescription is quite analogous to the classical ensemble average. There we had, 
instead of the trace (sum over all states), the respective phase-space integral (cf., for instance 


272 


DENSITY OPERATORS 10 


Equation (7.69)). Especially for the mean energy, one has 


1+ (exp {24} 7) 


Ey= (4) = “tr (exp [-pA]) = 3 In (Tr exp {-sA}) (10.74) 
or 
Ce -3 mZz(7, V,N} (10.75) 


From the partition function Z(T, V, N) we thus obtain, exactly as in the classical case, 
all thermodynamic observables from derivatives (cf., (7.87)ff). Of course, we identify the 
entropy with the average 


S = (—kIn 6) = —k Tr (A In f) (10.76) 


where the operator logarithm is formally simply the inverse of the exponential function. 
Especially for the canonical density operator, one obtains with Equation (10.70): 


C2are (6 (-64 _~InZ(T, V, N))) = (4) +kinZ(T,V,N) (10.77) 
from which immediately follows, with Equation (10.74) and jee MG Ie 
F=O0—TS = =07 wey Neen {Tr (exp {-6#})! (10.78) 


The equations remain the same as in the classical case, but now one has to calculate the 
partition function using Equations (10.69) or (10.70). 

For the grand canonical density operator the diagonal matrix elements read, in the 
energy representation, 


exp {—B (E, — uN)} 


SS (10.79) 
ae exp ie (En a, uN)} 
The grand canonical partition function becomes 
oO 
Z(T, Vu) = ) Vexp{—B (En — uN)} = D2" Z(T, V, N) (10.80) 
nN N=0 


As in the classical case, it can be expressed as a sum over all canonical partition functions 
with different particle numbers N, weighted by the fugacity z = exp{By}. In operator 
notation, Equation (10.79) becomes 


en{-0(ii-18)| 
aay ean RS me = a (10.81) 
abe (exp |-6 (4 — uN) }) 
Here one has to consider that in quantum mechanics the particle number N is an operator, N. 
Only for systems with fixed particle number can the operator be replaced by the eigenvalue 


N. For systems where the creation and annihilation of particles happens, the operator A acts 
in a generalized Hilbert space, the so-called Fock space. This space is the direct sum of all 
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Hilbert spaces with fixed particle number. Correspondingly, the trace in the denominator of 
Equation (10.81) runs over the matrix elements of exp {-B (4 — uN) |, calculated with 
states of the Fock space. For the entropy it follows that 


S = (-kin 6) = -k Tr (6 (-BH + BuN — in (7, V, »»)) 


= kp (#7) —kBu (") +kinZ (10.82) 
This can be expressed again in terms of thermodynamic quantities, 
Ce OS tN =e kT Ine (10.83) 


where the grand canonical partition function is, in general, given by 


ZV.) = Tr (exp |- (4 — uN)}) (10.84) 


and ® represents the grand canonical potential. As in the classical case, the grand canon- 
ical density operator can be generalized. If, for instance, the conserved quantity O with 


[6, H | = 0 no longer possesses a sharp eigenvalue, but is conserved only on average, we 
have to set 


exp |- (4 —pN + a0)} 
Tr (exp [8 (A — ult +00))}) 


The intensive variable aw (Lagrange parameter) is now connected with the average of the 
operator O, 


(6) = Tr (60) (10.86) 


i == (10.85) 


If one fixes the intensive variable Ba, a certain average value of the observable O is assumed 
according to Equation (10.86). This is completely analogous to the fact that a certain mean 
energy is assumed when the temperature is fixed, or that a mean particle number is assumed 


when 2A is fixed. On the other hand, for a given average (6) one can determine the intensive 


quantity Ba from Equation (10.86). 

AS we see, we just obtain the expressions for the density operators in the energy 
representation which we had already used earlier for the description of quantum systems in 
the framework of classical statistics. 

Obviously, the introduction of density operators does not yet solve the problem of 
particles being indistinguishable, for we had obtained in the quantum mechanical, micro- 
canonical calculation of the properties of the ideal gas in Chapter 5 essentially the same 
result as in the classical case. The result had to be corrected for the Gibbs factor, as did the 
classical result. We will obtain a solution to this problem and thus a consistent quantum 
statistical theory only if we regard the fact that identical particles are also indistinguishable 
in the quantum mechanical states. 

Before doing this, we want to calculate the density matrix for some concrete cases. 
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Example 10.2: Free particle in the momentum representation 


We look for the canonical density matrix in the momentum representation for a free particle 
in a box of volume V = L? and periodic boundary conditions. The Hamiltonian of a free 


aS oe : : 
particle is H = p /2m, and the energy eigenfunctions are plane waves; 


hk? 
Hig) — 216.) ) with oe ae 
and 
Bs 1 S45 ~ 20 
aa) Wi exp {ik 7}, c= Fp ah Dp = 0, sell, Seo 5 vec 


(10.87) 
The energy eigenvalues are thus discrete, but their mutual separation for macroscopic volumes 
is so small] that one may again return to continuous momenta and energies. The advantage of 
the formulation using a box and periodic boundary conditions is that we have automatically 
included in the description a finite volume for the particles, which is not the case for free plane 
waves. 
The functions ¢; (7) are orthonormalized, 


( dj | $i) = Op; a Bn ing Snyyny bn nz 


and complete with respect to all periodic functions, the wavelengths of which fulfill Equation 
(10.87): 


YO F)6,@) = 8% — 7, -5 aT = (10.88) 
i 


We first calculate the matrix elements 
2 
ph ke 


2m 


(7 lexp {-6/7|| di) = exp {- ( dj | d:) = exp {- | ve ——« (10.89) 


One immediately anticipates this, if one inserts the Taylor series expansion for exp |- BH |. 


Each term H” then yields the eigenvalue (Gik)? /2m)", and the whole expression becomes 

exp {~B0ik)?/2m)}. The canonical partition function becomes 
x e ph? = 
Z(T, V, 1) = Trexp {-pi| = (6; lexp {-64|| ¢] = "exp {- aa 

; i ae 

. (10.90) 
Since, as already mentioned, the eigenvalues k lie very close together in a large volume, the 
calculation of Equation (10.90) can be performed without large error by replacing the sum by 


an integral. 
ie = ph? - V mn \?? V 
d°*k —~——kR} = —— { 2 = =. 
as | exp = | aay | ar) Vos 


The factor V /(27r)? must appear, because Equation (10.88) still has to be fulfilled after replac- 
ing the sum by an integral. The partition function is thus identical with the classical result. 
However, in contrast to the classical calculation of Z (T, V, 1), the factor h73 appears here 
automatically. Remember: The unit of volume h2 in the phase space for N particles was 


VAGUE. NW, il) 
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obtained in Chapter S, only for a quantum mechanical system, and then applied for all classical 
systems. 
The matrix elements of the density operator thus become 


(by |6| &) = — 7 ex | P| a 


Thus, the density matrix is diagonal, and the matrix elements have the same form as the 
classical momentum distribution. 


Example 10.3: Free particle in the coordinate representation 


We look for the canonical density matrix in the coordinate representation for a free particle in 
a box of volume V = L? and periodic boundary conditions. 

In the preceding example, we calculated the matrix elements of ~ in the momentum 
representation. We need only to transform these into the coordinate representation; 


he me ce 
( |ale) = > exp |- 5-7 vi 


where for the sake of brevity, we denote only the quantum numbers in the bra and ket vectors. 


7 AAA ae) 

Rk 

= Hee) & exp {- ei ei) ¢* (7) 
k’k 


Tl ae Cie ee 
= = eee 10.92 
V Gn) fa k exp ve + ik. (7 —7) ( ) 


Here the sum was again replaced by an integral. The integral can be reduced to a Gaussian 
integral, if one completes the square in the exponent, 


alo 


( |Alr) 


at he 5 ; 2a a 
See {P- 2 -9-84+(3) (r -7| - re (r =P 


with the abbreviation ky = i (r’ — r). Equation (10.92) thus becomes 


aya es Ne ] m 37 ph? 
(r |6|7} = — —— exp - (r’ — F) d°k exp 5} —-—  (k-) 
V (27) 2h? 
Now the vector Ko is complex, but as one knows, the Gaussian integral does not depend on the 
position of the center. We thus obtain 


ee AS i Tee Im \*? 
(7 A| 7} = Vv (27)3 exp |— 5 (7 7) pre 
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= exp (2 ar = 7)’ (10.93) 


where we again used the often occurring thermal wavelength A = /h?/227mkT. Hence, in 
the coordinate representation the density matrix is no longer a diagonal matrix, but a Gaussian 
function in (r’ — r). The diagonal elements of the density matrix in the coordinate represen- 
tation can be interpreted quite analogously to the preceding example as the respective density 
distribution in coordinate space. This again agrees with the classical constant density: 


(7 


The nondiagonal elements r 4 r’ can be interpreted as the transition probability of the particle 
to move from a position r to a new position r’. These transitions are related to the quantum 
mechanical uncertainty of nondiagonal observables. They are restricted to spatial regions 
having the size of the thermal wavelength. For large temperatures (A —> 0), this is hardly 
observable, but for low temperatures, A may become very large. This is a first hint of the fact 
that quantum effects play an especially large role at low temperatures. 

In the following, we will often need the matrix elements 


= 
(7 


wherefore we here introduce the abbreviation f (r’ ~ r) for them. 


al?) = p@) = = 
PNG ria el ar ay, 


7] = = exp [-3 (F’ - 7)’ — i —) (10.94) 


exp {-ba| 
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Exercise 10.4: The Wigner transformation 


Solution 


One can assign to each quantum mechanical one-particle operator Or, P) a corresponding 
classical observable Ow (7, p) via the so-called Wigner transformation, if the matrix elements 


(*|o 


*) in the coordinate representation are known: 


ae = Wes 
Ow(R, p) = [(a- 57 


The reverse of the Wigner transformation (10.95) is the quantization prescription of Weyl. 


i 


hi 


Shae le ies. V- 
OR + SF)exp| pF a (10.95) 


This allows one to assign to each classical observable Ow (F, p) matrix elements ( 0 7] of 
a quantum mechanical operator O in the coordinate representation: 

ate a pd il 1 ay pay a t pat Shof =e Bic: 

(7 dl?) = | Ow a +7), p|exp oa = aan (10.96) 


Show that 
1) The Wigner tranformation (10.95) of the matrix elements (r’ p| r) of the quantum 
mechanical density operator (10.93) yields the classical canonical phase-space density p(r, p). 
2) Weyl’s quantization prescription, applied to the classical canonical phase-space density, 
leads to the matrix elements (r’ p| 7) of the quantum mechanical density operator. 


1) We have to calculate 


es, ~ eee 
ali, b) = [ (R= A 
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with the matrix elements (10.93) 


R | ie a R be. = 1 ae 32 
Sea a aaa 
R Sue ] ae Ag 32 We ees 
pt oar rexp\— 75 |? aaa (10.97) 
As in the preceding example, we can complete the square in the argument of the exponential 
function, 
S es = 
2-2 r= (r —1o) —7) 
if we set?) = & p. Thus Equation (10.97) becomes 
> 1 ie x = Mo sy 
p(B. B) = = exp | Si} f rex [-% & ~ 70" 
The Gaussian integral has the value A. Inserting the expression for rp therefore yields 
2 ? mh? ie B 
R,p)= — ee eee = 5 10.98 
PCR, p) 7 ex? | = Bt 7 P| i ( ) 


This is just the classical canonical phase-space density (cf. Example 7.4). 
2) If one inserts Equation (10.98) into (10.96), one has to calculate 


Sp lel = Tae = ea, Sines z 
Pia a> f oml-ae (H-2RP eA) 
Again, we can complete the square in the exponent, 


= De See, on ts bs 
PD ie) Me sh 


if we set Po = : (F’ —7). It follows that 


Pa nie ee Cae ee epee 
(r lal 7) = a ye | Sat fa pewp{-2- (be) 


The value of the Gaussian integral is now, with A = /h?/22mkT, 


2mn aie a h3 
B ee 


If in addition, we insert the value of pp in the exponent, we end up with 


ay Tee 1 ie = eee 1 Tie ae 
Pia ee (7 -7)'| = 5 exp |-% @-?))] 


which exactly agrees with the matrix elements (10.93). 


Exercise 10.5: Calculation of (4 for a free particle 


Calculate the average of the Hamiltonian for the system of a free particle discussed in the 
preceding examples. 
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Solution The average is defined as 


i) = (68) 


One calculates it most conveniently in the momentum representation, 


y= ORE 
hak 
3 a 272 
_ D (= ) {- 7} in & sn 
RK 
2 43 V = = 
= na Oke [ eke exp | oil 


h2 D foe) 2 
= J dkk* exp }— de ie 
2m (2x)? Jo 2m 


With the usual substitution, x = = pie 42 this becomes 


2m 


: SS ile 2p ales 
(A) Sheds = a yy dxx?!? exp{—x} 
m (2)? 2 \ Bh ; 


The value of the integral is (5/2) = 3./m /4. If one reorders the factors and usesh = h/27, 
it follows that 


f\ = Aer (10.99) 
(A) = 5 


The average of fai just corresponds to the classical average. This average can, of course, be 
obtained directly from the partition function 


V 
ZAC Val) iG 


since 


A Ps gs Cia 7) =-Gh Tr (exp {|—BA 
(canyon ol-#4)) 


a ln a a) 
op 


which, however, leads to the same result (10.99), 
_ eee 
Exercise 10.6: Canonical density matrix for N free particles 

Calculate the canonical density matrix in the momentum and coordinate representations for 


N free particles in a box of volume V = L? with periodic boundary conditions. Assume the 
many-particle wavefunction to be the product of the one-particle states (10.87). 
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Solution The many-particle wavefunction 
N 

» een) — [lee G. (10.100) 
ll 


: : : 2 ; n 32 
is an eigenfunction of the Hamiltonian H = oe p;/2m. In the following, we abbreviate 


the state vector by la Berens kw), 
babi a 7 ~ N Rek2 
H \ky, ey = Blan) with E=S ot 
f=1 te 
Our aim is now to calculate (k, Une ky J \A| ki, aioe ky). At first, it is quite analogous to 
Equation (10.89): 
(k ee eee ies é lexp {-6\| a Snthiee kw) = exp{—BE}5y" x, +e. BK kw (10.101) 


since the operator exp{—B H} can be written as a product of one-particle operators, so that 
also the total matrix element (10.101) becomes a product of matrix elements for each particle. 
Now the partition function 


ZUPEVON yee (exp |-sA}) = (i, Beicg lexp {sf} | ke kw) 


Ky ky 


has to be calculated. The trace runs over all mutually different energy eigenstates. These are 
all assumed, if each momentum vector k; assumes all possible values. This partition function 


also factors, 
N B = 
Z(T, V, N) = HD (é exp |- £ 7| i) 
i=l kj 
N 
| 2G ZG va 


ll 


We thus get with Equation 10.91 of Example 10.2 


N 


V 
ZV or (10.102) 


3N 


If one compares Equation (10.102) with the classical result (7.50) one notices that the Gibbs 
correction factor is missing. The introduction of the density matrix is thus, as already guessed, 
in fact not sufficient to remove the problem that identical quantum mechanical particles are 
indistinguishable. The reason is that in the wavefunction (10.100), the particles are still 
considered distinguishable. The wavefunction (10.100) just represents the fact that particle 
no. 1 has momentum hk, particle no. 2 has momentum hk, etc. In reality, however, one is 
not able to tell which particle of a quantum system occupies which one-particle state. Thus, 
the mistake is caused by the too naive Ansatz for the many-particle wavefunction. This is an 
eigenfunction of the Hamiltonian, but each other wavefunction, which follows from the first 
by renumbering coordinates (or momenta), is also such an eigenfunction. In the next section 
we will extensively discuss this problem. 
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With Equations (10.101) and (10.102), the density matrix reads 


a Ee es N 23 ph? oy 
Cee cr p bbs) = TF exp | 2} i, (10.103) 
As suggested above, we also want to transform Equation (10.103) into the coordinate 
representation: 
(ry . tw’ |p Ti Ty) 


a yy y fee a (10.104) 


Here the closure relation 
= reer Nite a => | 
[ijcccend oy 


was inserted twice. By insertion of the wavefunction and Equation (10.103), Equation (10.104) 
becomes 


Se — i bf 
ie rai p 


N 
| ae (I: “)) (10.105) 


3n N ie Bre = 
= 2 [1% (:) exp | ia (,) 
yan 


ll 
= 
ep 
2 
=—_ 
ea 
—— 
oO 
Ped 
eo} 
—_ 
| 
2/8, 
ont 
a 
——et 
a 
-~ 
= 
Ne 


a 


In the bracket expression (10.92) for particle i appears. Therefore, the matrix element 
(10.105) is also simply the product of the one-particle matrix elements, 


. Pee ~\_ T(! ia 
ere p Ai = TE (5 exp |- 5 @-#}) (10.106) 


Exercise 10.7: Density matrix of a harmonic oscillator 


Calculate the density matrix of a harmonic oscillator in the energy and coordinate 
representations. Study the limiting cases T > oo andT —> 0. 


Hint: The energy eigenfunctions in the coordinate representation are 


ey ra Os i 
i) i=) Jai exp |. (10.107) 
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with x = ./mm/hq and the energy eigenvalues E, = hw (n ar t). 


representation 
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Use the integral 


Solution 


d n 
H, (x) = (—)" exp {x7} (=) Exp] 1} 


sal 
= ——— (—2iu)” exp j;—u* + 2ixu} du (10.108) 
= I. { 
The density matrix in the energy representation is trivial: 
: ] ] 
Pmna = Pine with Pr = z exp {-Aw (x + >) , BSW, My 2ycoe 
where 


Z(T, V, 1) = Tr (exp {|-BA}) = Yew {- Ao (n+ 1] 


= [aes 


was already calculated in Example 8.1. 


On the other hand, the coordinate representation is somewhat more difficult to obtain: 


(q' |a| a) = > (a’] 2} (0! [Al n) (ala) 


an! 


Here we have twice inserted the complete set of energy eigenfunctions (10.107). 


a’ (Bl a) = Do Pura enn BF) 


nn! 


] 
= 5 SS exp {=A (x + ;)| wg) ¥,(q’/) 


ee (me) ew |= 5 (7 +4")} 


Here one now inserts the integral representation (10.108) of the H,,, 


oo 


d= 2 ayer tal 
(q' |Al¢) = ae =) exp +5 ( Hx | o du e ye 


(—2uv)" 


n! 


1 
exp {A ¢ aL, ;)| exp {-u? + 2ixu} exp {-v? + 2ix'v} (10.409) 
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The summation over n can be carried out, since 
ee. (= 2uvy" i 

x pire exp | fo ¢ ste ;)| 

=o ni 2 


loa) 


exp {- : fro » - (—2uv exp{—fha})" 


n=0 


Il 


exp {- ; pro} exp {—2uv exp{—fhw}} 


Thus Equation (10.109) becomes 


Ah 1 smo \!/2 lS eee ac pia 
(7’ || ¢) = ==) exp oo (x? + x? — Phiw) a du ae dv 
exp {—u? + 2ixu — v? + 2ix'v — uv exp{— pha} } 


The argument of the exponent is a general quadratic form, which can be also written in 
the form 


—u? + 2ixu — v* + 2ix’v — uv exp{—fhw} = — 


if we put 


A=2/ 1 irae) b=2(7), o-(*] 
exp{— fiw} 1 x v 


Now the general formula 


Ss 1 Re er. We 3) n/2 ae ee 
pow exp {5 a" Aw +ib- i| apenas exp {- BTA} (10.110) 


holds, if A is an invertible symmetric matrix. 

One proves this as follows: At first one substitutes the new variable =  — i y, where 
the vector y is defined by » = A-'b. The Jacobian determinant of this transformation has the 
absolute value 1, so that no additional factors appear in the integrand. Then it holds that 


ee “a= a > 1 — > “ -> ah > Ae: 
3 W At + ib. td = —> + i3)" AG + ij) + -E +35) 


II 

| 

! 
N 
ass 
AN 

| 

| 


[ee sl =e 
=—=27'AZ— —b’ Ab 
g, 2 


. In the second line, the second and the next-to-last terms cancel each other because p - Z= 
bz. The third and last terms can be recombined as well because b - y = b"y. The second 
term in the third line no longer depends on Z, and can be brought in front of the integral, while 


the first term is a pure quadratic form. For each symmetric matrix A, there exists an orthogonal 
matrix O with O-' = O7 and det O = 1, so that 


O'AO = diag(Ay, ..., An) 
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is a diagonal matrix with the eigenvalues on the diagonal. With the new variable 3 = O~!Z 
one obtains 


> le, ae = 1 # Z 2 
[ evzenp|- 5 2742| = [arses 5 ) asi = [] = 
i=] i=l i 


The Jacobian determinant of the transformation Z — $ is just the determinant of O, which has, 
however, the absolute value 1, so that again no additional factors appear. The product of the 


eigenvalues, however, is equal to the determinant of A, since detA = det {Ado-| = 


det {o-'40} = det {07 Ao] = det {diag(A;,...,4,)}, hence Equation (10.110) is 
proven, With 
oe 1 1 — exp{—fha} 
21 — exp{—2fhw}) \ —exp{—fhia} 1 


det A = 4(1 — exp{—2fho}) 
BT Ab = —(1 — exp{—2fhw})™! fe x exp{—fho}), 


one obtains — $ 


Heit 2 ONE exp {— 5 Bho} 
ia’ lala} = = (=) Pas ANE 


Z \ ah 1 — exp {—2fha})}/2 


x ool Ge + _ — (1 — exp{—2fhiw}) 


(ae aod cot-m)} 


Ul 


its 1 mo ve Ih ge n XxX 
a‘ lla) = = E- a | me {-5 9) CO GEO acon 
If one here exploits the identity 
1 7 _, ____ sinh(fhia) 
tanh € a) = {cosh(fhw) — 1}(sinh(Biw))~ = We cach nena) 
one finally gets 
Fae 1 mo ie 
ia’ |bla) = 5 | an 
1 
x exp {- = c aq Je tanh (5 pio) 
+ (q—q')’ coth (50) || (10.111) 


The diagonal elements of the density matrix in the coordinate representation yield directly 
the average density distribution of a quantum mechanical oscillator of temperature T: 


1/2 1 
pq) = E tanh Ga) exp {- = tanh (5) | 
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This is a Gaussian distribution with width 
1/2 
h 
a (a ere yy ae 
2mwq tanh ( 5 phw) 
In the limit of high temperatures, fiw < 1, one has tanh (} iw) ~ 4 Bho and therefore 
oS moe \'/? ma’q? 
= oo xX = 
gt) mt “aap 
This is just the classical distribution, which one can obtain also from the classical phase-space 


density. 
In the other limiting case, Bliw >> 1, one has tanh (4 fiw) ~ 1 and 


n= (2) ene) 


mh h 
This is the purely quantum mechanical density distribution of an oscillator in the ground state 
(T > 0). 
The density matrix (10.111) thus contains, for high temperatures, the classical limit, and 
for very low temperatures, the quantum mechanical ground state density. 


_—_ OO -C rrrr eeeeSSSSNSE 


The Symmetry 
Character of 
Many-Particle 
Wavetunctions 


We now want to turn to our often-announced solution of the problem of the principle of 
indistinguishability of identical particles. This property of quantum mechanical objects 
cannot be readily understood from a classical point of view. In classical mechanics it 
is always possible (at least theoretically) to determine at each time all coordinates and 
momenta of the particles. Therefore, one can follow the path of each particle in phase space 
during the course of time. The particles possess an individuality which expresses itself in 
the fact that they can be enumerated, and in the fact that one exactly knows at each instant 
the state of motion (coordinates and momentum) which any particle assumes. 

In quantum theory however, this enumeration of particles makes no sense, since a 
particle cannot be located more accurately in phase space than the size h? of a phase-space 
cell. This is, of course, a consequence of the uncertainty relation Ax Ap > h. Since 
the particles do not move on individual paths in phase space, but rather are smeared over 
a whole range with a certain probability, one can determine only the total probability of 
finding a particle in a phase-space cell. However, one can never decide the question of 
which particular particle is in the cell. 

When discussing the canonical phase-space density, we saw that the indistinguishability 
of identical particles can at least be implemented in the classical theory subsequently “by 
hand,” which lead us to the Gibbs’ correction factor. We also saw that the indistinguishability 
of particles is closely related to the invariance of the Hamiltonian with respect to a change in 
enumeration of the particle coordinates and momenta. This invariance of the Hamiltonian 
has more far-reaching consequences in quantum theory than in classical mechanics. From 
the lectures on symmetries in quantum mechanics (Volume 2 of this series), it is known 
that to each symmetry property of the Hamiltonian H belongs a further operator which 
commutes with H and can thus be diagonalized simultaneously with H. This means that 
the energy eigenfunctions can be constructed in such a way that they are also eigenfunctions 
of the symmetry operators. It is not difficult to find symmetry operators which belong to 
the invariance of the Hamiltonian with respect to a change in enumeration. They are just 
the operators Pi. which exchange the coordinates r; and r, in the wavefunction: 


PD (een ee) Fy ey Dey ae iy oo TN) (11.1) 
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If the Hamiltonian is invariant with respect to a change in enumeration of all particles, it 
holds that 


Polat forall G@k=1,,..,N with 7k (11.2) 
The eigenfunctions of the P;, have to fulfill 

Pi Wi Ci en ns 

eee ee ea eee ee) (11.3) 


where A stands for the possible eigenvalues of the operator P,,. If one once again applies 
the operator P;, to Equation (11.3), it holds that 


ec cres | Cum anes a eee ee ST, SAS, a 

(11.4) 
i.e., the real eigenvalues A have to fulfill A227 = 1. Thus, the operator P, can have only the 
eigenvalues 4 = +1. Under an exchange of the coordinates 7; and 7;, the eigenfunctions 
of the Py can therefore either remain the same (A = +1, symmetric wavefunctions), or 
change their sign (A = —1, antisymmetric wavefunctions). A generalization of the pair 
exchange operator is the permutation operator P, which generates an arbitrary permutation 
of the indices: 


HW 7a) ee Fee ae) (11.5) 


where P,,..., Py is a permutation of the numbers 1, , N (actually a separate operator 
belongs to anh permuation, but one mostly speaks ae ie permutation operator). If the 
Hamiltonian commutes with all P;,, or equivalently, with the permutation operator, the 
energy eigenfunctions can be constructed in such a way that they are either completely 
symmetric or completely antisymmetric under an exchange of two arbitrary coordinates (or 
particle numbers, respectively). 

If one starts from an arbitrary energy eigenfunction W (7), .. , fv), without a well- 
defined symmetry character, one can obtain the completely sunmatie and antisymmetric 
wavefunctions via 


WG yA eee (11.6) 
P 
Cee) — EC rl eee) (11.7) 
P 
Here one sums over all permutations P),... , Py of the indices 1,..., NM. The sign (—1)? 
in Equation (11.7) is defined by 
r +1 Even permutation 
(-l)' = (11.8) 


—1 Odd permutation 


This ensures that Y“ remains antisymmetric under the exchange of two indices. The 
notation even and odd refers to the number of pair exchanges necessary to obtain a certain 
permutation. The factors A and B can be determined by the normalization. 
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It is an experimental fact that nature can be described correctly only by wavefunctions 
having well-defined symmetry. Moreover, as experience teaches us, the eigenvalue 4 always 
has the same value for each particle species. In other words, in nature there exist obviously 
two kinds of particles: particles that are described by symmetric wavefunctions and that 
are called—after the Indian physicist Bose—bosons, and particles which are described by 
antisymmetric wavefunctions and are named fermions, after the Italian physicist Fermi. 

Exactly as in the classical case, noninteracting systems are simple to treat in quantum 
mechanics, since the corresponding Hamiltonian splits into a sum of one-particle operators: 


N 
IG eye i Ny) = GE aD) (11.9) 
=i 


If the eigenvalue problem of the operator hii, Pi) 
hdc @) = edi?) (11.10) 


is solved, one can construct the total wavefunction from the one-particle functions ¢, (7). 
The most simple eigenfunction of the Hamiltonian (11.9) is 


N 
Ue Gree) — | | o,. 0) (11.11) 


issil 


Here we denote the quantum numbers of the occupied states by an index. The wavefunction 
has the energy eigenvalue 


N 
Ee ac (11.12) 
i=] 


The product wavefunction (11.11) can be written in a clear way in Dirac’s notation, using 
bra and ket state vectors. The state vector of the many-particle wavefunction can be char- 
acterized by the quantum numbers of the occupied states. It is the direct product of the 
one-particle state vectors: 


[ki1,---. kw) = ki) |k2) +++ lk) (11.13) 


The corresponding Hilbert space is the direct sum of the one-particle spaces. Equation 
(11.13) then means that particle no. 1 is in the quantum state k), particle no. 2 in the state 
ky, etc. The hermitean conjugated state vector reads 


(Gin | = en | (Reyer (ky (11.14) 


In Equations (11.13) and (11.14) one always has to take care of the order of the quantum 
numbers, since here we have assumed that the particles are distinguishable, and it is thus of 
importance which particle occupies a certain state. The state vectors are orthonormalized, 


(= Rj nen) = (| (Read (|) > Hen) 
( ky] kr) ( ka] ka) +++ (Riv] Avy) 
5(k, — ky)5(ky — k2)--- 8 (ky — kw) (11.15) 
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and complete, 


D= SO [k++ key) Uhr s+ ken (11.16) 
k kn 


if such is the case for the one-particle states. An arbitrary wavefunction (even for interacting 
systems) can therefore be expanded in terms of the |k;---ky). For discrete quantum 
numbers, the 5-functions in Equation (11.15) are, of course, to be interpreted as Kronecker 
symbols. The wavefunction (11.11) follows as the coordinate representation of the state 
vector 


NO Wer a) eee litaacnl ay) 
= (ryl (ry—il +++ (71| 1) |ko) +++ kw) 
= bk, (11) be, (72) +++ Diy Fn) (11.17) 


This wavefunction does not have a well-defined symmetry, since the exchange of two coordi- 
nates (or equivalently, two quantum numbers) leads to a completely different wavefunction. 
On the other hand, the Hamiltonian (11.9) commutes with the permutation operator, and 
thus we can also construct eigenfunctions with a well-defined symmetry character: 


ae (1,...,7v) = Norm > Py, (7) -- - Dey (Fn) (11.18) 
P 
1 - 
do es > % 2 
Deny Cine eter) FAT LC)" Pon, (1) b4, Oy) (411.19) 
Here one sums over all permutations P,,..., Py of 1,...,N in the arguments of the 


one-particle wavefunctions ¢,,(7r,,). However, one immediately notices that it is irrelevant 
whether one permutes the indices of the coordinates or of the quantum numbers. The 
antisymmetric wavefunction (11.19), which describes fermions, can be interpreted as a 
determinant, 


Py (71) +++ by, Fn) 
ro eae . ! 
Oy ee are i det : (11.20) 
Pky (71) +++ bey (Fn) 


This determinant is also called the Slater determinant. Here the well-known Pauli principle 
for fermions becomes immediately obvious, which tells us that two equal fermions cannot 
occupy the same one-particle state. If this were the case, two of the quantum numbers 
k,,...,ky would be equal, and thus two rows of the determinant would be identical. 
Then, however, the wavefunction would automatically vanish. 

In contrast, arbitrarily many bosons may occupy the same one-particle state. This 
fact makes the normalization of the symmetric wavefunctions (11.18) more complicated. 
It namely depends on how many of the quantum numbers k;,...,ky are equal. If, for 
instance, the state k, is occupied by n; bosons, ky by nz bosons, etc., where, of course, 
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N = )>; nj, the norm from Equation (11.18) becomes 


=i?) 


norm = [N!n,!n2!---] (11.21) 


This becomes clear, if one considers that there exist ail in all exactly N! permutations. 
However, the n; mutual permutations of the same quantum numbers lead to the same term 
in the sum in Equation (11.18). 


Example 11.1: Normalization of the symmetric two-particle wavefunction 
We calculate the normalization of the symmetric two-particle wavefunction 
Wr, 72) = (71) G2(F2) + bi (72271) 
WS = PFT Fr)b1 Fi) Gar) + PTEF)OF Fr) 2) G2) 
+ O2(72)03 (71) O17 1) b2F2) + OF 72)O3 i) bi (72) 6271) 


If ¢, and @ are orthonormal, the second and third terms vanish when integrating over 
coordinates, { ¥5| W) = 2. If, however, both particles occupy the same state ¢1, the mixed 
terms also contribute, and we obtain { W5| W5) = 4. Both cases are described by the norm 
[N!nj!n2!---J7'/?. In the first case, N = 2,7; = 1,n2 = 1,..., and in the second case, 
iM = Do = 2st = Ohne se 


The (anti)symmetrized wavefunctions also can be written more clearly in Dirac’s 


notation, 
1 p 
Ave A —. SP leis Fe 
[Kase es ky) Twi DE Pky Nn) 
1 
1 y 
ky,..-,kw)> = == )_ Pi\ky,.--, kn) 
i : JNIS ym 
= ST ee (11.23) 
JNis S 
Here the factor S~!/2 represents the additional normalization, if several of the k;,..., ky 


are equal. One can easily prove, with the help of Equations (11.22) and (11.23), that the 
(anti)symmetrized wavefunctions have a well-defined symmetry character: 


Pic oli@l leaks a = na (11.24) 


Pleo SR. OE Sue ae (11.25) 
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They are even orthonormalized: 


AT nape (ee 
! 4 , 
a Gy DEG Cae (eae enti 


Rea ee ree ae 
P 


= D7 (-1)?8(k, — kp, )8(k, — kp,) --- Ky — kp, ) (11.26) 
P 


Here, we have exploited the fact that the twofold sum over all permutations is equal to 
N! times the single sum over all permutations, as one readily convinces oneself eo, for 
N = 2. Since the right-hand side does not vanish, even if any permutation of {k,,..., kn} 
is equal to {k}, ..., kj,}, two states which differ only by the order of the quantum numbers 
are no longer to be considered different (orthonormal). 

For the symmetric state vectors, analogously, it holds that 


1 
ek aoky | Eee kul = [= Ea — kp,)8(k, — kp.) +++ 8(ky — kp,) 
(11.27) 
One readily observes that the additional factor is again necessary, if several quantum num- 
bers are identical. The wavefunctions again follow as coordinate representations of the state 
vectors 


S a 1 * = 
wi Ra Jeg Nees Nee (Tre Fale 
VN! 
1 A 
ae ale Nt ei eee: 
~ yi gE I)” Pb, 71) +++ bin Tw) (11.28) 
S ~ = Lee eS 
Vi, oe EN ais Virose een ei eerien,) 


I 5 =? > 
JNin ing) De Pb Fd by Fw) (11.29) 
Inyingh=-- & 


The state vectors (11.22) and (11.23) form a complete system in both partial spaces of 
(anti)symmetrized states. An arbitrary wavefunction (even for interacting systems) can be 
expanded in terms of these functions: 


if 
ee as nae oy, (11.30) 
ee Kipeeek 
Trees KN 
1 
i SS SR ee Gee tel (11.31) 
N! ky ky 


Here, 1 and 15 are the unit operators in both partial spaces. 
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The additional factors [N!]~!/* in Equations (11.28) and (11.29) provide the normal- 
ization according to Equations (11.18) and (11.19). On the other hand, these factors cancel 
in Equations (11.26) and (11.27), since we have two sums over all permutations. One 
of the sums can be replaced by a factor N!, which cancels the two factors [NV 1}-!/2 from 
Equations (11.22) and (11.23). An additional factor [N!]~! is required in Equations (11.30) 
and (11.31). Namely, if the quantum numbers {k,, kz, . .. ky} run over all possible values 
independently from each other, there are sets {kp,, kp,, ...kp,} in the sums in Equations 
(11.30) and (11.31) which differ only by the ordering of the quantum numbers, but which 
correspond to the same microstate. Thus, each microstate is counted NV! times in the sums 
in Equations (11.30) and (11.31). 

We now prove that 14 indeed acts like a unit operator in the space of antisymmetric 
states. To this end, we show that 


Ie lky, a0 0 vey)” 


SS A) AS OD ey 


1 
=— SO [ky..-. ky)? SOD? 8 — kp.) 8 Ky — key) 
i P 


ne ae 
1 
= DCD [ke key)” = yi Ds ook 
a 
Sj ee (11.32) 


where the relations (11.26) and (11.24) were used. The proof for bosons is analogous; only, 
in the second line of Equation (11.32) we have to take care of 


1 
D> [Rises Ru) ee DUK — kp.) + 8K — Key) = hes sa 
Kok’, VSS! “SD 
(11.33) 
Here the additional normalization factor is again necessary, if several quantum numbers are 
identical. 


The (anti)symmetrization of the states also has consequences for the possible observable 
quantities of the system. For instance, it is now no longer sensible to calculate quantum 
mechanical expectation values for observables which in some way mark specific particles. 
For example, it is no longer possible to specify a probability density for finding particle 
no. 2 at 7). There exists only a probability density of finding any of the N particles at r). 
This means that also all observables O of a system of indistinguishable particles have to 
be invariant with respect to a change in enumeration of the particles: 


[6, | =0 (11.34) 
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The (anti)symmetrized matrix elements of an arbitrary observable can be calculated from 
the matrix elements with product states: 


AN GRP 
| Sie , A 
= ia yen? yi? pee Kr || ke, kp, 
* "P Pi 


ey a, 
7 


and analogously for symmetric matrix elements, with 


ps, A 
O) ki... kw) 


6| ke, kp) (11.35) 


(ees [O| Ri, <del 
— fen gory dr bj (r|) aoe Gi: Fy) O$t, (r)) cores Pry (Fv) (11.36) 
The calculation of traces of operators follows the prescription 
a 1 m AS 
a 4 (kissed [Ol da, kw (11.37) 
cilbaces CN 


since now any two states which differ only by a permutation of the quantum numbers must 
not be counted as different. 

The symmetry character of the wavefunction also has important consequences for 
the thermodynamic and statistical properties of a system. Thus, one speaks of Bose- 
Einstein statistics for bosons and Fermi-Dirac statistics for fermions. If a system consists 
of several distinguishable particle species, the total wavefunction has, of course, only to be 
(anti)symmetrized with respect to the exchange of two identical particles. Then the total 
basis vectors are products of (anti)symmetrized state vectors. If all particles are considered 
to be distinguishable, the product states (11.13) may be used. This is the limiting case of 
Classical Maxwell-Boltzmann statistics. In many cases, the product states (11.13) may also 
be used as an approximation for a system of identical (indistinguishable) particles. Then, 
however, the indistinguishability has to be implemented later on by hand via the Gibbs’ cor- 
rection factor, as we have done up to now. We will soon realize that this approximation can 
be used very well for systems having low densities and high temperatures. Then quantum 
statistics (Bose-Einstein or Fermi-Dirac) becomes classical Maxwell-Boltzmann statistics. 
This is intuitively immediately clear, since for large average distances the wave packets of 
the particles cannot have a large overlap and thus become approximately distinguishable. 
On the other hand, quantum effects play a major role at low temperatures and high densities. 

We now want to clarify, which particles are actually fermions and which are bosons. 
This question is answered by the so-called spin-statistics theorem of Belinfante (1939)* 
and Pauli (1940)* According to this theorem, the symmetry character of the wavefunctions 


* F. J. Belinfante, Physica 6 (1939) 849, 870, 
* W. Pauli and F. J. Belinfante, Physica 7 (1940) 177. 
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is related to the spin of the respective particles. The spin-statistics theorem asserts: all 
particles having half-integer spin are fermions, and all particles having integer spin are 
bosons. This theorem was at first empirically found. It can, however, also be derived in the 
framework of relativistic quantum field theory. There one can show that the assumption of 
wrong symmetry leads to the violation of causality in the theory. 

Today one regards all leptons (Greek, meaning light particles, e, 1, T, Ve, Vu, Vr>+++) 
and all quarks (u, d, s, c, b, t, ... ) as elementary fermions. On the other hand, quanta 
which mediate an interaction are bosons (photons for the electromagnetic interaction, W* 
and Z° for the weak interaction, gluons for the strong interaction). This scheme is extended 
by quanta of collective excitations, like phonons, plasmons, etc. For nonelementary (i.e., 
composite) particles, one needs to know only the number of fermions contained in the 
particle. If this is even, the composite particle behaves as a boson (as long as internal 
degrees of freedom play no role); if it is odd, the composite particle behaves as a fermion. 


Example 11.2: Ideal gas 


We now want to investigate the modifications needed for the case of the ideal gas of Exercise 
10.6, if one uses wavefunctions having well-defined symmetry instead of the product wave- 


function. To this end, we first calculate the matrix elements 4:5 (ki, ..., kw | exp{—BA} | 
ky, ..., ky)“ in the momentum representation. For the sake of simplicity, we assume that 
for the symmetric matrix elements, all quantum numbers kj, ..., ky, and ky,..., Ky are also 


different, so that we do not have to constantly carry along the additional normalization factor. 
If we introduce the symbol 6p = (+1)”, the symmetric and antisymmetric state vectors can 
be written in a uniform way. The upper sign is valid for bosons, the lower for fermions: 


sf 4s 1 S a 
lin... Rw) ee 5p [Ros -.s key) 
VN! D i 


ue = = oy De AGS: 
aes ‘oy ky’ [exp [BA] hi, .-- ky) 
as yop (i’,..., kw’ [exp |-BA}| ke... key) 
P 


The last matrix element follows immediately from the result (10.101): 


= = x as = Vas) 
45 (iy ‘4 ky exp {6A} fa, .... by) 
ee ae (GB +--- +k) Y 505 (K — kp.) +8 (Ry — Rey ) (11.38) 
2m E 


The partition function 


ZARA VN) 


| 
ar 
aN 
oO 
as 
he} 
aH, 
| 
1S5) 
m> 
——— 
en 


(11.39) 


{I 
Z| 
a, 

at 
at 
z= 

oO 

Col 

ne} 
— 
| 
MD 
> 
——— 
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= wai ay De {—BE}6 (ks — ke,) +-+8 (kv — Roy) 


= 


will be investigated in more detail in the next section. Now, we will calculate the coordinate 


nie as : 
representation 4:° (r Pore lexp {64} Figen 7) of the operator exp {sf}: 
> , aie _ AS 
a (7, A Fv’ exp {BA} a 
= D280 (i... Fw’ exp {-p7| Te (11.40) 
P 


The last matrix element can be obtained from Equation (10.106). If we use abbreviation 
(10.94), Equation (11.40) becomes 


i es e. Bears 
2G ‘Vos Fv'lexp {BA cee 


= Ri Fi —Fp,) +++ f (7y — Fry) 


The partition function can, of course, also be calculated in the coordinate representation, 


Zo Ea aNieeae (exp {-B4}) 


= fe Dyas fF, pee 


_ 4.8 
Fy) 


: r eS = = + = 
Wi De f ae ad nf a - rp,) of (Fy =a 7 py) (11.41) 


Fy \exp {eA} r 


To work out the main changes to the prior results obtained using Maxwell-Boltzmann 
Statistics, we consider, for instance, the special system with N = 2 particles. Equation (11.38) 
then reads 


sit 7 me eer Al ey 
A, teak lexp {Bi} | &, ka) 


+5 (ki — ke) 8 (k -%)) 


and the partition function is 
ZAS V I ph jee. at, Te i ik 
(TV. 2= = es -— G + #2) (1 +6 (k — ka)) 


(the ki are actually discrete; therefore, one should set 3(K’ ae p= bp “iy ). 
By replacing the sum by an integral, this becomes 


leave ae 
ZINGELA Ds 2 Gms [oe ak, exp | (& +i2)} 


ieenny3 20. 
+ 2 Gay [ eke |- | (11.42) 
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We have already calculated the Gaussian integrals occurring in Equation (11.42) several 
times; we thus obtain 


Ve if eae ee 
TOE, Voy (=) i ] V (3) 


2 (22) \ pr? 2 (22)3 \ pr? 
1/2 
If we insert here the thermal wavelength A = (to ) , the result is 
I We 
AS Pe ee acing es 
LAG 2) = 5G ( aE an (11.43) 
This has to be compared with the previous formula 
BE, Ve) = Lvs 
y ’ = 5) iG 


according to Equation (10.102) with the Gibbs’ factor 1/2!. We observe that the 
(anti)symmetrization leads, in fact, to correction terms, compared to the classical case. In 
general, these correction terms represent an expansion with respect to the parameter A7/V. 
The terms become small for systems having large volumes (low densities) and high tempera- 
tures. The leading term in front of the parentheses in Equation (11.43) corresponds exactly to 
the classical result. Unfortunately, the general evaluation of the partition function according 
to Equation (11.39) is not simple. In the next section we will see that the grand canonical 
partition function is by far more readily calculated than the canonical partition function. 

We now want to investigate in more detail the reasons for the additional terms in the 
partition function. To this end, we explicitly write down the coordinate representation of 


exp |- BH for the system of two particles according to Equation (11.41): 


Al S) | tie 
ir, r, 


exp {-A}| 7,7) 
G(s) oa) = fn) fo) 
= 5s (owls (A + BHD] 

+ exp|—- 3 ((% — 7) +%-7))]} 


We already know that the diagonal elements of the density matrix represent the spatial 
probability densities for the two particles. They read, in this case, 


] DAE es ws 
aes ZA S)6 i 2E exp |-3 i= ra (11.44) 


Thus, the particles are now no longer homogeneously distributed over the whole space, as 
they were in the classical case. Bosons and fermions “feel” whether other particles of the 
same kind are near. If the distance between both particles |r; — r2| is large compared to 
the thermal wavelength, the exponential function becomes very small, and one regains the 
classical result. The probability density for finding the two particles at 7, and r, for small 
distances is, however, larger for bosons and smaller for fermions, compared to the classical 
case. One can interpret this in terms of an additional attractive potential (for bosons) or 
repulsive potential (for fermions). This interpretation, of course, has to be applied with care, 
since the quantum mechanical objects are completely noninteracting, but via the quantum 
mechanical (anti)symmetrization a classical interaction is simulated. 


ALS oa 


(7, 72 [A] ri. 7 
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We can even explicitly construct a potential which influences two classical particles in the 
same way that the (anti)symmetrization influences the quantum mechanical particles. To this 
end, we postulate that the matrix elements (11.44) agree with the spatial part of the canonical 
phase-space density, 


O71.) = (F,, ry lA ie 72) 


or, if V(r,, 72) denotes the requested pseudo interaction potential, we 
have, up to normalization factors, 


1 Oi, 72) x exp{—BV (7), %)} = 1 + exp {- = eS ma 
V(r) 
kT The omitted factors yield only an additive constant to the interaction 
0 potential: 
tie 2n 
-In2 bosons 
sil The potential (shown in Figure 11.1) is, of course, temperature 
dependent; thus one already realizes that it is not the usual classical 
Figure 11.1. Potential to simulate potential. This potential generates the same correlation of particles 
the (anti)symmetrization. in coordinate space as the quantum mechanical (anti)symmetrization. 


Typical quantum mechanical quantities, such as transition probabilities 
(off-diagonal elements) cannot be described. 

For fermions, the potential diverges at r = 0, which corresponds to the fact that the 
probability of finding two fermions at the same place vanishes. We once again emphasize that 
a classical system of particles with the interaction potential (11.45) is by no means equivalent 
to quantum statistics. 


ee SSeSeSeeeeSSSFSSSSSSSSSSSSSSSSSSeSSSee 


Grand Canonical 
Description of 
Ideal Quantum 
systems 


The formalism of the preceding sections shall now be further worked out for ideal, non- 
interacting quantum systems. Such systems are described by a Hamiltonian of the form 
(11.9). The canonical partition function 


A VAN =e (exp {-64}) 


a pe (ke, ees lexp {6A} | ae kw) (12.1) 
a Seg kn 


I 


has to be calculated. The normalization with N! follows according to Equation (11.37). 
Depending on which type of state vectors is used in Equation (12.1), one obtains the three 
cases of Maxwell-Boltzmann statistics (MB, product states), Bose-Einstein statistics (BE, 
symmetric states), and Fermi-Dirac statistics (FD, antisymmetric states). In the first case 
(MB), the factor 1/N! represents the Gibbs’ correction factor, while in the two other cases 
this factor results from the normalization of the state vectors. In principle, the trace (12.1) 
can be calculated using arbitrary basis states (coordinate representation, momentum repre- 
sentation, etc.), but the energy representation is especially useful. The energy eigenstates 
fulfill the condition 


N 
Hikes thn) = 2 eee ee with =) < (12.2) 
(il 


and the operator exp {- pH |, applied to these states, yields in all three cases the eigenvalue 


exp {—BE}. In the case of Maxwell-Boltzmann statistics, the partition function (12.1) of 
the V-particle system can be reduced to the evaluation of the one-particle partition function 
Z(T, V, 1). It holds that 


ZMB(T, V, N) = ay k; lexp |B fila) = — (2c, V, DIY a2.) 


Tle 


if h denotes the one-particle Hamiltonian. 


297 


298 


GRAND CANONICAL DESCRIPTION OF IDEAL QUANTUM SYSTEMS IZ 


We now strive for a similar reduction for the two other cases. To this end, we note 
that a fully (anti)symmetrized state is already completely characterized if the occupied one- 
particle states are known. If we enumerate the one-particle state |k) by the index k, it is 
thus sufficient to know the occupation numbers {n,, nz, ...} of each one-particle state in 
order to determine the N-particle state. For bosons, each occupation number can assume 
all values ny = 0, 1,..., N. On the other hand, for fermions these numbers are restricted 
to the values n, = 0, 1 because of Pauli’s principle. The occupation numbers must, of 
course, fulfill the condition 

Ce 
Sa (12.4) 
k=] 
Also, the energy eigenvalue can be expressed in terms of the occupation numbers: 
(oe) 
je — So nex (12.5) 
k=] 
In contrast to Equation (12.2), the index now runs over all one-particle states, and no 
longer over all single particles. Quite analogously, the states |k, ..., ky)4°5 also can be 
characterized by the occupation numbers, instead of the quantum numbers of the occupied 
SLALESiA meee hen 


ijt) ea (12.6) 


Equation (12.6) merely represents a new notation for the basis vectors iis ky. 
However, the occupation numbers alone do not determine the order in which the quantum 
numbers k,,..., ky appear. Thus, we will now make the agreement that the occupation 
of the one-particle states is always performed “from below to above.” Thus, the quantum 
numbers k;, ..., ky shall be arranged in increasing order (different ordering of the quantum 
numbers, of course, yields only an additional factor (+1)”). 

The occupation number representation becomes especially useful in the context of 
second quantization, which, however, we do not discuss here. 

Because of the identity (12.6), the |ny, n>, ...)°'4 fulfill 


[oe] 
H\|m,n2,...°4=E (Wits oo with a y NE, (12.7) 
k= 
and 
re oO 
Ninigns, 2)" = lina, within Ye ng (12.8) 


where Equation (12.8) can also be interpreted as the definition of a number operator, since 
this equation determines all the matrix elements of N in the basis |71,2,...)°4. Since 
the occupation number n, of the one-particle state |k) is also an observable quantity, we 
can define an occupation number operator fi, in analogy to Equation (12.8) via 


~ S,A 
ny |), Mo, 6.6 gC ee wea) = ng [21, M2, eco g lilks re ce 
0,1 Fermions 
ie = (12.9) 
Onl Je Bosons 
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The set {7, nz, . ..} and in addition, the specification of the symmetry of the wavefunction 
uniquely determine the microstate of the system. From this we are then immediately able to 
construct the respective (anti)symmetrized wavefunction. Two states are therefore identical, 
if and only if all occupation numbers n; agree exactly. The orthonormality relation thus 
reads 


Sora) ( Pa 


if f 
aay on a Eto rae = Bn! ny Oning 7° (12.10) 


The matrix elements of the density operator have a new, very obvious interpretation in this 
representation. For the canonical density operator the following is valid: 


2 S,A 
SRR nripeacr 0:1 ts oe : 
1 a oe R S.A 
= TA (ni.ns,...Jexp {-B77}| m1, m2, ...] 
1 oe) 
= Z(f, V, N) exp —p py na] Oy ny Onin2 ears (12.11) 
with 
F [ee] 
LEN I) = Say {- Sma] (12.12) 
{ng} k=l 
where 
oo 0,1 Fermions 
nAr= N and nAh= 
i Orla, Bosons 


Here the sum we runs over all allowed sets {1 , m2, .. .} of occupation numbers. Each such 
set corresponds to a microstate of the system. The prime on the summation symbol means 
that only such occupation numbers contribute which fulfill condition (12.4). Furthermore, 
for fermions only ny, = 0, 1 is allowed, while for bosons one has to sum over the natural 
numbers. Now we can interpret the diagonal elements of the density matrix, 


1 [ee] 
Ae} = oa (m1, P25 206 A nNy,N2,.. ae = z exp ,—£8 So mex (12.13) 
k=l 


as the probability of finding just the special set {n,, 2, . ..} of occupation numbers in the 
system. 
Quite analogously, one obtains for the grand canonical density operator 


cae a noe a ny,No,..- we 


Lyle [-0 (2 aff] msm 
ao ,Ay,...lexp;—B (A — N){| 1, m2,...) 
mee) ia ene )}| ane 


oo 
exp { —B a n(€x — #) bn’ ny ning sane (12.14) 


] 
~ BF, V, 1) i 
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with 
[oe 
Z(T, V,u) = DY exp}—-B > mle — p) (12.15) 
{ny} k=l 
0, | Fermions 
where ny = | 
OM he ree Bosons 


In Equation (12.15) there is no additional constraint on the sum over all occupation numbers, 
since now one also has to sum over all microstates with different particle numbers NV. One 
readily realizes this, if the grand partition function is written in the form 


oO 
ACE) Se GE I) 


| 
4B 
N 
= 
oOo 
3 
, 
= 
Me 
= 
ay 


N=0 {n;} k=] 
oo , ee) 

= DOD exp |B Do nl — w) (12.16) 
N=0 {nz} k=] 


where the fugacity z = exp{u/kT}, and N = °°, ny were used. The primed sum, 
with the constraint (12.4) and the sum over all particle numbers, however, is equivalent toa 
sum over all sets of occupation numbers without the constraint. Again, the diagonal matrix 
elements 


P{np} = >4 (ny, Nowe, || ny,N2,.. oe 


] oO 
= = exp) -B Daler ~ 4) (12.17) 
pS] 


can be interpreted as the probability of finding the special set {n,} of occupation numbers 
in a system of the grand canonical ensemble. 

It is instructive to apply the language of the occupation number representation also 
to classical Maxwell-Boltzmann statistics. Here one has to note that the set tity digeee eee 
does not uniquely determine the product wavefunction |ki,..., ky), since the occupation 
numbers do not contain any information about which particle occupies which one-particle 
state. However, all product states compatible with the set {n,, 2, ...} have the same energy 
and thus the same probability. We thus have only to count how many such states exist. At 
first there are N! ways of changing the enumeration of the particles. However, if there are 
n, particles in the state |k), then the n,! permutations of the particles in this one-particle 
state do not even classically lead to a new macrostate. Each set {n,, 2, ...} thus obtains a 
weight N!/(n,!n2!---), which originates from the distinguishability of the particles. Thus, 
the canonical partition function of the Maxwell-Boltzmann case can be also calculated in 
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the occupation number representation: 


oe) 
VES Ges V,N)=— mo) cae iar exp 0 {-6 Sma] (12.18) 
k=1 


{nx} 


The Gibbs factor 1/N! has to be added by hand. Indeed, Equation (12.18) again leads to 
Equation (12.3), for it can be simplified with the help of the polynomial theorem 


N 
1 , 
MB eh ise n Wn 
ZWD, VN) = = ; ES niga —— (exp {—Bei})" (exp {—Ber}) 
1 x * 
= x exp i-#a)) 
Sanya 
= wil (eat nelk))) (12.19) 
If we now define the so-called statistical weight of a set of occupation numbers {n;, 12, . . .} 
by 
MB ! 
GR: ree (12.20) 
ABU RGIE 020 
and corresponding expressions for bosons and fermions, 
eal (12.21) 


as well as 
1 If alln, = Oor 1 
de : (12.22) 
0 Otherwise 


then the three cases can be again treated in unique form. The canonical partition function 
is given by 


Z(T, V, N) = De g{n,} exp {-. ys na| (12.23) 
k= 


{rg} 


and analogously, the grand canonical partition function is given by 


Z(T,V, bw) = >— ging} exp | —B » ne (Ex — | (12.24) 


{rx} 


The probabilities of Equation (12.13) and (12.17) become 


l . 
P(r.) = = g{n,} exp |-. S na] Canonical (12.25) 


k=1 
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and 
Pin = Xx 3 ny ( Grand canonical (12.26) 
a rand ca : 
{ng} Z& Jexp }—£B kl€x — 


respectively. Up to now, we have only formulated the problem in another language, but have 
not arrived at a real simplification. Our aim, however, is to simplify the calculation of the 
partition function as far as, e.g., the Maxwell-Boltzmann case in Equations (12.19) or (12.3). 
Unfortunately, such a simplification is not possible for the canonical partition functions in the 
case of Bose-Einstein or Fermi-Dirac statistics. The additional constraint N = 77°, ng 
on the sum in Equation (12.23) renders a further simplification more difficult (except in 
the Maxwell-Boltzmann case). In the grand canonical partition functions, however, this 
constraint does not appear, and one can thus enormously simplify them also for bosons 
and fermions. To see this, we write Equation (12.24) for both cases, Bose-Einstein and 
Fermi-Dirac. For the former, we have 


EEIAGE NS, i = ey BCS Gy Etre) 
= | [> ep t-8@ - wy)” (12.27) 
k=1 ny=0 
The sum is a geometric series, and has the value 
ys (exp (—B(ex — u)})" = [1 — zexp {—Bex}]™ (12.28) 
n,=0 


where z = exp{By}. It follows that 


= 1 
Ze EVO) ——_—_—_—.-— 12.29 
I] 1 — zexp{—Be,} ( 


For Fermi-Dirac statistics, one obtains, with | as upper limit of summation, 


1 


27, V.u)= > Cxp{-B(e — 4)" (exp {—B(e: — wy? - 


Nygiiay.-.=0 


[ee] ] 
= | [>> exp t-Be - wy" 


k=] n,=0 


| 
_18 


(] + zexp{—fe;}) (12.30) 
k=1 
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For the sake of completeness, we again give the grand canonical partition function for 
Boltzmann particles, 


PT Vari) 


= ] 
= ) —— Ber ~ w)})" (exp {-Blen — wy? = 
0 


1 ND, = 


Nee — (exp {Ble — #)})™ 


— 4 


exp {z exp {—Bex}} (12.31) 


> 
ll 


1 
which, of course, agrees with Equation (9.43). 

In principle one can calculate also the canonical partition function from the grand 
canonical partition function with Equation (9.88). However, the integrals appearing in this 
procedure are rather complicated. On the other hand, this is not even necessary, since the 
grand canonical ensemble describes the thermodynamic properties of a system as well as 
the microcanonical or the canonical. In many cases, however, the chemical potential yz or 
the fugacity z of a system are not given, but the particle number is given. This renders the 
explicit calculation of the properties of ideal quantum gases at given N more difficult, but 
is not a principle problem, as we will soon observe. 

From the knowledge of the grand canonical partition function one immediately obtains 
the grand canonical potential 


O(T, V, w) = —kT In Z(T, V, n») = U -TS—pwN = —pV (12.32) 
with the equations of state (4.113): 
SOV) = ag 
cy oy foo oma ue bop 
OP a= a® 
es ae 
a® 
Niky a2) (12.33) 
On Inv 


The grand canonical potentials read in detail (with z = exp{Bj2}) 


OMB(T, V, 2) = -kT | z exp(—Bex} 


-kT )° exp{—B(& — y)} (12.34) 
c=) 


@PF(T, V, w) = kT SY *In(1 — zexp{—Be}) 
kk 


304 GRAND CANONICAL DESCRIPTION OF IDEAL QUANTUM SYSTEMS 12 


kT }~ In (1 — exp{—B(e — 1))}) (12.35) 


k= 


@PP(T, V, w) = —kT )” In(1 + zexp{—fex}) 
k=] 


—kT ) > In(1 + exp{—B(e — #)}) (12.36) 
(=| 


One can summarize these three cases in one equation: 


Ine4*— a - » In(1 + az exp{—Bex}) (12.37) 
if one defines 
al FD 
Pee il MB (12.38) 
—1 BE 


The case a = 0 is to be understood as the limit limg.9. The notation (12.37) and (12.38) 
makes it again possible to investigate the three cases together. 
It is very convenient to give expressions of the form (12.37) also for the thermodynamic 


quantities N(T, V, w) = (NW) and UCT, V, u) = (A), 
oo 1 


a) 
N(T,V, pu) = kT —InZ (12.39) 
Op 


TV pay 20 UeMPI Pega 


0 ia Ex 
UE Vi nes oo 
\ H) Op : ay me zl exp{Be,} + a eye 


In Equation (12.40) it is important to note that the fugacity z = exp{6j} is kept constant. 
The relations (12.39) and (12.40) also can be obtained directly as statistical averages of the 
operators N and H, as we will show now. 

The average of an arbitrary observable O in the grand canonical ensemble is defined 
by 


eno Lee 


II 
ty] 
uy 
= 
© 
3 
a ae 
me 
i]s 
~ 
~ 
2 
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If we denote the expectation value of the observable O by 


S.A A one 
Oia) ao (mim... 6 ny, na, -.) (12.42) 


it follows that 


eB ] oe 
(0) == 2, 8m) exp {-. drt — | O(n,,n2,...) (12.43) 


The average of the particle number operator thus becomes 


ie,2) 


(") = z S— gin} exp {- Dale — | Son 


{1x} k=] 


1 ee = 
== (; ail Y stcdexe | Some -19]) 


T.V 
1 0 ) 
Se [ET = Ze = kT — InZ (12.44) 
z du Iry Ou T.V 
and that of the Hamiltonian becomes 
3 ] lo.) lo.@) 
(#) =o S~ gine} exp |- So nile = | So nex 
{nx} k=1 k=1 
1 ) ae 
= 3 (—5g DL alttexp}—B > mle — 1) 
P im k=l ay 
1 0 ) 
= —-—— (52) = === Ine (12.45) 
Zoe ae op ay, 


Here the fugacity z = exp{jz/kT} is to be considered as constant in the differentiation, as 
in Equation (9.76). Equations (12.39) and (12.40) can be understood more clearly if we 
compare them with the general expressions 


(n) = (s a) = Sia (12.46) 


k=) 


(7) = » ie] =) (as)ex, (12.47) 
k=] 


k=1 
where 7, is again the occupation number operator for the one-particle state |k). Obviously, 
the average of the occupation number is given by 


l l 
SS = (12.48) 


ee expipeg) + a exp{B(ex — w)} +a 
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Figure 12.1. Mean occupation number (n,;) versus 
x = Ble — Hw.) 


with a given by Equation (12.38). This can also be directly confirmed, since it holds that 


(Ai) = 5 Y— gin} exp {+ So nlex — | Nk 
k=1 


{nx} 


1 1 @ =e 
=5 (- see S— gine} exp |-« So mle — »} 
B ek (1x} k=l Se Vie Cieee 
ra) 1 a 
-3(-3722) ete oe (12.49) 
Zz B J€x ZV €sgk B dex SVnGi ee 


This prescription for calculating (Ax) requires further explanation. At first, the fugacity 
z is to be kept constant when differentiating, exactly as in Equation (12.45). Then, the 
differentiation with respect to €; is to be performed in such a way that all other one-particle 
energies €;z, are also constant. The one-particle energies €, are determined, of course, by 
the spectrum of the one-particle Hamiltonian h. One can now ask how the grand canonical 
partition function (or In Z, respectively) changes if one of these levels is slightly shifted; 
this yields the average occupation number of the level. The application of Equation (12.49) 
to (12.37) yields Equation (12.48). 

We first want to obtain a general overview of the features of the (fix). The mean 
occupation number of the one-particle state |k) is plotted as a function of the dimensionless 
variable x = B(€, — 2) in Figure 12.1. As one observes, for large values of x (x >> 1), all 
occupation numbers become identical. In this region there is consequently no difference 
between the classical Maxwell-Boltzmann statistics of distinguishable particles and Bose- 
Einstein or Fermi-Dirac statistics. One should not be confused that this limit seems to occur 
for small temperatures (T — 0, B > o0, e, > jz). One has to consider that the chemical 
potential for a given particle number is also a function of temperature, particle number, and 
volume. For x — 0, the mean occupation number of bosons becomes divergent. Since 
this case is, of course, unphysical, the chemical potential of a bosonic system always has 
to be smaller than the energy of the lowest one-particle state. For a given particle number, 
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0.8 


0 


Figure 12.2. Average occupation number of fermions for 
different temperatures. 


the chemical potential has to be determined from Equation (12.39). We will see below that 
this constraint (u < e,) is always fulfilled. 

The average occupation number for fermionic systems is plotted again, for different 
temperatures, in Figure 12.2. Now, however, the energy «, of the one-particle state was 
chosen as the independent variable, at constant chemical potential. The average occupation 
number (n;)*? cannot become larger than 1, which is a consequence of the Pauli principle 
for fermions. 

At zero temperature, all states up to the one-particle energy €, = jz are occupied by 
one particle, and all states with e, > sz are empty. The chemical potential of a fermionic 
system at T = 0 becomes identical with the Fermi energy €¢. This is completely obvious, 
since at least the energy € = is required to add another fermion to such a system. This 
fermion has to be placed, of course, in the next empty level, i.e., in a level which is not 
blocked by the Pauli principle. 

For temperatures T > O, more and more fermions are statistically excited into higher 
levels, and the distribution shown in Figure 12.2 for T > 0 is obtained. 

Now we calculate the fluctuations of the occupation numbers. These are, as usual, 
measured by the standard deviationa? = (7) = (ri). With the help of Equation (12.49), 


nk 
it is not difficult to calculate the standard deviation, 


1 ede 
b= = iless=) 2 (12.50) 
ee B OE 
2,7 ,€j2% 
or, because of Equation (12.49), 
2 
2 a2 a \2 1 @ 
= (nt) — (np) = | --~ — ] InZ 
a= w-wer=(bhyied 
2,7 ,€i2k 
oS ee = Sea ; (12.51) 
Bde lero,  (exP(B(r — )} +4) 
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The relative fluctuation with respect to the mean occupation number thus follows as 


2 
zu = exp{B(e, — “)} = z7! exp{Bex} = nave a (12.52) 
(nx) (nx) 
The relative fluctuation (12.52) is thus inversely proportional to the mean occupation number 
itself. For classical Maxwell-Boltzmann statistics, a@@® = 0, one has normal fluctuations. 
For bosons, aBE = —1, the fluctuations are larger, and for fermions, a‘? = +1, the fluctu- 
ations are smaller than in the classical case. The reason is that fermions hinder each other 
when changing one-particle states, while for bosons such fluctuations are advantageous. 
We need not be satisfied with the calculation of the relative fluctuations of the occupation 
numbers alone. One can directly evaluate the probability distribution p;(n,) of finding 


exactly n, particles in the level k. The mean of this distribution must be given by Equation 
(12.48). 


Example 12.1: The distribution of the occupation number 


We consider the energy level €, as a part of the total system. The other energy levels then 
represent a particle reservoir. This is just the case of the grand canonical ensemble, now 
however applied to a system with only one energy level €,. We want to calculate the probability 
px (nx) of finding just n, particles in this subsystem. However, the probability of finding the 
occupation numbers {n;, nz, ...} in a system of the grand canonical ensemble is given by 
Equation (12.26). Applied to the subsystem with one level (i.e., with one occupation number 
n,) this leads to 


Binx}expi-—B(E — uN)} nn, ExP{— Brg (Ex — B)} 
Dim Slat exP{-B(E —MN)} DY, Bn, ExP{—Bm (ex — 14} 
for the total energy of the subsystem is E = n,«, and the particle number is N = n,. The 


p(nx) are partial probabilities (factors) of the P{n,} from Equation (12.17). In particular, we 
obtain 


Pin} = 


Gaye wi exP{—Br(ee— w)} si @ exp(—Be})”* ee 
ae ey mr exPI—Bm (ee — )} —— exp{z exp{—Bex}} Se 
pPE (ng) = exp{—Bny (ex aaa LL)} = (z exp({—Be,})" a =e exp{—Be,}) (12.54) 


Day exP(—Br(& — 4} 


Here we have exploited the fact that in the denominator of Equation (12.53) the power series 
expansion of an exponential function appears, while in the denominator of Equation (12.54) 
we have a geometric series. For fermions there exist only two probabilities at all, namely that 
to find one particle in |k), (p,(1)), and that to find no particle, (p;,(0)): 


exp{—Blex — 14)} l 
1+exp{—Ble —)} zz exp{Be,} + 1 
l l 


gi = 


(12.55) 


p; (0) = (12.56) 
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The distributions (12.53-56) are normalized: 


Spal) = 1 


ng 


as one readily confirms. We now prove that Equation (12.48) is in fact the average of these 


distributions: 
2 een) 
n=O 
4 Gaara 
= ee i —— XPj— Pry le, — 
exp{z exp{—Bex}} © ny! Se i 
1 las 
— exp{z exp{—Be,}} “(-3 ae Din = a exp{— Bn lex — 1) : 
(-5 ge ex (eexpl-Bait)) 
=> a Z ex Ee 
Spiepiesu) ae de 
lo 
= -3 qe (z exp{— Bex}).. = zexp{—fe,} (12.57) 
This agrees exactly with Equation (12.48) for aM® = 0. 
= Yo ng peP (ng) 
ng=0 
= (1 — zexp{—Bex}) Dm exp{—Bm(& — 1)} 
np=0 
= (1 — zexp{-Be}) (-+ = Lewis (4 - »)) 
= ZeXp k Be. = p nlex — wb 
= i 
(1 = zexpl-Bad (~5 32 a} 
= (1 — zexp{—fe, - 
amar B de, 1—zexp{—Bex} 
zexp{—Bex} 1 
= (1 — zexp{—se,}) ——_____———_—_, = —_-—_ 12.58 
(1 — zexp{—Be.}) aera: Apne) =I ( ) 
For a®E = —1, Equation (12.58) becomes identical with Equation (12.48). Finally, in 
the case of Fermi-Dirac statistics, we have 
1 
1 
(me) = Do maven) = PP) = (12.59) 


zl exp{Be,} + 1 


n=O 


With a® = +1 Equation (12.59) is again identical with Equation (12.48). In this case even 
the following assertion holds: the probability p{?(1), to find one fermion in the one-particle 
state |k), is identical with the average value of the occupation number of this level. 

One obtains a better survey of the physical content of the distributions (12.53-56) if one 
expresses them in terms of their mean values: 


((m,)M®)" 


n,! 


MP (ng) = exp {= (nx)""} 
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Here Equation (12.57) was simply inserted into (12.53). The distribution pon .) is therefore 
a Poisson distribution, with the average (n,)™®. Inserting Equation (12.58) into (12.54) yields 
for the Bose-Einstein case, with 


l -1 lars 
ee lor : } 7 ae ia :) 


the result 


Hay = (late J tt 
SS ee PRE ey (ny)PE +1 (ru) + 1)" 


i.e., a geometric distribution, with the average (n,)®". Finally, for the Fermi-Dirac distribution 
it simply holds that 


DO) ae 
py (0) = 1 — pf?) 


The Poisson distribution of the Maxwell—Boltzmann case expresses the fact that the particles 
statistically behave independently. For a Boltzmann particle, it does not matter which states 
the other particles occupy. In contrast, for bosons there exists a positive statistical correlation. 
The probability of finding a boson in a state which is already occupied by other bosons is 
larger, as predicted by the Boltzmann distribution. On the other hand, fermions possess a 
negative statistical correlation. If a state is already occupied, it is prohibited for other fermions 
because of Pauli’s principle. 


eee 
Example 12.2: Derivation of the mean occupation numbers 


Because of the great importance of the mean occupation number (n,) for quantum statistics 
we want to derive it again in another, very lucid way. To this end, we proceed quite similarly 
to the derivation of the canonical phase-space density at the beginning of Chapter 8. At first, 
we consider the one-particle energy spectrum. 

For macroscopic volumes the one-particle energy levels are very closely 


a spaced, and even become continuous in the limit V — oo. Therefore, we 

ey : B/D divide the spectrum (see Figure 12.3) into energy cells €,, each of which 

DDE LET TESTES contains g;, one-particle levels. In the limit of a single discrete level, g, would 
€3 83-03 be the degeneracy factor. 
e, BM, The energy cell €, with g, different levels may contain n,; particles, and 
é, we ask for the most probable number nj of particles in such acell. The numbers 

——— 21/Ny ny have to fulfill the conditions 

Figure 12.3. Combining Ae Me oe 
one-particle energy levels to 
energy cells. ie = Se NEL (12.60) 


We now consider how many ways exist to create a certain distribution {n1, m2,...}. This 
will depend, of course, on whether the particles are distinguishable or not, and on how many 
particles can be put into a single level. Let us for the moment consider indistinguishable 
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fermions. There are exactly 


wn, 2.) = (*) 2 ee (12.61) 


Ng ny! (ge, = n,)! 


ways to distribute the n, fermions over the g, states in a certain cell, where it has to hold 
8k = Mx, since each level can contain at most one fermion. The expression (12.61) is simply 
the number of ways of choosing n,; levels which are to be filled, from a set of g, levels. The 
total number of all permutations for fermions is thus 


w?{n,} = I] Bx 
k 


m!(gx — ng)! 


For bosons, we have to distribute, quite analogously, n, indistinguishable particles over the 
g States of the cell, but now, however, there is no restriction for the number of particles per 
energy level. We have already calculated in Example 8.1 the combinatoric factor belonging 
to this problem, 


ne +g.—-1 (n, + g, — 1)! 
w®8(n,, 2) = a ee 
Ng ny! (ge ce 1)! 


The total number of permutations is therefore 


BE aoe (eck a — ly! 
eed oie =ay 


Finally, the Maxwell-Boltzmann case of distinguishable particles also shall be treated. We 
first assume that we have chosen a set of n, fixed particle numbers for the energy cell e,. Then 
there are still g, different permutations (energy levels) for each of these n, particles, and thus 


i (he, Be ee (12.62) 


However, to obtain the total number of all permutations, we must not only calculate the product 
of Equation (12.62) over all energy cells, but must also multiply by the number of ways of 
dividing the N particle numbers into sets of n), m2, ... particle numbers. Now there are N! 
permutations of the N particle numbers, and we take the first 7, the next nz, etc., to form the 
set of {n,, m2, ...} particle numbers for the energy cells. However, all |! permutations among 
the first 7, particles do not change the numbers in the energy cell €,, all m2! permutations of the 
next n2 particles do not change the numbers in energy cell €2, etc. Thus, there are N!/n!n!--- 
ways to form sets of n;, n2, ... different particles out of N enumerated particles. The total 
number of ways to distribute the NV particles among the energy levels is thus 


N} Ge 
MB a, . i t Ok 
we? {n.} = ——— = IN 
J ny!nz!--- [Ts I] n,! 

The further procedure is now clear. We look for the distribution {n,} which provides the 
largest number of permutations; i.e., we determine the distribution {n,} for which w{n,} or, 
more conveniently, In w{n,} assumes a maximum under the constraints (12.60). To this end 
we vary In w{n,} with respect to the numbers n;. We take the constraints (12.60) into account 
via two Lagrange multipliers a and : 


Sin w{n} —a Y > dn — BY edn, = 0 (12.63) 
k k 
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To be able to perform the variations we assume nx, g, >> | and use Stirling’s formula Inn! ~ 
nInn —n. Then we obtain 


Ince) tay ys (a; Ing, — 7, nine (Cs, 7, ine, 
i 


Ym in( = 1) — gy In (: zs *)) (12.64) 
k nk &k 


In wP {mg} = D> [Gre + Be — 1) Ine + Be — 1) — me Ing — (Be — 1) Ine ~ 1] 
k 


y|m n( # +1) +g, 1n (1+ “) (12.65) 
Ke 


k 8k 


2 


Here we assumed that g, — 1 * g, in the last step. We also obtain 


In w? in.) = InN! + yy [ny In gy — ny INny + ny] (12.66) 
k 


In Equation (12.66), the first term is constant and does not contribute to the variation. Therefore, 
we may also use the following instead of Equation (12.66): 


Inw™® (n,} = SS (m In = + ns) (12.67) 
k 


This has the advantage that for the following we can again evaluate all three cases in a unified 
form. Equations (12.64), (12.65), and (12.67) may be combined with the help of the symbol 
a from Equation (12.38) to yield one equation: 


Inwim) = > E in (# = a) = = In (: = at) (12.68) 


i k &k 
For a = +1 we obtain the Fermi-Dirac case, fora = —1 the Bose-Einstein case, and for 
a = 0 the Maxwell-Boltzmann case. If we perform the variation (12.63) with (12.68), we 
obtain 


k k 


> in (# = a) =e pes | es (12.69) 
n= 


Since we have taken into account the two constraints via two Lagrange multipliers, we may 
assume that here the variations én, are mutually independent. Then each coefficient in Equation 
(12.69) must vanish: 


n( & -a) ~~ Be == (() 
ne 
The most probable distribution of the N particles over the single states has thus the form 
ee ee 12.70 
* exp{a + Be} +a et) 


The ratio n;/g, can now be interpreted as the most probable number of particles per energy 
level. The Lagrange multipliers @ and 8 still have to be determined from the condition 


&k 
NS ees eee 
X exp{a + Be} +a 


k 
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8KEk 
a a 12.71 
DEeeme aaa eA 


where we have to note that the sum does not run over single energy levels, but over the energy 
cells with g; levels per cell. If one considers this, one observes that the formulas (12.70) and 
(12.71) are completely equivalent to Equations (12.48), (12.39), and (12.40). 


1 3 The Ideal Bose 
Gas 


314 


As a first concrete application of quantum statistics we want to calculate in this section 
the properties of an ideal gas of (nonrelativistic) indistinguishable bosons. One has to 
expect that the ideal Bose gas becomes the ideal Boltzmann gas (classical ideal gas) at high 
temperatures and low densities. The largest deviations in thermodynamic properties should 
therefore occur if the condition 


9: 5/2. 
= ee ee nae <1 (13.1) 
V V \ 2amkT 


is no longer fulfilled. In applications to real systems, however, the parameter nA? must not 
become too large, since for very small temperatures (small mean kinetic energy per particle) 
as well as for high densities (small mean distance between particles) the interactions in real 
systems are no longer negligible. The ideal Bose gas is thus a model system, where the 
influence of quantum effects can be very well studied, but which can only approximately 
describe real systems. Our aim now is to calculate the grand canonical partition function, 
or more simply, its logarithm (cf. Equation (12.37)) 


q(T, V, 2) = In Z(T, V, 2) = — Ind — z exp(—Bex}) (13.2) 
k 


for which we use the abbreviation q(T, V, z). The one-particle energies €; are those of 
free quantum mechanical particles in a box of volume V (cf. Example 10.2). Since the 
chemical potential yz or the fugacity z, respectively, is not fixed for such a system, but the 
particle number is, z has to be determined from the equation (cf. Equation ( 12.39)) 


] 
BE 
N ae (nx) z ARIE (13.3) 
From this one can immediately draw an important conclusion. It must always hold that 
0 < (nx) < N for all one-particle states |k); ie., 2~! exp(Be.} = exp{B(e:. — w)} > 1; 
thus €, > yu for allk. The chemical potential of an ideal Bose gas must be smaller than the 
energy of the lowest one-particle level e = 0; i.e. 1 < Oand0O < z < 1. Thisis equivalent 
to the fact that bosons seem to feel an attractive potential, and that adding further bosons to 
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the system costs no energy. The restriction of the fugacity to the interval 0 < z < 1 is very 
important in the following. For a large volume, the sum over all one-particle states can be 
rewritten in terms of an integral, 


V a 2nV 3/2 1/2 
a aap | Pk = am? fet de (13.4) 


For the last transformation we have used ¢, = R2k2/ (2m). This formulation can also be 
derived by considering the classical phase space. The quantity 


ara p. 47V nV 
= | po se [? dp = == (om)? fe’? ae (13.5) 
is the number of states in the one-particle phase space, and 
ad age 
IO = Ue yee (13.6) 
€ 


is to be interpreted as ee one-particle density of states. This yields exactly the above 
replacement )), > i g(€) de. Therewith, the sums in Equations (13.2) and (13.3) can be 
rewritten in terms of integrals. However, a detail must be taken into account. As long as 
a large, but finite volume is given, the one-particle states are very close to each other but 
still not continuous. In this case, the approximation by an integral is very bad for small 
energies € — 0. Namely, in a box with periodic boundary conditions there exists a state 
having € = 0, with the one-particle wavefunction @9(7) = V~1/?. However, in the integral 
approximation this state does not appear, since g(0) = 0. On first sight, this does not seem 
to be of any importance, since all other states are very well approximated. However, we 
will soon see that the state ¢ = 0 plays a special role in the Bose gas. We therefore have to 
explicitly account for the term for k = 0 (€ = 0) in the sums (13.2) and (13.3): 


qT,V,2=- = (amy? [ 2 ae bl — pepe fe!) = = 2) 
BZ) 
= zd = Om) 58 [ac Se EU (13.7) 
~' exp Tae 


Here we have Paces an integration by parts between the first and second lines. The 
last term in Equation (13.7) is just Equation (13.2) evaluated for ¢ = 0. Equation (13.3) 
determines the particle number, which reads 


av oe ev Z 

NY, = my? [de — 13.8 

( z) A (2m) i sre Rae ae (13.8) 

Also, here the last term, No = z/(1 — z), represents the contribution of the level e = 0 to 

the total (mean) particle number (13.3) and thus gives the number of particles in this state. 

The integrals occurring in Equations (13.7) and (13.8) are standard integrals of math- 

ematical physics. They can be transformed by the substitution x = Be into the general 
form 


gah 


] 
= == ee 0 Sa ere R 13.9 
ba) = FG | zl exp{x} — 1 a 
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where I(7) is the Gamma function. Thus Equations (13.7) and (13.8) become 
V 
q(T, V,z= x3 85/2(2) = in) (13.10) 


V 
N(T,V, 2) = 53 83/22) + No(z) (13.11) 


Our aim now is to determine the fugacity z of the gas from Equation (13.11) (for given 
particle number), and afterwards to insert it into Equation (13.10). Unfortunately, this 
cannot be done explicitly, since the functions g,,(z) are defined by the integral (13.9), and 
do not possess a representation in terms of “simple” functions. Therefore, we will first 
try to make a survey of the properties of the g,,(z). To this end, we expand the integrand 
(zexp{—x} = exp{—B(e — w)} < 1): 


1 
= zexp{—x} 


z-! exp{x} -— 1 1 — zexp{—x} 
[oe] 
= zexp{—x} )(z exp{—x})* 
k=0 
[oe] 
= )- zi exp{—kx} (13.12) 
k=1 
This leads to 
pei 
LA) — Z i x" exp{—kx} dx 
aa B : p{—kx} 
1 ic,2) zk lee) : 
= ae Ce eeiey 13.13 
Fun) Be y p{—y} dy (13.13) 


The last integral is simply '(), and thus 


8n(Z) = =o O<z=1 (13.14) 
k=1 


Equation (13.14) provides an interesting relationship to Riemann’s Zeta function ¢(n). For 
z = 1 (uw = 0), we have 
ee 
BAU rome eee (13.15) 
k=1 
This series converges only for n > 1, which, however, does not mean that the functions 
8n(z) are defined only for n > 1, but that 8n(z) > oo forn < 1 and z —> 1; on the other 


hand g,(z) is finite forn > 1 for allO < z < 1. Some special values of the often used 
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Figure 13.1. The functions g,,(z). 


¢-function may be stated here: 


t(1) > c £(3/2) © 2.612 ¢(2) = 17/6 © 1.645 
(5/2) © 1.341 Ha) ~~ Ih 202 El] Dy all O7 
(4) = 24/90 © 1.082 ¢(6) = 7°/945 + 1.017 ¢(8) = 2°/9450 © 1.004 
(13.16) 


Now we already have a good feeling of the shape of the g,(z). They all start at the origin 
(z = 0) with slope 1 and diverge for z > 1, ifn < 1 (see Figure 13.1). Forn > 1 they 
have a finite value at z = 1, which, as one sees from Equations (13.16) becomes steadily 
smaller with increasing n. For n — 00, gn(z) * z. Since the series (13.15) converges 
only very slowly for z = 1 and small n, in practice the integrals (13.7) and (13.8) are most 
conveniently calculated on a computer. 

We now want to investigate the physical properties of the Bose gas in greater detail. 
We start from Equation (13.11), from which we have to determine the fugacity z for given 
N,V, and T: 


V Z 
N=-= — = N+N 13.17 
a 83/2) + 7 : eae (13.17) 


The first term N. represents the number of particles in excited states, while No determines the 
number of particles in the state ¢ = 0. We first consider the order of magnitude of the terms. 
Of course, N > 1, and for temperatures which are not too small, in general Vi 1. 
On the other hand, g3/2 is restricted to the range 0 < 83/2(z) < €(3/2) = 2.612. Fora 
given V and T the first term in Equation (13.17) can at most assume the value 


2a mkT 
mw) 


3/2 
V 
Nee 53 §3/2) =V ( ) ACY Pec pe (13.18) 
Thus, no more than N™* particles can be in excited states. On the other hand, the term 
No = z/(1 — z) can be neglected as long as z is not very close to one. If No is to contribute 
noticeably to the particle number, it has to hold that 
Zz N 


or a 13.19 
es" iz Nal ( ) 


N No = 
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We now study the thermodynamic limit of Equation (13.17) (N > co, V > 00, N/V = 
const.). To this end we write Equation (13.17) in the form 


N. No V z 
ee Nee 
Met oa «= 75 83/22) 0 


In the thermodynamic limit we now have to distinguish between two cases. For z 4 1, No 
is finite and No/N — 0. The number of particles in the ground state is then negligibly 
small: all particles occupy excited states. If z = 1, N. = N™*. In principle, No is then 
divergent, and No/N is an indeterminate expression. In this case, No is given by the excess 
N — N2“. The excited states no longer contain all particles, and it becomes favorable for 
the system to fill the state € = 0 with the excess particles. In summary, we obtain: 


l= (13.20) 


l-—z 


N. N 
(eee ss cena forz < 1 
Ne No 6 N N 
t= == s6 == him (13.21) 
N N N-0co Ne No 
}= — + — fornz—= 1 
N N 


We now want to investigate this phenomenon, which is called Bose condensation, in some- 
what greater detail. We fix the independent variables NV, V, and T of the system. If it holds 
that 


NN 2 NA 2 13.22 
< — ees. : 
. 6 2 es V =i ( ) 


all N particles can be placed in excited states. The fugacity is different from unity (z < 1), 
and has to be determined from the equation 


V 
N= 53 83/2(2) (13.28) 


In this case, the second term, No, in Equations (13.11) or (13.17), can be neglected. 
However, if now 


V a 
max __ 
the excited states (€ > 0) are not enough to contain all of the particles. Then z = 1, and 
the excess 


V 3 
5, he max __ ee = 
No = N-N™™ = N at(3) (13.25) 
condenses in the ground state ¢ = 0. The transformation between Equations (13.22) and 
(13.24) happens just when 


oe 3 
Fie = 4 5 (13.26) 


For large temperatures and low densities, we have the case of Equation (13.22). The thermal 
energy is sufficiently large to excite (nearly) all particles into higher levels € > 0. On the 
contrary, if the temperature becomes very small or the density sufficiently high, the positive 
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on 


Figure 13.2. z(x), according to Equation (13.28). 


statistical correlation of the bosons becomes strongly noticeable. The bosons try to gather 
in the state € = 0. It becomes favorable (more probable) for the system to no longer 
distribute the thermal excitation energy homogeneously over all particles, but only over the 
fraction N™*/N, and to put the rest, No, into the ground state € = 0. We have already 
noticed when discussing the occupation number distribution that the probability of finding 
many bosons in the same state is larger than in the classical case. At large temperatures, 
however, this is not very obvious, since then the excitation energy is sufficient to distribute 
the particles over many different states. If we introduce the parameter x via 


aS (13.27) 
x= 5 
V 
we obtain for the fugacity, from Equation (13.23), 
1 ii 23/2) 
= (13.28) 
solution of x = g3/2(z) ies / 2) 


If one evaluates Equation (13.28) numerically, the following picture results: the curve 
z(x) has a kink atx = €(3/2) (see Figure 13.2). This, however, holds only in the thermo- 
dynamic limit. For finite particle numbers (N > 1), the kink is smoothened, since z then 
has to be numerically determined from the full Equation (13.17), whereby No/N can no 
longer be neglected compared to N./N. Then everywhere z < 1. 

Bose condensation does not set in spontaneously at x = ¢(3/2), but one always has 
No > OandN. < N**. For very small values of x(= g3/2(Z)) (x < 1), g3/2(z) converges 
and is essentially given by the first terms of the expansion (13.14), 

a ms Nw 

> oa if x | or 0 ae (13.29) 
This is just the limit of the classical ideal gas, as one obtains from a comparison with 
Equation (9.46) (dashed line in Figure 13.2). For the particle numbers N, and No one 
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obtains, using Equations (13.28) and (13.21): 


N if BPD) Nea, INT ee IN/REES 
Ne = ilies: : (13.30) 
N™* fx > £(3/2ie., NM > N™ 


No = 


i Z 
|, if x <= 6(3/72) Aaah 


N= it eG) 


Let us now consider an ideal Bose gas at given particle density N/V as a function of 
temperature. Then Equation (13.26) defines a critical temperature T., below which Bose 
condensation sets in: 


2/3 2 
kT. = as Be. eee (13.32) 
Vv aam(E(3/2))?/3 


If one expresses N™* in Equation (13.18) in terms of the critical temperature, Equations 
(13.30) and (13.31) become 


1 ie > I 
Me = fe BE (13.33) 
N (=) if << Jk, 
T, 
0 iP SS Je. 
ao 3/2 (13.34) 
T 
N l= (=) fi & 
T, 


These functions are illustrated in Figure 13.3. One quickly 
realizes how, from T = T, on, the state ¢ = 0 has to contain 
more and more particles as the system is further cooled down. 
However, this picture actually holds only in the thermodynamic 
limit, i.e., for N — oo. For finite particle numbers, no kinks 
OCCUmAlie — ep 

Since the fugacity z(T, V, N) is now known, we can also 
investigate the grand canonical potential or qi, V2). Equas 
tion (13.32) yields pV = kTq(T, V,z). Thus, according to 
Equation (13.10) it holds for the pressure that 


kT est 
p= 53 85/242) = In(1 — z) (13.35) 


Here it is also convenient to first consider the thermodynamic 
limit (V — oo). One readily observes that the last term in Equation (13.35) can be always 
neglected. If z < 1, In(1 — z) is finite and this term goes to zerofor V — oo. Furthermore, 
1 — zcan at most decrease as 1/(N +1) according to Equation (13.20), so that the product of 
V—! with the logarithmically divergent term In(N + 1) vanishes for N —> oo and V + oo 
(N/V = const.). This simply means that the particles in the ground state « = 0, having 
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no kinetic energy, do not contribute to the pressure, which is obvious; i.e., 


Lge 
p= 55 85/2) (13.36) 
Below the critical temperature (T < T,) we may set z = 1. In this region, the pressure 
kT 
Least a (5/2) (13.37) 


becomes independent of volume and particle number, and is solely a function of temperature. 
This is, of course, also a consequence of the fact that the particles in the ground state do 
not contribute to the pressure. If, for instance, one adds additional particles to the system 
at given temperature J < T., they would sit necessarily in the state ¢ = 0 and would not 
contribute to the pressure. A similar consideration holds if the volume decreases. This 
would also have the only consequence that more particles would condense in the state 
€ = 0, but would not effect an increase in pressure. Just as Equation (13.26) defines 
a critical temperature 7, at given density, this equation yields a critical density at given 
temperature (or if the particle number is given as well, a critical volume), above which 
Bose condensation sets in: 


(+) = aGi2) or ye = as 
Me 6(3/2) 


Ms 

From Equations (13.37) and (13.38) one concludes that the isotherms of the Bose gas are 
horizontal lines in the pV diagram for volumes V < V-, just like a van der Waals gas in 
the coexistence region of gas and liquid. One therefore interprets Bose condensation as a 
kind of phase transition in such a system. One phase is represented by the particles in the 
excited states, while the other phase is formed by the particles in the state ¢ = 0. However, 
Bose condensation is not a condensation in coordinate space, as in the phase transition 
gas-liquid, but a condensation in momentum space, in which particles gather in a certain 
momentum state. 

If one eliminates the temperature from Equations (13.37) and (13.38), one obtains the 
limiting curve in the pV diagram where Bose condensation sets in: 


56/2) _ ysp 
2am (63/D)P 


In the regions T > T, or V > Vz, respectively, one obtains with the help of Equation 
(13.29), for x <1, the classical limit of an ideal gas. Then one may approximate the 
function gs/2(z) in Equation (13.36) by the first terms of the series (13.14): 


kT : 
p= (c+ gat) (13.40) 


(13.38) 


Ve yc Oust aes (13.39) 


3 95/2 
If one restricts oneself here, as in Equation (13.29), to the first term, the ideal gas law 
follows (x ¥ z < 1): 

kT kT NkT 


a ee (13.41) 
3 3 V 
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If one also takes into account also higher order terms, one can successively eliminate the 
fugacity z from the expansions (13.29) and (13.40). This leads to a systematic expansion 
of the pressure in terms of the parameter x: 


V =e N23 
Sa Yrax'! xe = (13.42) 


The first coefficients of this virial expansion of the Bose gas read 


ig) = Il 
1 
a= ae 
ps 1 
a,=— (x5 = 3) (13.43) 


In Figure 13.4 the isotherms of the Bose gas are depicted as they 
can be calculated from Equations (13.40) or (13.37). The dashed curve, 
Equation (13.39), represents the onset of the phase transition. 

Finally, we want to consider the internal energy U and the specific 
heat of the Bose gas: 


a) ®) V 
U=- —InZ = ~kT— 13.44 
ae Wee 85/2(Z) (13.44) 


‘V Comparison with Equation (13.36) yields 


Figure 13.4. lsotherms of the pe 
ideal Bose gas. j= = (13.45) 


independent of whether the system is in a one- or two-phase region. This relation is already 
well known to us from the ideal gas. With the pressure we thus also know the energy density 
of the system. 


To calculate the specific heat at constant volume C v, we proceed as follows: 


3 3 V 
Ce 
aie 7 t 53 852(2) (13.46) 


For T < T, we have z = 1, independent of temperature, so that 


Op hs eee 
Mi Nita are 
aay, eye IE 
ee De 
2 WSO! oT (3) 
15 V F 
Ent pte eatin >. ies 
saa §(5/2) wa % a (13.47) 
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For T > T-, z is no longer independent of T. However, since now No * O, we can 
eliminate the term VA~? in Equation (13.46) with the help of Equation (13.23): 


3 
—— ner S22 (13.48) 
2 g3/2(Z) 
One readily recognizes the classical limit for z < 1. For the specific heat, one obtains 
Cy _ il ay 
Nk Nk AT \wy 


- 3 gs/2(2) in 35 d (28) Fone 


2 g32(z) 22 aT \ g3/2(z) 


NV 


In Equation (13.49), the derivative of the g, (z) with respect to their arguments is required 
(chain rule). Employing the series expansion (13.14), one immediately anticipates the 
following recursion relation: 


; I 
&,(Z) = 7 on) (13.50) 
With this one obtains 
dz 1 
oO (28) _ zl (: 2 ee) Aen 
OT \ g3/2(z) Gl Zz (g3/2(Z)) 


The expression 9z/8T can be determined from Equation (13.23) 
as follows: 


Cy 
Nk ai ee a (N23 
poe ie \ 
dz 1 re Be Ne Pane @) 
apo le) eon | a ee 
az _ 3% 8322) (13.52) 
oT 27 81/2(Z) 


If one inserts this, with Equation (13.51), into Equation (13.49), 


Figure 13.5. Specific heat of the ideal one obtains 
Bose gas. Gy 


Mee 2a Se (13.53) 
Nk 4 93/2(z) 4 gij2(z) 


The classical limit (z — 0) can be easily read off; it holds thatey > = (2 _ 2) Nig= 
3 Nk (ideal gas). Forz > 1(T > T.), 81/2 is divergent, and the second term in Equation 


(13.53) vanishes, so that Equation (13.53) becomes identical to Equation (13.47), with 
g3/2(z) = x = NA3/V. Then the specific heat has the value 
ees) 2) 


ae ee ODS NE See” 13.54 
Cy (I) 4 tG/D = Cy ( ) 
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Figure 13.6. Phase diagram of “He. 
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at the critical temperature T,. With Equations (13.53) and (13.47) one consequently obtains 
the following picture of the specific heat, which is depicted in Figure 13.5: in the region of 
Bose condensation, T/T. < 1, the specific heat increases like T?/? to the maximum value, 
Equation (13.54). At T = T, a spike appears, and for T —> 00, Cy approaches the value 
of the ideal gas. 
The appearance of a spike in the specific heat is typical for a second-order phase 
transition (no latent heat). A kink appears in the first derivative of the thermodynamic 
potential U, and a discontinuity appears in the second derivative 8C viel =o UV jon 


re eeeeeSsSsSseseseseF 


Example 13.1: 


A-point in tHe 


The specific heat of *He for example shows such a behavior at very low temperatures. By 
1938 F. London already had surmised that Bose-Einstein condensation might be responsible 
for this peculiar behavior. 

For the critical temperature of Bose-condensation one finds from Equation (13.32), with 
m = 6.65 - 10° g and v = 2.76 - 10° m3mol"!, T. = 3.13 K, which is at least in the 
vicinity of the measured value. However, the experimentally found spike is by far sharper. It 
has the shape of the greek letter 4, which is the reason for introducing the name A-point for 
the critical temperature in “He. For a quantitative explanation, however, one has also to take 
into account the interaction of the *He particles. The phase diagram of *He is shown in Figure 
13.6, and its specific heat is shown in Figure 13.7. 

Below the (slightly pressure-dependent) critical temperature (A-curve), liquid helium 
suddenly shows very interesting new properties. From the horizontal limiting curve solid— 
liquid for T —> 0, one concludes with the help of the Clausius-Clapeyron equation, 


d Spt — Ssotj 
bod ee Fl solid 


13.55 
dT Ust — Usotid ( ) 
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Figure 13.7. Specific heat of *He. 


that liquid He 11 (for T —> 0) has no more entropy per mole than solid helium. The conden- 
sation of the particles in the state ¢ = 0 already represents the form of He with the highest 
degree of order. Furthermore, the viscosity of He II can assume very small values (depending 
on the experimental conditions). Liquid He II may then permeate very narrow capillaries, and 
even porous vessels, out of which not even gaseous He could escape. One interprets He II as 
a mixture of two phases, the superfluid He (particles in the state ¢ = 0, entropy S = 0) and 
normal fluid helium. A further interesting property of He 11 is its very large heat conductivity. 
This leads, for instance, to the fact that He II does not boil below the 4-point (formation of bub- 
bles), but evaporates from the surface steadily and calmly, since local temperature fluctuations 
cannot develop. 


I 


Ultrarelativistic Bose gas 


Another interesting model system is an ideal gas of noninteracting bosons having a rela- 
tivistic energy-momentum relationship and vanishing rest mass. A corresponding classical 
case was discussed in Example 6.2 and Exercise 7.2. The one-particle energies are 


€. = c |p| =hc | (13.56) 


As in preceding sections (cf. Equations (13.2) and 12.37)), the grand canonical partition 
function for this system has to be calculated, 


q(T, V,2) =InZ=—) In(1 — zexp{—Bex)) (13.57) 
k 


For the mean particle number and the internal energy we have the equations (cf. Equations 
(13.3) and (12.39)) 


1 
= oe 13.58 
MGA, be zl exp{Bex} — 1 ta 


Ek 
= a 13.59 
EEN Z ce expiben)— | io. 


326 


THE IDEAL BOSE GAS 13 


In principle, the vectors k are discrete in a box having periodic boundary conditions (Ex- 
ample 10.2). For large volumes, however, we can again rewrite the sums in Equations 
(13.5759) in terms of integrals. To this end, we proceed exactly as in Equations (13.5) and 
(13.6). The total number of states in the (classical) phase space is 


Sno red oo ee 
pa f Gee oe pdp= ors | e* de (13.60) 
with the one-particle density of states 
CD» 4nV , 
ee nes € (13.61) 


The density of states has changed, compared to the nonrelativistic case, due to the other 
energy~momentum relation. 

The ultrarelativistic Bose gas, however, requires yet another consideration with respect 
to the chemical potential. In the relativistic case, it is possible to create a particle of rest 
mass mpo if at least the energy E = moc? is spent (or, with 2moc’, a particle and an 
antiparticle). However, since the ultrarelativistic particles have no rest mass, it is possible 
to create arbitrarily many of these particles having «, = 0 without energy cost; i.e., in the 
state € = 0 there may be, in principle, arbitrarily many particles. Therefore, it makes no 
sense to fix the number of ultrarelativistic particles, since it may become arbitrarily large. 
Thus, the chemical potential jz also must have the value 0 (u = 0, z = 1), since it costs no 
energy to add arbitrarily many particles to the system in the state ¢ = 0. This divergence 
of the occupation number (9) in the state e = 0 has, of course, no effect on the essential 
physical properties like pressure, internal energy, etc., since the particles having « = 0 do 
not contribute to them at all. 

Thus, we are freed of a large part of the difficulties of the last section, since z has here 
simply the constant value z = 1: 


4nV © 
T,V)=- — exp{— 
Nie i dee* In(1 — exp{—Be}) 
_ 4nV 1 [a iS 
~ Gey 3" Io“ expipey —1 i 


Where an integration by parts was performed between the steps shown. For the internal 
energy, it follows from Equation (13.59) that 


4nV © iS 
Lis, ar (hey? {| de exp(Be} — 1 (13.63) 
Because g = pV/kT, it follows from comparing Equations (13.62) and (13.63) that 
1/U 
oe 3 (F) (13.64) 


a relation which we have already found in the classical case in Example 6.2. Again there 
appears the factor 1/3, in contrast to the nonrelativistic case, where the pressure was 2/3 of 
the energy density. 
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With the substitution x = fe, the expressions in Equations (13.62) and (13.63) can 
be retraced to the standard integrals g,(z) from Equation (13.9), where now, of course, we 
simply have z = 1, 


pV 4nV 2 
V,mjD= —_ = -- > 1 13.65 
AS ae = ho? B ga(1) (13.65) 
With the values (13.16) one finds g4(1) = ¢(4) = 7*/90, and thus 
lage 8x ae 
= -— = i. == 13.66 
eave 50 = 


The pressure and the energy density are thus functions of the temperature alone, p, U/V « 
T*, and the isotherms are horizontal in the pV diagram. Because U = TS— pV +uUN = 
TS — pV (u = 0), we can immediately calculate the free energy F = U — TS = —pV: 


ee ee ee, V(kT)* (13.67) 
SS OE " 


and the entropy as well, S = i(U —F)= : g. 
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= ——. (kT)? Vk 13.68 
90(he)3 (kT) ( ) 
The entropy density is therefore S/V « T°. Thus, the specific heat at constant volume 
becomes 
aU 
Cp= —| = 35 (13.69) 
aT |y 


i.e., it vanishes as T? for T > 0. From Equations (13.66) and (13.68) we can finally find 
the adiabats (S = const.), 


VT? = const. pT~* = const. = pv? = const. (13.70) 
so that p « n*/3 with n = N/V. The mean particle number can be calculated from 
Equation (13.58), 

eee fp e? 8xV 1 
A TO) ee dé ————— = — ae 31 13.71 
= Goh “appa 7 Gor BO ery 
Because g3(1) = ¢(3) one obtains 
872 V 
N(V, T) = =~ 6B)(KTY? (13.72) 
(he)? 


The mean particle density thus increases like T?. However, acommentis in order concerning 
Equation (13.72). First, the particle number (13.72) does not contain an infinite number of 
particles in the state € = 0, since their weight in the integral is zero (g(0) = 0). Second, 
we deal here only with the mean particle number, and one has to check how large the 
fluctuations around this number are. The standard deviation of the particle number can be 
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calculated exactly as in the classical case (see Chapter 9) from 
—_ = —K, with kK=-— — (13.73) 
where « is the isothermal compressibility. This quantity, however, is infinite, because 
dp/dV|; = 0. In other words, the fluctuations around the mean particle number, Equation 


(13.17), become infinitely large, and a statement concerning the mean particle number is 
thus only of limited value. 


Example 13.2: Planck’s radiation formula 


es 


ag <——___» 


We now apply the results of this section to a gas of photons in a cavity resonator with ideally 
reflecting walls at the temperature 7. 

Especially, we want to calculate the radiative power which leaves the cavity through 
asmall outlet of area dF, as well as the frequency spectrum of the radiation. The special 
importance of this model system is that the spectral radiation density O(w, T) (radiative 


ane power per frequency interval and emitting area) of an arbitrary thermal radiator can be 


Figure 13.8. C 
resonator with 


expressed according to Kirchhoff’s law (see Example 13.4): 


avity 
Q(o, T) = A(®, T) Qpiack(@, T) 


a photon gas at 


temperature 7. 


in terms of that of a so-called blackbody. The factor A(q@, T) is the absorptivity of the 

real body, which depends, as does the spectral density, on the frequency w of the radiation 
and the temperature. A blackbody is thus characterized by an absorptivity Apick(@, T) = 1. 
One can now readily conclude that the radiation which leaves the cavity resonator through a 
small hole, is just the radiation of a blackbody. If, on the other hand, a photon of arbitrary 
frequency hits the hole from the outside, it enters the cavity and is ideally reflected at the walls. 
The probability of leaving the cavity again through the small hole is negligible small. The 
hole, therefore, represents an emitter area with absorptivity A = 1. 

Since there is no body having an absorptivity A = 1 in nature, the blackbody is an 
idealized model system. However, it is very useful, since its Spectral radiation density does 
not depend on any material properties, which solely enter the absorptivity. 

The photon gas in the interior of the cavity can now be looked upon as an ultrarelativistic 
Bose gas, since the photons fulfill the energy-momentum relation 


€ = cp! with é€=ho, p=hk (13.74) 


if @ denotes the frequency, and k denotes the wave number of the photons. 

Furthermore, photons have spin one, and therefore behave as bosons. However, we have 
to take into account a special feature with respect to the additional spin degree of freedom. 
In principle, a particle with spin s (momentum state |p)) can possess 2s + 1 different spin 
projections which belong to the same energy in the noninteracting case. The one-particle 
density of states (13.61) should therefore be multiplied by the degeneracy factor &; =2s+1. 
For photons, however, this is not valid, since the electromagnetic field is always transverse 
and has only two possible polarization degrees of freedom. Thus, for real photons, only the 
spin projections s. = +] occur. The projection s- = 0 belonging to longitudinal waves drops 
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out. The one-particle density of states of the photons thus reads, with the degeneracy factor 
ge = Oe 


4nV , 


S(e) = 8s $e § 8s = 2 (13.75) 


The mean occupation number (n,) of an energy state for photons with the chemical potential 
jt = 0 is now given by 


1 
= 13.76 
m= exp(Bel = 1 aie 
The number of photons in the energy interval de is thus 


82 V ede 

h3c3 exp{Be} — 1 

or, if this is rewritten in terms of the frequency with Equation (13.74), and ifn = N/V denotes 
the spatial density of photons, 


dN(€) = (n.) g(€) de = 


dn(w) _ 1 wo (13.77) 
dw  m*c3 exp{fha} — 1 j 
Quite analogously, one finds the spatial energy density u = U/V per frequency interval: 
d d hi 3 
Ne ee ee (13.78) 
dw dw 2c? exp{Biw} — 1 


These quantities, however, refer to the interior of the cavity. With the same considerations 
as in Exercise 7.6 we can also evaluate the rate R at which photons with frequency w leave the 
cavity through the small outlet: 

d*N 1N 
— Fe = 
which gives the number of particles with mean velocity (v) which leave a box through a small 
hole per area and time. In our case, N/ V is given by Equation (13.77) (per frequency interval), 
and the mean velocity of photons is (v) = c: 
c dn(w) 1 wo 
ee 4 dw  4nc? exp{pia} — 1 is-42) 


Each of these photons corresponds to an energy hw. The energy flux per unit area of the hole 
and per time and frequency interval is thus 


ae 
dF dwat 
Since the energy per time just yields the radiative power p, Equation (13.80) is, of course, 


identical with the radiative power per hole area and frequency, i.e., with the spectral density 
O,(w, T). We thus have 


=hwR(w) (13.80) 


wo 


h 
4n2c2 exp{fpiw} — | 
This is the famous radiation law of Planck for the spectral radiation density of a blackbody in 
thermal equilibrium. From a historical point of view, however, Planck obtained this formula 
in the year 1900 in a slightly different way. It is very instructive to contrast his method with 
our derivation, which originates from Bose: 


Q,(w, T) =hwR@) = (13.81) 
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Planck did not consider a gas of indistinguishable photons, but rather a large num- 
ber of distinguishable oscillators, one for each frequency w. In this case, one must apply 
Maxwell-Boltzmann statistics to the oscillators, not Bose-Einstein statistics. However, Planck 
additionally assumed that the oscillators could absorb or emit only certain energy portionshw. 
We have already treated the corresponding problem in the framework of classical Maxwell- 
Boltzmann statistics in Example 8.1. Accordingly, the mean excitation level of an oscillator 
with frequency w is just given by 

] 
exp{fiw} — 1 
which is identical to Equation (13.76). The spectral energy density follows immediately from 


the mean energy (e,,) of an oscillator with frequency w multiplied by the number of oscillators 
per frequency interval (state density) and volume as 


(nw) = 


du(@) = 8(@) _ hw hw Ss 2 
do (eo) [eG (sa =e 2 ) m3” oie 


where g(w) can be obtained from Equation (13.75) by rewriting it in terms of frequencies 
(note g(€) = dN/de > g(w) = dN/dw =hg(e)). 

Expression (13.82) now agrees with Equation (13.78) up to the zero point energy of the 
oscillators (which was, by the way, not known to Planck). The indistinguishable photons of 
frequency w are obviously identical to the single energy portions Aw of the distinguishable 
oscillators, and both ways of consideration lead to the same results. However, if the photons 
were real classical distinguishable ultrarelativistical objects, instead of Equation (13.76) one 
should have used the expression 


ue 


= exp{—Be} 


The whole derivation also can be performed using this mean occupation number, and one 
obtains for the spectral radiation density 
OM (wo, T) = w® exp(—fhw} 


4n?¢? 
This is Wien’s radiation law, which was—without knowledge of Planck’s constant—already 
known prior to Planck’s radiation law. Here also, the photons are treated as ultrarelativistic 
particles, but with the difference that they are assumed to be distinguishable. Wien’s radiation 
law is just the classical limit of Equation (13.81) fora >> kT, since then the exponential 
term in the denominator dominates, compared to unity. In this case, the photons behave nearly 
like classical particles. 

On the other hand, one can also consider the limiting case KT >> fw. In this case, the 
energy portions hw are very small compared to the mean thermal excitation energy, and the 
discrete structure of the energy spectrum of the oscillators no longer plays an important role. 
One may treat them as classical oscillators. According to the equipartition theorem, each of 
these oscillators on average has the thermal excitation energy (€,,) = kT. This corresponds to 
the purely classical wave picture, according to which each degree of freedom of the radiation 
field has just the mean energy kT in thermal equilibrium. If one inserts this classical mean 
energy into Equation (13.82) instead of the mean energy of the quantum mechanical oscillators, 
it follows that 


du(w) Eye gw) a ao 


dw vo m2¢3 
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which leads to the radiation law of Rayleigh and Jeans. 


w 


cl.wavepict. a 
O° (@, 1) = TES kT 
This law also follows from the general formula (13.81) by expanding in the limitha < kT. 
Planck’s formula thus represents a connection between the classical wave picture (continuous 
excitation, Rayleigh-Jeans law) and the pure particle interpretation of photons (ultrarelativistic, 
distinguishable classical particles, Wien’s law). It thus contains in a remarkably clear way the 
wave-particle duality of photons. We want to summarize these perceptions in a little scheme: 


Table 13.1 The three radiation laws 


Planck’s radiation law hw >> kT Wien’s law hw « kT Rayleigh—Jeans law 


Indistinguishable Distinguishable Classical wave picture 
particles classical particles with mean excitation energy 
with Bose-Einstein with kT per degree of freedom 
statistics Maxwell-Boltzmann of the radiation field 
or statistics or 
Distinguishable Classical distinguishable 
oscillators oscillators with continuous 
with discrete excitation energy 


excitation levels 


The dependence of the three radiation laws on the frequency w of the radiation is displayed 
in Figure 13.9 for a certain temperature. 

The law of Rayleigh and Jeans yields radiation densities at 
high frequencies that are too high (Q — oo for w — oo), since 
ae a i each degree of freedom of the radiation field (each oscillator with 
----- Rayleigh- frequency w) has the same mean energy. The number of oscillators 
Jeans per frequency interval, however, increases like w*, from which fol- 
lows this property, commonly known as the ultraviolet catastrophe. 
On the other hand, Wien’s law reproduces at least qualitatively the 
shape of the radiation density. However, it fails just at the middle 
frequencies. The maximum of Planck’s distribution lies ath@max, 

which can be calculated, with x = Aw, from Equation (13.81): 


0 5 10 dQ,(x, T 


X=Xmax 
Figure 13.9. The three radiation laws. 
This equation has to be solved numerically, with the result 
Cio = Diol OF (Fae, = PAA 


The maximum of the radiation distribution is shifted linearly, proportional to the temperature, 
to higher frequencies. 

For Wien’s radiation law it holds quite analogously that Xmax = 3kT or BXmax = 3. 
The linear shift of the maximum of the distribution with temperature is known as Wien’s shift 
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howleV] 


Figure 13.10. Planck’s radiation law for different 
temperatures. 


law. In Figure 13.10, Planck’s radiation law is shown as a function of frequency for various 
temperatures. As one observes, at temperatures up to 2000 K only a small fraction of the 
radiative power falls in the visible range of the spectrum. The largest part of the radiation lies 
in the infrared region (heat radiation). 

This is, for instance, a reason for the small efficiency of light bulbs with respect to the 
transformation of electrical energy into visible light. The temperature of the filament cannot 
be larger than the melting point of the material, Tex (tungsten) = 3683 K. On the other hand, 
a large part of the radiation of the sun, which has a surface temperature of about 5800 °K lies 
in the visible range. 

Finally, we can calculate the total radiation density Q(T) of a blackbody from 


(T) = i dwQ,(w,T) = ek i) d a 
= i : SS xX 
Qrot ‘ w @ 4 273 62 0 et ] 


where x = Phw was substituted. The integral has the value 4yen(1) = Ge) Sar /15 
according to Equation (13.9), and one obtains 


ok 
~ 60% C2 
which is known as the Stefan-Boltzmann law. 
ee 
Example 13.3: The cosmic 3K background radiation 


Ow (T) = oT* with o = 5.67 - 1078 Watt m7? K~¢ 


As we know, the maximum of Planck’s radiation distribution is uniquely related to the temper- 
ature, or to the parameter B = 1/kT (Wien’s shift law). One can therefore draw conclusions 
about the temperature of a radiating blackbody from its electromagnetic frequency spectrum. 

In the year 1964 Penzias and Wilson* discovered an isotropic cosmic radiation, the 
frequency spectrum of which corresponds to a temperature of nearly 3 K (see Figure 13.11). 
The experimental efforts to measure this radiation are enormous. At first one has to shield the 
antenna, which serves as the radiation receiver (at 3 K the maximum of Planck’s distribution 
lies in the radiowave range), against all interference sources, e.g., devices in the vicinity, and 


“A. A. Penzias, R. H. Wilson, Astrophys. Journ. 142 (1965) 419. 
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Figure 13.11. Frequency spectrum of the cosmic background radiation. 


to cool it below 3 K, to eliminate most of the thermal radiation caused by its own temperature. 
Further interference factors come from the earth, which radiates with a temperature of 300 K 
(this cannot be isolated in experiments performed on the ground), as well as interstellar dust 
clouds, which absorb a part of the frequencies of the background radiation. Therefore, the 
radiation distribution cannot be measured completely. Another problem in the measurement 
is the isotropy of the radiation. Since the intensity coming from every direction of the sky 
is equal, one has no reference point against which to perform a differential comparison of 
neighboring regions (a method which is commonly used to determine temperatures of cosmic 
radiation sources). Therefore, one has to use a calibrated radiator for comparison. 

The isotropic 3K background radiation plays an important role in many cosmological 
models. Today we have the following picture of its origin: Shortly after the Big Bang, when 
the density of matter was still very large, the universe consisted mainly of hydrogen and helium 
nuclei, as well as free electrons and radiation. The free electrons, which have a large cross 
section for photons, provided a strong coupling between the radiation and the matter, so that 
a common temperature of about 4200 K (ionization temperature of H and He) persisted. One 
can think of the universe as a cavity in which a hot gas of the mentioned constituents was in 
equilibrium with the cavity radiation. 

In its further (adiabatic) expansion the universe steadily cooled down. Below 4200 K the 
H and He nuclei captured the electrons (recombination), so that the radiation decoupled from 
the matter because of the essentially reduced cross section for scattering of photons from bound 
electrons. The gravitation of the expanding matter alone caused a red shift of the radiation, i.e., 
a decrease of temperature to the actual value of 3 K. Since the mean free path of the photons 
became very large after the recombination, even today photons exist which were present at 
the recombination, approximately 10-20 billion years ago. The cosmic background radiation 
thus contains information about the state of the universe at the time of the recombination. 
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However, to prove the assertion that the 3K background radiation stems from the recom- 
bination of the ionized H and He nuclei, measurements are necessary which exclude other 
possible radiation sources; e.g., if the recombination theory is correct, the interaction of pho- 
tons with frequencies in the range of the absorption lines of H and He should have prevailed far 
longer (due to the large cross section for resonance absorption), so that just at these frequen- 
cies deviations from Planck’s distribution should be observable. Unfortunately, the already 
mentioned interference factors prevent precise measurements in this frequency domain, and 
one may be very eager to await future satellite experiments. 
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Example 13.4: 


Derivation of Kirchhoff’s law 


To derive Kirchoff’s law, we consider a model system consisting of 


mirror two parallel surfaces of equal size and temperature 7, which are iso- 


lated from the surroundings by ideally reflecting mirrors, so that no 
radiation can escape from between them (see Figure 13.12). The 
two surfaces may possess absorptivities A; and A>, respectively, and 
spectral radiation densities Q, and Q. 

The whole setup may be enclosed by adiabatic walls, so that there 


mirror is also no heat exchange with the surroundings. Area a; emits the 
Figure 13.12. Concerning the radiative power Q, to area az, a part A2Q, of which is absorbed and 
derivation of Kirchhoff’s law. a part (1 — Az)Q, of which is reflected. Vice versa, area a2 emits the 


radiative power Q> onto area a), a part A; Q2 of which is absorbed and 
a part (1 — Ai) Q> of which is reflected. In thermodynamic equilibrium, however, the effective 
energy flux between both surfaces has to vanish. For instance, if the flux from a; to a were 
to dominate, the surface az would be heated up in comparison to a,, which contradicts the 
second law of thermodynamics. The total energy flux from a, is given by the direct part QO, 
and the reflected part (1 — A,)Q2. Analogously, the energy flux from a> is the sum of Q>2 and 
(1 — Az)Q). In thermodynamic equilibrium it thus holds that 


A 
Cea ay Yor or te yon ak 
Q2 A2 


The radiation densities of the two plates must therefore behave exactly as the two absorptivities. 
If now, for example, plate a, is completely black (A, = 1 and Q, = Qpdiack), the spectral 
radiation density of plate a, is 


Q2 = A2Qotack 


which corresponds exactly to Kirchhoff’s law. 


ees 


Example 13.5: 


Lattice oscillations in a solid: Einstein and Debye model 


The interaction potential between two atoms in acrystalline solid has approximately the shape 
depicted in Figure 13.13. The equilibrium position is characterized by the distance d. Of 
course, this is only a crude approximation of the true situation in a solid, where the potential 
energy of a particle may also depend on the spatial direction of the elongation. The essential 
property of a stable equilibrium position at a distance d, which is of the order of the lattice 
constant, is, however, correctly reproduced by this potential. 
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V(r) If one restricts oneself to small shifts of the atoms from their rest 
position, one may even expand the potential around the equilibrium 
position and truncate the expansion after the quadratic term, 


d V (eee en) — VO, co KH) 


Figure 13.13. Interaction potential of “XN 


two atoms in a solid (schematical). 


However, if the X;,...,Xw are the equilibrium positions of the particles, the coefficients 
dV /dx; of the linear term have to vanish. If one denotes the coefficients of the quadratic term 
by a, and considers only the relative shift with respect to the rest position & = x; — X;, one 
obtains, after neglecting the constant term, 


N 
VE) = >) onkibe 


ik=1 
The corresponding Hamiltonian is 


N N 
i . 
2 
HG) = Do sme? + Do oinkiée 
i=l ik=l 
From classical mechanics one knows that there exists a canonical transformation of the &; to 
new generalized coordinates g;, so that H attains, in terms of the new coordinates, the form 


3N 
H(q) = > 5m (GF + ofa?) 
i=l 
The new coordinates correspond to the normal oscillations of the solid with the eigenfrequen- 
cies w; and the effective masses m;. 

Here we do not want to discuss the corresponding classical problem in detail. For our 
purpose it is sufficient to know that the Hamiltonian has the form of that of 3N harmonic 
oscillators with different frequencies w;. The eigenfrequencies w,; and effective masses follow 
from the matrix a, and from the particle masses m. (For a solid of finite size, 6 of the degrees 
of freedom of the “normal oscillations” actually describe translations and rotations of the 
whole solid, but we want to assume N > 1.) Furthermore, we do not even want to calculate 
the eigenfrequencies «; in detail for a certain solid with a definite lattice structure, but instead 
we want to make assumptions concerning the frequency spectrum that are as simple and clear 
as possible. 

The most simple possibility was proposed by Einstein. He assumed that all 3N eigenfre- 
quencies of the normal oscillations are identical and have a fixed value w. Then our model of 
a solid corresponds to an ensemble of 3N distinguishable oscillators with frequency w, which, 
however, we have to treat quantum mechanically (discrete excitation levels). The corre- 
sponding statistical problem was already discussed in Example 8.] using Maxwell-Boltzmann 
statistics, and we can immediately write down the thermodynamic properties of our model 
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system. For instance, the internal energy is 


] 
U(N,V,T) = 3Nhw (5 + (13.83) 


1 
2° exp(Phio} — | ) 
Here 


b= a el (13.84) 


exp{Phw} — | 

is again the average excitation level of an oscillator with frequency w at temperature T. The 
average energy of such an oscillator is then (c) = hw (4 + (n)), from which Equation (13.83) 
follows immediately. However, we can interpret Equation (13.83) also in somewhat different 
terms, if we do not conceive (n) as the average excitation level of an oscillator, but as the 
number of indistinguishable excitation quanta per oscillator, so-called phonons, which have 
the absolute value hw. Just as photons are the energy quanta of the electromagnetic field, 
phonons are the energy quanta of the normal oscillations of a solid. Like photons, phonons 
are obviously bosons with an energy-momentum relationship 


€=c,|pl, with e€=ho, p=hk 


if w denotes the frequency of the normal oscillations and k the 
wave numbers. However, c, is not the velocity of light, as in the 
case of photons, but the propagation velocity of oscillations in the 
solid, i.e., the velocity of sound. The number of phonons in the 
solid is as well undetermined as the number of photons in the radi- 


a ation field; thus the chemical potential vanishes. However, while 

y in the electromagnetic case there exists just one oscillator for each 

frequency and their total number is infinite (even continuously in- 

x finite, if the field is not confined in a box with ideally conducting 

walls), we have in the case of the sound field in the solid only one 

| ee es to 7S : frequency and 3N oscillators, provided we consider the Einstein 
Pe oe = inedel 

Lo e *o, y; ies Z The analogy between electromagnetic waves and sound 

y Ja OF oi waves in the solid can be followed further.* The electromagnetic 


Z, 
Figure 13.14. Concerning the analogy 
between electromagnetic waves and sound 
waves in the solid. 


field is described by the amplitudes of the E or B field. These 
are always perpendicular to the propagation direction k, which 
we choose to be the z-axis. The position of the field vector in 
the xy-plane corresponds to the two degrees of freedom of the 
polarization (spin projection). 

Quite analogously, the sound field is described by the dis- 
placements of the single atoms. Apart from the two possibilities 
for transverse waves with displacements i in X- or y-directions per- 
pendicular to the propagation direction k, there are now, however, 
also longitudinal waves, with displacements in direction of k. In 


general, the propagation velocity (velocity of sound) for longitudinal and transverse waves, 
Csi OF Cs, respectively, is different. Obviously, phonons, like photons, have spin 1. The two 


“(Figure 13.14.) 
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spin projections s. = +1 correspond to the two transverse modes, and s, = 0 corresponds to 
the longitudinal mode, which does not exist in the electromagnetic case. 

An especially interesting thermodynamic property is the specific heat of solids, which 
shall now be calculated within the Einstein model: 


€, a 


OT |v (exp{Bhw} — 1)? 


The function 


(13.85) 


= ea 


is called the Einstein function. 
Indeed, Equation (13.85) yields qualitatively the correct func- 


1 tional dependence of the specific heat of solids (Figure 13.15). For 
Cy large temperatures, the rule of Dulong and Petit is obtained; i.e., 
3Nk Cy = 3Nk in the classical limit (KT >> ha); for small temper- 


atures, the specific heat converges to zero as Cy « x?e~* in the 
Einstein model. However, precise measurements have shown that 
Cy does not drop exponentially towards zero, but only as T°. 

0 Obviously the assumption of only one oscillation frequency 


0 se 2 is too inaccurate to obtain quantitative agreement with experiment. 
wx We now want to improve the simple Einstein model by permit- 

Figure 13.15. Specific heat of solids ting a whole frequency spectrum. In the thermodynamic limit 
according to Equation (13.85). (V — oo,N > oo, N/V = const.) the frequencies of the 


normal oscillations are arbitrarily close to each other, and we can 
calculate their number per frequency interval in the same way as in the case of photons. Also 
the phonons behave like “ultrarelativistic” free particles. The density of states is according to 
Equation (13.61): 


az 4nV , 
gle) = aa ee 
or 

ax Vo 
g(w) = nee rt 


The total number of oscillators (normal oscillations) per frequency interval follows from the 
two transverse modes and the one longitudinal mode as 


ie oe 
s@)— Vv ( Inc = | (13.86) 
However, the number of all normal oscillations in the solid is finite (3) and not infinite as in 
the case of the electromagnetic field. The reason is that the solid is not a continuous medium, 
but possesses a discrete structure with a lattice constant d. Thus, no waves can propagate 
inside the solid which have a wavelength that is smaller than the lattice constant. The density 
of states g(w) must therefore be truncated at a minimum wavelength, or because A o on 
at a maximum frequency w,, the so—called “cut-off” frequency. We determine w, from the 
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requirement 


te Nall soe 
/ g(w)\dw=3N or w= 1817 (< + ) (13.87) 
0 


The model of lattice oscillations corresponding to Equations (13.86) and (13.87) originates 
from Debye. The energy density in the frequency interval da now follows exactly as in 
Example 13.2 


du(o) _  8(@) _ 1), oN a 
Fil (3) yn = (ey + = ) a9 ; @ < @, (13.88) 


where the density of states g(w) was expressed in terms of w,, 


ee < 
= @ @ 
= g) aattte 
g(w) = w; 


0 > w, 


The internal energy follows by integrating Equation (13.88) up to the cut-off and multiplying 
the result by V: 


oa l 1 
IGE, Wai) Se i HD) | ees ae = | 
w Jo exp{Bhiw} — | 2 


From this one obtains for the specific heat 


aU 9Nh? i w* exp{ pia} 
——. = @ —_— > 
OT ly.y = @ekT? Jo (exp{Phiw} — 1)? 


Cy = 


or, after substituting x = Bho, 


kT \3 7% xter 
Cy = 9Nk toe ee 
& I 5 (ery 


In analogy to the Einstein function one calls 


a we ho, 
D(xo) = xe i dx (Gai with xX = kT (13.89) 
the Debye function, and it holds that Cy = 3NkD(xo). In the Einstein model, the thermo- 
dynamic quantities depend on the frequency of the oscillators. In the Debye model, this role 
is assumed by the cut-off frequency w,.. The parameter combination © = fiw,/k has the 
dimension of a temperature. It is known as Debye temperature. In principle, this temperature 
(or w,, respectively,) can be calculated from the measured sound velocities, but this procedure 
is not very accurate. Thus, one does better to fit the parameter © (or w,) directly to the shape 
of the specific heats. 

Before comparing the theory with experiment, we investigate the limiting cases x9 < 1 
(classical limit) and x9 >> 1. For x) — 0, we obtain after an integration by parts of the term 
e*/(e* — 1)? in Equation (13.89), 


XO xo 4 3 
aP i dx Z 
i) (4) c v= ] 


dx (13.90) 


4 
D(x) = a: {- a 
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Figure 13.16. Frequency distribution of the lattice 


oscillations. 
If one now expands (e* — 1)~! for small x, one has 
1 me 1 rae 1 
ee—1 xt txr®pindp.., x ltdxt txr+.-. 


The last term can be expanded for x < 1 according to the formula 
f(x) = lt+ayx +anx* +--- 


Fy i for 
thus, 
=={ set ott) 
e — 1 BG 2z 12 


If one inserts this into Equation (13.90), it follows with x9 < 1 that 


1 1 
D(x0) = —3 (: = 5 ae aut) 


The specific heat thus becomes constant in the classical limit x» > 0,Cy = 3Nk, as we 
expected, and decreases for lower temperatures. In the limit x9 — oo we find from Equation 


(13.90): 


Be fp Se 
Dg) 3 59 XP — Xo che dx 
Xo 0 e — | 


ee A tae, =| 
yy — S =] = ]S Ha 
ae 5x3 5” (\ hax 
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Figure 13.16. Specific heat of solids. 


since the term proportional to exp{—xo} decreases exponentially, and the integral has the value 
P'(4)g4(1) according to Equation (13.9). Hence, we find indeed that the specific heat increases 
like T? for small temperatures. 

In Figure 13.14, the specific heat of the Debye model (solid line) is shown in comparison 
to the specific heat of the Einstein model (dashed-dotted line), as well as the T° law for low 
temperatures. 

In Table 13.2, some Debye temperatures for different materials are shown. For compari- 
son, not only values obtained by a best fit of the theoretical specific heats to the data are shown, 
but also values determined via the elastic constants of the solid (velocities of sound). 

Especially interesting is the extremely high Debye temperature of diamond. The cor- 
responding high cut-off frequency can be interpreted by the fact that a diamond is a very 
incompressible (rigid) crystal, the lattice oscillations of which have high excitation energies. 
The specific heat of diamond does not obey the rule of Dulong and Petit at room temperature, 
but is still temperature dependent and much smaller than that of metals. 

One can also directly compare the frequency distribution g(w) of the Debye model with 
the experimental data shown in Figure 13.16, which were obtained by X-ray scattering (Walker 
1956). As one observes, the Debye model reproduces the experimental shape of the frequency 
spectrum only very schematically. It is astonishing that this crude model describes the specific 
heats of solids so well. 
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TABLE 13.2 Debye temperatures 
a a ee 
Crystal Pb Ag Zn Cu Al Cc NaCl KCl MgO 


@srech Ky 88 ali) 308 345 398 1850 308 233 850 
@e'(K] UB 214 305 BB 402 - 320 240 950 
eee 


“C. B. Walker, Phys. Rev 103 (1956) 547. 


14 Ideal Fermi Gas 


A further, very useful model system is that of a noninteracting non relativistic gas of Fermi 
particles. Nucleons in atoms, as well as electrons in metals, can be regarded as an ideal 
Fermi gas to first approximation. The case T — 0 has here a special importance. The 
thermodynamic properties of the ideal Fermi gas follow immediately from the logarithm of 
the grand partition function (cf. Equation (12.37)) 


q(T, V,z) =InZ = J) In(1 + zexp{—Bex}) (14.1) 
k 


where the sum runs over all one-particle energy eigenstates. The fugacity z = exp{u/kT} 
is to be determined for a given particle number from 


1 
NOV, 2) = pe (ny) = Dy ee (14.2) 
Here, all values of 44 may occur, so thatO < z < oo. Since it is the mean energy necessary 
to add another particle to the system, jz must increase with the particle number at fixed 
volume. The reason is that the Pauli principle requires an energetically higher state for 
each new particle. We want to rewrite the sums in Equations (14.1) and (14.2) in terms 
of integrals, as at the beginning of Chapter 13, since the energy eigenstates are arbitrarily 
close to each other in a large volume: 


GU V2) = if de g(€) In(1 + zexp{—fe}) (14.3) 
0 


eS 1 
RE, Vo A) = i dé g(é) zl exp(Be) + 1 (14.4) 


In principle, we may take the one-particle state density g(€) directly from Equation (13.6). 
However, since the particles possess 2s + 1 different spin orientations which are energet- 
ically degenerate in the interaction free case, Equation (13.6) must be multiplied by an 
additional degeneracy factor g = 2s + 1: 


2a V 
g(e) ae Bz Omye™ (14.5) 
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If one inserts this and ca the term €'/? in Equation (14.3) by parts, it follows that 


q(T, V,2 = m ‘Gale dee’? In(1 + zexp{—Be}) 
0 
nV 2 - €3/2 
=o (2 3/2 = if eC ——S= 14.6 
85 (2m) 38 SS (14.6) 
NEVE) aa (2m ee jp (14.7) 
0 ce expe; a 


Quite analogously to the ideal Bose gas, these integrals may be expressed by standard 
functions with the help of the substitution x = Be. We define 


rol dx 
Fin) Jo zoet +1’ 
with the Gamma function defined in Example 1.2, and obtain for Equations (14.6) and 


0 2 = co (14.8) 


fr) = 


(14.7) 
V V 
q(T. V.2) = Fe = = fan) (14.9) 
M(T ee a 
CE\ea 53 S322) (14.10) 


Again, we first investigate the properties of the functions f,,(z). For z < 1 we may denote 
a series expansion: 


1 1 ioe) [o@) 
———_—. = ze * ———_- = _ze™* =ze*)\ = ee 14.11 
=p rare me ) d ) (14.11) 


If one inserts this into Equation ae one obtains 


0° k 
_1\k- 1< n-l,-y _ _1y)k-1 a 
pe) = a 5 2 x Weve ik EE DE Die (14.4 2) 


where y = kx, and the definition of the P—function was used in the calculation of the 
integral. The only, but essential, difference to the functions &n(z) in the Bose case (see 
Equation (13.14)) is the alternating sign of the series (14.12). For the derivative of Gh ce) 
with respect to the argument, the recursion formula 


) 1 
ne 9, 2) =- 7 Jn @) (14.13) 


ae ee iS ene clear from the series expansion (14.12). Equation (14.13) 
holds not only for z < 1, but also in general, as one readily convinces oneself: 


xt 1 z7! er 
25 In(@) = rok ip 


xn! es) oo n-2 
= - | a (i » f a (14.14) 
a z lex aioe 0 0 gee te || : 
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The first term in the square brackets vanishes forn > 1. Because (n) = (n—-1)P(n— 1), 
Equation (14.13) follows. 

For large values of z it is useful to set z = e*, with y = By, and to consider y > oo. 
The term (e*—” + 1)! is then the essential factor in the integrand of Equation (14.8). For 
x < yand y — oo, it has the value 1 and for x > y and y — oo, the value 0. Thus, 
in this case we obtain a step function, as we have already noticed in the discussion of the 
occupation numbers in the limit 7 — O(y — oo). For large y it is therefore practical 
to expand in terms of small deviations from the step function. As an abbreviation, we set 
F,(y) = T'(n) f, (z), with z = e’, and obtain 


[o-e) xr! dx 
F,(y) = amr en: 
0 


ey + ] 
[oe] i il 
= dx x" | @(y — Se = Oy — 
i xx | (yx) + (= = - 80 »)| 
a + i a! : e( ) (14.15) 
= — Boos ae — Xx : 
n 0 BI ? 


where the integral is now a small quantity. We perform this integral as follows: 


‘— axx ——§\ —O(y-x 
| al s aa S ) 
y 1 2 1 
ii dx xo) (| —— ==) = / 2 A — 
0 ey +1 ; ey +1 


y xt! [o.) xt) 
= dx ————_- dx ————_ 14.16 
i ia tl | ( 
In the first integral we now substitute y — x = u, and in the second x — y =v: 
0 — pp weal co n-1 
I =i [eae +f pees (14.17) 
7 1 +e 0 1+e” 


Because y >> 1 we may also take y > oo as the integration bound of the first integral. 
Afterwards we can write the two integrals as one if we set u = v: 


ie.) = can n-1 
1s | i (y — 4) 
0 


(14.18) 
1+ e! 


The two power functions in the numerator are then expanded according to the binomial 
expansion (for arbitrary real (n — 1)) in terms of u/y (y > 1). All of the even terms drop 
out: 


y" 0° | a Leen ie yest) : oon 
= —_— » u : 
n(y) n = 2j ae 1 0 et + ] 
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The integrals can be evaluated with the help of Riemann’s ¢-function. Because e~“ < 1 
in the whole range of integration and because 


1 Cm eS k 
= =e" —1)* exp{—ku (14.20) 
Sera oes =e my )* exp{—ku} 
it holds that 
Come 2 00 0° 
i, = au = [ duus*'e~ ¥ \(—1)* exp{—ku} 
0 e# + ] 0 k=0 
love) ? oO 
=| duu!*! SoD exp{—ku} 
0 k=1 
ee Sil k-1 foe) 
= sy ( a i dwwitte-» 
k=] k 0 
— (-1)*} 
= (27 22) ae (1 4.21) 


Here we have substituted w = ku in the last step and calculated ‘the integral with the help 
of the function. The sum in Equation (14.21) would be exactly equal to the ¢—function, 
if the even terms did not have the wrong sign. We simply add the even terms and subtract 
them again twice: 

x (-1! =a a 


DE ae = eee om 


k=] k=1 k=] 


II 
Ward 
As, 
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— 
aS Cae 
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eee 


(14.22) 


We therefore have the series expansion 


n 0° 
y n—| Pee ; ; 1 
j= 


(14.23) 
and finally 


HO= = rey! |, SWepsOn al — = 

n T(n Ae 1) Sh 2j ss y J J 22j-1 
(14.24) 
As one observes, y” is the dominant term, and the sum in the brackets represents only a 


small correction for y >> 1. This formula was first given by Sommerfeld in 1928. Note 
that the ¢-function with even argument is analytically known. 
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We want to add a remark. In the second step of the formula (14.16) we have made 
the approximation y — oo at the integration limit. Thus, Equation (14.24) is not a rig- 
orous expansion of the f(z) in a mathematical sense. However, the neglected terms are 
exponentially small: a detailed analysis* shows that only a term cos {(n — 1)7} fn(—y) is 
missing in Equation (14.24). Because f,(—y) = f,(1/z), this term is exponentially small 
for yo |. horn = f : 3 g 5 , ... the expansion (14.24) is always correct, since then the 
second term proportional to cos{(n — 1)z} vanishes. 

We now have a good idea how the f,,(z) look (Figure 14.1). 
Because of Equation (14.13) it holds that 


ii) =, esl (14.25) 


and because of Equation (14.24), 
(In oe 


n! 


fn(z) © : al (14.26) 


For z = 1, values can be given; with Equations (14.12) and (14.22) 
we obtain 


Figure 14.1. The functions f(z). 


il 
frQ) = (: = =) ¢(n) (14.27) 
e.g. fay.(1) = 0.765, fs2(1) = 0.866, and fy2(1) = 0.9277. Since f,(z) > 0 and 
2 a 2 fna—1(z) > 0, the f,(z) are strictly monotonous functions and uniquely 
invertible. 


We now return to the thermodynamics of the Fermi gas. First we calculate the internal 
energy of the system via 


U ane pe ne ae) 14.28 
= —-— iN — — In eS — e 
op Vv oT v2 yee ee 


With Equation (14.10) the term gV/ 33 can be eliminated, with the result 


3 
u = 2NkT f5/2(Z) 


(14.29) 
2 f32(2) 


which is completely analogous to Equation (13.48), for the Bose gas. In particular, the 
classical limit follows for NA?/(gV) < 1 (small densities, high temperatures). From 
Equation (14.10) then follows immediately z < 1, and because of Equation (14.25), 
Ue 3 NkT. A comparison of Equations (14.28) and (14.9) yields 


p= (14.30) 


WN 
=|S 


*P. Rhodes, Proc. Roy. Soc. London A 204 (1950) 396; R. B. Dingle, J. App. Res. B6 (1956) 225. 


346 


IDEAL FERMI GAS 14 


Exactly as for the classical ideal Maxwell-Boltzmann gas and for the ideal Bose gas, the 
pressure is just 2/3 times the energy density. Thus, this formula holds in general for 
nonrelativistic ideal gases. 

The specific heat can be obtained by differentiating the internal energy with respect to 
the temperature. To this end, however, we need (employing the chain rule) the derivative 
of z with respect to T. We do this exactly as in Equation (13.52). With Equation (14.10) 
we find 


a oe OP Ne 
yp = hap | ee 


dz 1 deny Nee 3 

paca at Ss SS Ee 14.31 

aT 7 inl) aT ( 7 ) aT f3/2(Z) ( ) 
or 

9z ee EL, (14.32) 

OT |y y 27 fitz) 


Thus, using Equation (14.13) the specific heat becomes 


JES ey Boe | ( 3 Fae | 
Cy Sy ee er ee ea ee 
4 i 2 (f3/2(z))? 21 file) 


op 2 f3/2(Z) 
Cy isp) 8 ape) 


Nk 4 fort) 4 firpl(a 


which is again quite analogous to the Bose gas (Equation (13.53). For z > 0, Equation 
(14.33) just yields the classical value Cy = 3 Nk. The free energy F = U —TS = 
Np — pV is easily calculated, using 4» = kT Inz and p from Equations (14.9) and 
(14.10): 


(14.33) 


F = Nu ~ pv = er fin — oa | (14.34) 
fap (z) 
For the entropy one obtains 
1 3 f5/2(z) 
S= 7 U-F)= nel 3 —Inz 14.35 
i 2 frre) cite 


A comparison with the results of Example 9.1 shows that these formulas also reproduce the 
classical case for z < 1. As for the Bose gas, the classical limit holds if 


N nz \3? 
z= — | —— | = Co ig, 1 6 
f3/2(Z) eV (sar) < bypass z< (14.36) 
If the expression NA7/(gV) is small, but not very small, one can successively eliminate the 
fugacity from the series expansion of the f,,(z) in Equations (14.9) and (14.10), and one 
obtains, analogously to Equation (13.42), a virial expansion of the equation of state of the 
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Fermi gas: 
pV 7 pi) ft ' Ae N23 
—_ = —1l) ax with Le = = == 14.37 
NkT d ae) gv gaV 


The coefficients a; are here the same as in Equation (13.43), only the signs are changed. 


The degenerate Fermi gas 


We now want to study the other limiting case, when temperatures are low and densities high. 
The extreme case T = 0 is now of special interest, because in many quantum mechanical 
(e.g., atomic) systems the typical excitation energies are larger than a few caus of eV. The 
mean thermal energy at room temperature, however, is only approximately + aye Veet is 
far less than what is required for excitations, so that for such systems (e.g., an electron gas 
in a metal) room temperature is nearly the same as T = 0. 

In this case, the mean occupation number (n,)FP is in good approximation described 
by the step function @(4 — €). The functions f,,(z) may in this case be approximated by 
Equation (14.26). One thus has for Equations (14.9) and (14.10) 


3/2 
Pp g ( LL 1 2mm 572 8 
—— © = || = co) x = 14.38 
ap je lva) see es le) er 
N gyu i 1 N Bi vo ee 4 
ee eee (pe — oO — — —. 14.39 
ae a r (3) OD i aa rma = Uae 


This limit can also be derived directly. In the case T = 0, the mean occupation number 
eee is given by 
- 1 ife <p 
Ne)pig = OL — 4) = (14.40) 
0 ife > p 
For T = 0 the chemical potential 4 must be identified with the Fermi energy €, of the 
system (the energy of the highest occupied state). The particle number and the internal 
energy can be calculated directly using Equation (14.40): 


N 


II 


| de g(€)O(u — €) 


gat 2a Oe 37 ih de 
0 
2nm\*? 4 
2 (28) aN (14.41) 


U= | dé g(e)O(u — €)€ 
0 
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2nV : 
= ame Omi” f e7/? de 
h 0 


Q2nm\*? 4 5 
= 9V —— 4? (14.42) 
: ( he ) 5 Jn 


which agrees exactly with Equations (14.38) and (14.39) because of Equation (14.30). 
Dividing Equation (14.42) by Equation (14.41), one obtains 

U 3 

W = 5h with y= €, forT = 0 (14.43) 
The mean energy per particle is given by 3/5 of the Fermi energy. From Equation (14.41) 
one calculates 


uy 3 (6n2\77 FR 7 N\S 
— = p= =( ey a (14.44) 
V 2 5 g 2m \ V 


1.€., the energy density is proportional to the five-thirds power of the particle density. In the 
following we calculate corrections to this limit for small, but nonvanishing temperatures. 
To this end, we retain the next terms in the expansions for the Jn (2) tore 1: 


2 
Sinz)? (: + = dn 2? + :) 


f5/2(z) © ine 


2 
f3j2(Z) © (In z)°/? (: + ~ diz)? = } 


BRIE 


> 2 
fiyalz) © yg Que (: - 57 (in zy? +-- (14.45) 


At first we have again to determine z from Equation (14.10): 

N 4ne fim ngs 

— = — | — AT Inge 2 (Glee ((inee eo see 

V 3 (F ) (KT In z) ae 7 (Ung) se (14.46) 
This expression is now to be (approximately) solved for z. Here we take advantage of the 


fact that the second term in the last bracket is already small. Therefore, we may insert in 
this term the zeroth approximation for z. This was 


3N yo h? 


=e5 (14.47) 


4rgV 2m 


and we obtain as a better approximation: 


Ee 
AP ing = ji 1- — | — 
wef ( i (= ) (14.48) 


AT nz =n = ( 
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With increasing temperature the chemical potential decreases. The expansion parameter is 
here the ratio of thermal excitation energy kT to the Fermi energy of the system. For the 
internal energy we now find 


(1+ Sanz? +---) 


U 3 ae 2 

ee ine (14.49) 
ee 37) eee) (1 + © (nz)? +-- :) 

If one expands the denominator as (1 + a)7' * 1 — q, it follows that 
Ce SET ee ye se 14.50 
N 5 nz 5 nz vee (14.50) 


Finally, one can also insert Equation (14.48) for In z: 


Ue ie 52 (kT er ee 
— WY —-—€E ——— —— sae . 
RS ie on" 


The internal energy of a Fermi system does not approach zero for low temperatures, as does 
that of a classical ideal gas or of the ideal Bose gas; rather, it converges toward a finite 
value, which is given by the total energy of the states occupied at T = 0, (which is finite, 
because of the Pauli principle). The specific heat can be immediately calculated with the 


help of Equation (14.51): 
Cy eee ke 
a gel ete (14.52) 
Nk NiO ey, 2 €f 


The specific heat of the Fermi gas is shown in Figure 14.2. 
Equation (14.52) means in particular that for kT < €,¢ the spe- 
cific heat increases linearly, and that it vanishes for T = 0. Thus 
we can now understand why, for instance, electrons in metals or 
solids do not contribute to the specific heat at room temperature, 
which was a large problem of classical statistical mechanics. 

According to the classical theory, all degrees of freedom of a 
system should contribute, on average, 5 kT to the internal energy 
and i k to the specific heat. 

Figure 14.2. Specific heat of the Fermi We were able to prove this for rotations and vibrations in 
gas. polyatomic molecules (at least for high temperatures). However, 
the electrons, and even more so, the constituents of the nuclei, 
do not contribute to the specific heat since their Fermi energy is very high. Thus, electronic 
excitations are not found at temperatures below several hundred or thousand K, while nuclear 

excitations require even much higher temperatures. 

However, this general statement requires some caution. At very low temperatures the 
specific heat is very small (Cy — 0), but the contribution of the electrons grows linearly 
with temperature, while the otherwise dominant contribution of the phonons converges 
towards zero as T?. Thus, at very small temperatures the main contribution to the specific 
heat stems nevertheless from the electrons and not from the phonons. For low temperatures 
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the specific heat should therefore become a superposition of a T-dependence and a T?- 
dependence, 

Cy aT +y?? (14.53) 


One can compare this prediction with experiment. To this 
end, one plots the measured data in the form Cy/T versus T?, 


eo which should give a straight line for 7 > 0. As one observes 

73 in Figure 14.3, the prediction is in excellent agreement with 

‘ experiment. The contribution of the electrons can be directly 
0.5 read off by extrapolating the straight line to T = 0. 

For metals, @ is of the order 0.8 mJ mol~!°K~2., For salts 

0 —+ like KCl, however, a is much smaller, since the electrons in 

2 mM T’[K’] _ salts cannot be described by a free electron gas. Many other 

properties of metals were only understood with the realization 

Figure 14.3. Specific heat of copper. that electrons in a metal behave approximately as a free Fermi 


gas at temperature T = 0 (one also calls this gas a degenerate 
Fermi gas). Such properties include good heat conductivity and good electrical conductivity, 
as well as the temperature dependence of these quantities. 
The degenerate Fermi gas also plays an important role in nuclear physics and astronomy; 
we will get acquainted with the corresponding examples later on. 
Finally, for the sake of completeness we want to denote the free energy F = uN — pV 
and the entropy § = 4 (U — F) in terms of the expansionkT < €f: 


jp 8 See va 
WN = 5 Cer 1- 2. a +.--- (14.54) 
5 te oe 


Especially, S — 0 for T — 0. The degenerate Fermi gas at T = 0 represents, just as the 
Bose condensate, the state of the system with the highest degree of order. 


eee 


Example 14.1: Richardson effect, thermionic emission 


The model of an ideal Fermi gas for the electrons in the conduction band of metals allows us to 
calculate some interesting measurable quantities, for instance the dependence of the emission 
current density from a hot cathode on temperature and the work function. The latter is defined 
as the amount of energy necessary to remove one electron from the metal. One can think of 
the metal as a potential well of depth W, in which the electrons are allowed to move freely (see 
Figure 14.4). The difference between the bottom of the well and the Fermi energy at T = 0 is 
the work function ¢. If the gas is heated up, electrons will also occupy higher states according 
to the Fermi—Dirac distribution of the mean occupation number. 

In particular, we want to assume that all electrons which hit a surface area element dA. 
with momentum p. and fulfill the requirement ¢. = p?/2m > W can leave the metal, 
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independent of their momentum components parallel to the surface element. 
In analogy to Exercise 7.6, the rate of emission of these electrons, R, is given 


by 
fae: fe os Pee 
R= — = > dp, dp, dp, — 
dAdt ie I ‘ [. ie = Pen (nr) 


(14.56) 


Figure 14.4. Form of the potential. 


where we have used the mean occupation number (n,) of the momentum 
state p instead of a velocity distribution. This is normalized to N and not to 1, like f (v). 
Furthermore, the number of quantum mechanical momentum states in the momentum interval 
d°p is, for large volumes, given by 


2 3 3 2V 30 
aoe | dx= Fae 


where the factor 2 takes into account the degeneracy of the momentum states with respect 
to the spin projections of the electrons. If one lumps everything together, Equation (14.56) 
follows from Equation (7.68). The Fermi—Dirac distribution is 


1 


sof =) 


The integrals over p, and p, in Equation (14.56) can be performed if one introduces plane 
polar coordinates p, = pcos¢, py = P sin @, and dp, dpy = p dp do (note that p # 


a = 


\p| = ,/p? + p2 + p2. but that p = // p2 + p?). The angular integral yields, of course, 
only the factor 277, and one obtains 


4xn  [™ - Pz 
R= is / ap. | pdp pe p2 a 
J2mW 0 exp | DaALT. te ankh KT +1 
AnkT [% P: i 
= dp:p:\n|1 2 14.57 
7 J D:D: n| +exp{ ae ba 


where we have also used 

d e* 1 

—— || ] J— — = 

dx Ora 1+e* ex +1 
withx = —(p?/2m + p?/2m — /kT). If one substitutes € = p2/2m into Equation (14.57), 
it follows that 


4nmkT [™ pb-e 
R= re ie de \n f ap exp | iT || (14.58) 


Now we can show for the electron gas in metals that the term exp{(u — €)/kT} is very small 
for temperatures up to 2000 K. The difference pp — € is at most of the orderey — W = —@. In 
general, (—¢) is negative and of the order of eV, whichis consistent, becausek © 1 eV/12000 K 
up to temperatures of 12000 K. Then, however, one may in any case expand the logarithm in 
Equation (14.58) (n(1 + x) © x), and one finds 


4nmkT [@™ pe 4nm(kT)* p—-W 
= = ——— 14.59 
R iB i dé exp | iT | A exp iT ( ) 
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By the way, one easily proves that this result for R agrees with the classical result, if one 
inserts the Maxwell—Boltzmann distribution into Equation (14.56) instead of the Fermi—Dirac 
distribution. The reason is that the approximation (14.58) > (14.59) corresponds to the 
Boltzmann limit. Nevertheless, there is a difference in the current densities. In the classical 
Boltzmann limit the temperature dependence of the chemical potential was 


Ub ni3 N h3 
ms, oe ee re kT > e€ 
pl ir} Ble Oana ee 


where we have to assume kT >> €,, while in the correct quantum mechanical case [L © €f 
is nearly temperature independent because of the degeneracy of the Fermi gas of electrons 
(AT << e;), 


= exp | a} = exp {=} (kT & €,) 


Thus, the classical current density (for electrons with g = 2) reads 


N kr Ne W 
aSSuea R= — <a er 14.60 
des 5 ae (= ) a | kT ( ) 


and the work function ¢ agrees with the bottom of the well in the classical case. On the other 
hand, with the correct value of the chemical potential, uw = e yf, it follows that 


4ame 7) 
te ae (kT)? exp {- im (14.61) 


i.e., the correct value for the work function,@ = W— ey. Inparticular, 
the temperature dependence is different in both cases. If one plots 
In(J/T?) versus 1/T, according to Equation (14.61), a straight line 
should result, which is confirmed by experiment, in contradiction to 
Equation (14.60). (See Figure 14.5.) Itis very interesting that one may 
not treat the effusion of electrons out of the metal in the Boltzmann 
approximation (even if the rate R formally agrees in both cases, but not 
the chemical potential), but that in equilibrium (without an external 
potential, which exhausts the electrons) a cloud of electrons will form 
around the metal which may be treated classically, since the electron 
density inside will be in general very small. 


© experiment 
— theory 


0.5 [ 


447 4674.8 “5.0 52 The rate of electrons returning into the metal will then be (as in 
4 * 
Ol Exercise (Gy 
a 1/2 
Figure 14.5. C ison bet R’ a iG (=) iE 
igure 14.5. Comparison between =-77, w=-—( — = ——__, 
experiment and theory of the nae 4 kT \ xm (2amkT)\/ ee 
Richardson effect. (14.62) 


where the charge cloud may now be treated as a classical ideal gas. 
On the other hand, the pressure p of aclassical ideal gas of electrons is, according to Example 
9.1, given by 


2amkT \>? pe 
p = 27 ( 5 ) exp | HI (14.63) 


where the additional factor 2 originates from the degeneracy of the electrons (cf., also Equation 
(14.9) for z « 1). However, the chemical potential yz’ of the charge cloud is shifted by W 
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I 


against that of the electrons in the metal, since the zero points of the energy scale are shifted 
by this value. With yz’ = yz — W it follows from Equations (14.62) and (14.63) that 


4am u—W 
R= kT)? ex 14.64 
13 (kT )° exp iT | ( ) 
The rates of effusion from the metal (14.59) and the return rate (14.64) thus agree, as it should 
be in thermodynamic equilibrium. However, while the electrons in the interior of the metal 
are strongly degenerate and have to obey Fermi—Dirac statistics, the charge cloud around the 
metal may be treated in the Boltzmann limit. 


Exercise 14.2: Hallwachs effect, photoelectric emission 


Solution 


Calculate the current density of electrons emerging from a metal of temperature T, which 
is illuminated with short wavelength radiation. Use the same model of the metal as in the 
preceding example and assume that a metal electron, which scatters with a photon of energy 
hw, obtains this amount of energy as additional kinetic energy. 


An electron in the metal, which scatters from an incoming photon, can absorb the whole 
energy of the photon, since there are enough other particles present, for instance atoms, to 
absorb the recoil (momentum balance). Such an electron can leave the metal in z-direction, 
if the condition 


2 2 
SW or Ee Wha 
2m 2m 


is fulfilled. Thus we can continue, as for the Richardson effect, using a potential depth which 
is reduced by iw. Equation (14.58) now becomes 


4nmkT [@* bre 
R= A on de ln E + exp | iT || (14.65) 


R is now, however, only the rate of the scattered electrons which can leave the metal. The 
number of scattering processes per time interval increases proportionally to the intensity of 
the incoming radiation. 

Now in Equation (14.65), one must not assume exp{B(u — €)} « 1, since W — ho 
may actually be on the order of x = €;. To evaluate the integral nevertheless, we substitute 
x = Ble — W +/fiw) and obtain 


4am 
Te 


(EE) ie dx In{] + exp{Bi(w — wo) — x}] 
0 


The expression fiw) = W- pw ~ Wes = @ yields the frequency of the radiation 
corresponding to the work function ¢. The current density becomes, with the abbreviation 


5 = ph(o rod wo), 
A4nme 
pe 


ge ary f dx In{1] + exp{6 — x}] 
0 


Here we integrate by parts, with the result 


4nme Be 
= = ae dx ———_——.——_ 
| as ne 2) i : exp{x — 6} +1 
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This integral is just the standard function f,(e°), 


(2a — (kT)? foe) (14.66) 
As already mentioned, the total current density is in addition proportional to the intensity of 
the radiation, where the reflecting power of the metal surface and the cross section of the 
Scattering process enter the constant of proportionality. 

We first investigate Equation (14.66) in the limith(@ — wo) >> kT (ultraviolet, X-ray). 
In this case e®? >> 1, and one may approximate the function foe’) for large arguments as 
file’) * 4687. Hence we obtain 

Tx = (=a)? “toda ae 

27h 

This result is independent of temperature, since the thermal excitation does not contribute to 
the emission at small temperatures. 

On the other hand, we can also evaluate Equation (14.66) for long wavelength radiation 
@ < Wo, withh|w — wo| >> kT. Then e® « | and f(e*) © e°. It follows that 
ho — 


4name 
h3 


Je 


(kT)? exp a 


This corresponds to pure thermal emission with the work function decreased by hw. Finally 
we can also consider the special casehw = Aw, i.e., the case where the radiation just provides 
the work function. With e® = 1 one finds i) = 5 (2) = m*/12, and furthermore 


me 


iq = ——— (kF)- 
0 ans kT) 


i.e., even at the so-called threshold energyiiw = hay = @ the current is appreciably different 
from zero due to thermal excitation. 


14 


- OT OOo eee 


Exercise 14.3: Schottky effect 


Solution 


Estimate the influence of a constant electric field (perpendicular to the metal surface) on 
the rate of the thermionic emission and calculate the effective decrease of the work function 
(classically). 

Hint: The difference between the potential energies of an electron at the distance z from 
the surface of the metal and an electron inside the metal is (Figure 14.6): 


2 


> e 
AV(z) = W -elE|z — z (14.67) 


(Reason?) 


Due to the external electric field, the barrier to be overcome by the electrons is effectively 
lowered. The constant field with strength E in the ~z-direction is described by a potential 
—e|E|z, which additionally acts on the electrons (but only outside the metal). Moreover, the 
attractive force between the electrons which have left the metal and the positive residual charge 
of the metal has to be taken into account. In a crude approximation, this residual charge can 
be thought to be positioned at —z inside the metal, if the electron is at +z (induced mirror 
charge). This leads to a Coulomb force —e?/(2z)? with the corresponding potential e?/4z. 
An electron outside the metal has the potential energy —elE |z ~ e*/4z. An electron inside 
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without potential the metal, however, sitting in a potential well of depth W, has the 

Z potential energy —W. This leads to the potential difference (14.67). 
It is smaller than the original potential difference AV = W in the 

with absence of the field. 

potential To remove one electron from the metal we now have to add 

just enough energy to overcome the potential barrier (14.67). To 

this end, we determine the maximum height: 


Fermi gas 


2 


dAV > e 
-—— = 0 > —elE —1() 
Figure 14.6. Potential in the vicinity of the a ee ae 42? x 
metal surface (schematically). The metal 
surface is located at z = 0. or 
é 
Zmax = eae 
A\E| 
Consequently, 
Ny ye Ee cid AV cp e3!2| E\!/? 


is the effective work function, which is reduced compared to ¢. If we insert this into the 
current density (14.61), we have 


4nme 


Je = TY exp |-B ( = |B") (14.68) 


or 


Je 


Jo exp {Be z\'7| 


Also, this dependence of the current density on an external field is well confirmed experi- 
mentally, although we have performed only a very crude estimate (no tunneling effects). The 
formula (14.68) must not be applied for large field strengths \E (10° Vm !, since then cold 
emission and tunneling of the electrons become more and more important. 


Example 14.4: Relativistic Fermi gas at T = 0 


We want to derive the thermodynamic properties of a relativistic Fermi gas at temperature 
T — 0. As usual, we start from the logarithm of the grand partition function: 


InZ = Pe! + zexp{—Bex}) 
k 


The one-particle energies €, in the momentum state k are now taken to be relativistic, and 
we subtract the rest mass of the particles (cf. Chapter 8), to yield an easier check of the 
nonrelativistic limit, 


€ =m| (2) =H (14.69) 
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Next we write the sum over all one-particle states as an integral over all momenta (cf. Equation 
(13.5), large volume) 


4nV f° 
Ine se 3 i) p’ dp In(1 + zexp{—Be}) 
0 
The logarithm can be removed by integrating by parts, 
4nV ae de 1 
InzZ=g a B q 


Ee ihe “7 Slee aicea 


The fugacity z = exp{Bj1} is to be determined for given particle number from 


ar V fro l 
‘sy FD Z 
NCE, V2) ; He g h3 [ ge zl exp{Be} + 1 


We now want to consider the case T = 0. Then the mean occupation number has a simple 
form, (n,)*? = @(e, — €), and thus it holds that 


EV of eee 
InZ= = dp — 14.70 
n 83 al ae (14.70) 
Ve ee BEEN 
= dp = 14.71 
NU Ve) = 8 re / Me es See), ( ) 


Here p; is the momentum correspondin g to the Fermi energy €, according to Equation (14.69), 
which can be determined from the particle density with the help of Equation (14.71): 


3 NB\'A 
= 14.72 

Pf ( 4x Ve ) ( ) 
Thus py is proportional ton'/3 (n = N/V). This corresponds, of course, to the determination 


of the chemical potential ~ = €¢ = €7(py;) from the particle number and volume at T = 0. 
We now require de/dp for Equation (14.70): 


Lyne ee er a 
dp [+(e)7]" 


me 
If we insert this into Equation (14.70) and consider In Z = PV/KT, it follows that (we write 
here P for the pressure to avoid confusion with the momentum) 


Z 
aug fs (Ga 2 
= 3h3 ' mec easier aL dp (14.73) 


p \2 
[I cia) | 
Before evaluating this integral, we also want to present an explicit expression for the energy. 
This is simpler than differentiating the partition function afterwards: 


U= oe (ng) 
7 


4ngV Ps aye 
= 5 / p’ dpmc? ([: + (=) - ) for T=0 (14.74) 
0 


Tocalculate the integrals (14.73) and (14.74), we make asubstitution which is often useful in the 
relativistic case, p = mc sinh x. Then we have € = mc’(coshx — 1) and de/dp = ctanhx. 
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If we finally set py = me sinh x,, the following integrals have to be performed 


dn mc xy 
P= eee / sinh* x dx (14.75) 
0 
4ngVm‘c? fs ad 
= = (coshx — 1) sinh* x cosh x dx (14.76) 
0 


These integrals are quite simple, if we use the properties of the hyperbolic functions: 
Cosho x — sinh 2 = 
cosh 2x = cosh? x + sinh? x 
sinh 2x = 2 sinh x cosh x 


d 


— sinhx = coshx 
dx 


— coshx = sinhx 
dx 


For example, we have 


1 
sinh* x = sinh? x(cosh? x-l= Fi sinh? 2x — sinh? x 


1 1 3 
— cosh 4x — = cosh2x + = 
8 2 8 


d ee ion 3 
= — { — sinh4x — — sinh2x + =x 
dx \ 32 4 8 


With this, Equation (14.75) can be immediately integrated. Analogously, one finds 


: ome , 
cosh? x sinh? x — sinh’ x coshx = Fi sinh? 2x — sinh? x cosh x 


1 1 ee sla: 
= — cosh4x — — — sinh’ x 

8 8 dx 

d oe se eer; 
= — { — sinh4x — — — = sinh’ x 

“be \ Bw 8 3 


namely, exactly the integrand (14.76). One can again transform the results of the integration 
(hyperbolic functions of multiples of the argument) into hyperbolic functions of the argument 


alone: 
1 


Xf 
if sinh’ «a0 = 3 (3x~¢ — 3sinh xy coshx;y + 2 sinh? x cosh x) (14.77) 
0 


Af 
/ (coshx — 1) sinh? x cosh x dx 
0 


1 ; 8. 
=e (-«, + sinh x, coshx, + 2 sinh? x ¢ cosh xy — 3 sinh? x) (14.78) 


We now introduce, for sake of abbreviation, two functions A(y) and B(y) (Figure 14.7): 


y = sinhx = ce and yy = Sinhxy, = = (14.79) 
mc 
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A(y) = V1 + y?(2y? — 3y) + 3 Aresinh y 
B(y) = 8y°(V1 + y? — 1) — A(y) 
Then Equations (14.77) and (14.78) are much more conveniently expressed in the form: 
vy 4 ] 
fl sinh’ x dx = = A(y;) 
0 8 
Xf 4 ] 
i (cosh x — 1) sinh” x coshx dx = — Biys) 
0 24 
We thus have the clear results 
4.5 
gmc 
15 = -—___ A(y 14.80) 
Pe ei) ( 
1.0 V 4.5 
By) we a Jeep (14.81) 
0.5 
A(y) 


with the dimensionless quantity y ¢ from Equation (14.79). 


05 10 It is useful to investigate the nonrelativistic limit yy “& 1 and 
; yo the ultrarelativistic limit yr >> 1. To this end, we need simply the 
Figure 14.7. The functions A(y) and respective expansions of the functions A(y) and B(y). 
B(y). With arcsinh y = In(y + ./1 + y?2) one obtains 
8 4 
BONS a eee serosa (14.82) 
2 5 
BO a an <a) (14.83) 


Also, for large arguments one may write down an expansion, if one writes A(y) 


2y4V1 + y-2-3y?2,/1 + y-243 In {ya +J/1l+ y)| and takes y~? to be a small quantity, 


7 5) 
4 3 2 Sa 


In the nonrelativistic case y f & 1 we obtain from Equations ( 14.80) and (14.81) just the 
results (14.30) and (14.44) of the ideal Fermi gas, if we restrict ourselves to the lowest order 


approximation in Equation (14.82) and (14.83): 


4.5 
ERC” 3: 7? Dye WS 2 i Daeg a ti 
ae 3 (2) = 5 (satel ~ Le 


6h3 5 \me 3° Shem 
since 
oe emVmic 12 Cs _ 2mgVv e 
6h 55 Kime Siem 
In the ultrarelativistic case yy >> 1, however, we get 
cae PEN Weer Gee, ome laa, 
6h (re) = 3 (Se p= 52 
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since 


y= 


gemVmic DiaNe Bie Ve an 
ons 6(Te) ee 
which will be checked later in Example 14.11. 

A main application of the cold relativistic Fermi gas arises in astrophysics. In 1930 
Chandrasekhar found that stars which are called white dwarfs are very well described in the 
framework of this model system for electrons. In the following Exercise we want to investigate 
this in more detail. 


me 


$a 


Exercise 14.5: White dwarfs, supernovae, neutron stars, quark stars, and black holes 


Consider the following model of a white dwarf: a gas sphere, consisting of helium, of mass 
M = 10°°kg, at a density of p = 10’ kg m™ and a (central) temperature of T = 10’ K (at 
these temperatures the helium atoms are nearly completely ionized). 

1) Show that despite the large temperature the electron gas can be considered to be very 
cold (kT « €,), but that on the other hand relativistic effects become important. 

2) Show that the main contribution to the total pressure originates from free electrons, 
while the contribution of the helium nuclei is very small. Show in particular that the helium 
nuclei may be considered as a classical ideal gas. 

3) Calculate the equilibrium radius of a white dwarf under the assumption that in equi- 
librium the pressure of the electrons just balances the gravitational pressure. Neglect here the 
radial change of density and pressure. Show that there is a relationship between the mass of 
the star and its radius, and investigate the limits of this relation. 

4) What happens, if the mass of the star is 10-20 times larger? 


Solution We first estimate the Fermi energy and the Fermi momentum of the electrons in the gas with 
the help of the mass density p. Each ionized helium atom contributes two electrons and four 
nucleons to the total mass. The helium nuclei may be treated nonrelativistically, since their 
mean kinetic energy, due to the thermal energy kT ~ 1 keV, is very small compared to their 
rest mass myc? * 4 GeV. Also, for the electrons, the contribution of the kinetic energy to 
the total mass is still rather small (m.c” * 511 keV), so that we may write (if N denotes the 
number of electrons in the star), 


M = N(m, + 2m,) © 2m,N 
since m,. < m, and since two nucleon masses belong to one electron. Therewith, the particle 
density of the electrons in the star may be estimated as 
_g electrons 
Ce 


n= — ~ ye — 3 3 
fm 


Vv M/p 2m, 


~ 3 


N M/2m,, p 36 electrons 
1 — 
ae 


(1 fm = 1075 m). From this density we calculate for the Fermi momentum of the electrons, 
according to Equation (14.72): 


Sue k MeV 
p= (=) he 5-102 09 
4rg s c 


If we insert this into the relativistic energy-momentum relation, we obtain for the (kinetic) 
Fermi energy, without the rest mass of the electrons, €, * 0.5 MeV. Thus, relativistic effects 
become important, but because kT ~ 1 keV < €,, the electron gas may be considered as 
cold. 
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Second, for the helium nuclei we calculate the parameter nA?, which tells us whether 
quantum effects are important (cf. Chapter 13): 


h2 1/2 
= ~ 247 fm 
Ae ( 2nmkT ) 


Since the particle number density of the helium nuclei is half that of the electrons, it follows 
that nAj,, © 2.27 - 10~*, which is small compared to 1. Thus, we may apply the Boltzmann 
limit. The helium nuclei therefore contribute a pressure 


MeV 
Pre = nuekT © 1,5. 107? — 
fm 


On the other hand, according to Equation (14.80), we find for the Fermi pressure of the 
electrons, with yy = p;/mc * 2 and with the function A(y) introduced in the last example 
(which we here crudely approximate by its expansion for y >> 1, i.e., A (yy) © A(2) © 26.7: 


1 Gace) 9 MeV 
e= aa oS 26.7 © 107 
i 241? = (ic)3 fm? 


which is 1000 times larger than the pressure of the helium nuclei. 

Up to now, we have assumed that the gas is enclosed by a box. This is of course not the 
case, but gravity prevents the gas from leaking out. If the gas expands by a volume dV while 
the gas sphere is enlarged by dR, the energy 


dE, =—pdV = —p(R)4nR° dR 


will be gained. However, the pressure is a function of the Fermi momentum (see Equation 
(14.80)), and the latter depends in turn on the volume or radius (at given particle number). On 
the other hand, when the sphere is enlarged the potential energy increases by the amount 
dE,(R) GM? GM? 

i ea EES ape NU I) = 
The additional factor a stands for eventual corrections which result from an inhomogeneous 
density distribution. However, in the case considered here it is on the order of ]. In thermody- 
namic equilibrium, the free energy has to have a minimum; i.e., dF = 0. Since we consider 
the system at T = 0, it holds, with F = E — TS = E, that 


(14.86) 


2 


GM 
dF =dE,+dE,=0=«a aes p(R)4z R? 
or 
(R) = a GM? 
OS rene (14.87) 


A relationship between the mass and the radius of the star follows from this equation. If 
we insert Equation (14.80) for the pressure, and Equation (14.72) for the Fermi momentum, 
Equation (14.87) becomes 


al (9! VS Ficomal , he ieee 
= = a — ———— 
8m, m.c* R H m.c* R m.c* R 3 5) 
The units in this equation for R(M ) are remarkable: the mass M of the star is measured in 
units of the nucleon mass m,,, and the radius R of the star in units of the Compton wavelength 
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of the electrons ic/m,c’. Finally, the gravitational energy GM?/R appears on the right- 
hand side, measured in units of the electron mass m,c?. Equation (14.88) thus relates quantum 
mechanics, special relativity, and classical gravitational theory. Unfortunately, itcan be solved 
neither for R(M) nor for M(R). However, the limiting cases, where the argument of the 
function A becomes very large or very small, are analytically solvable. First we note that with 
M & 10° kg, m, © 1.6- 1072’ kg,fic = 197 MeV fm, and m,.c? ~ 0.5 MeV, the argument 
of the function A is 1 if R ~ 5- 10° m. Therefore, for small arguments yy = pr/mc < 1 
we have R >> 10° m, and Equation (14.88) becomes, with A(y) 2°: 


_ 30nyr  # 


=f 
5/3 
40a Gm?! Me 


R 


In the case of a large argument y > 1 (or R < 10° m), A(y) © 2y* — 2y?, and one obtains 


enim (MNF (MN a 
2 fae? \\ Tidy Mo 


where we have used the abbreviation 


OMS ff fon \ 
Mo = = es pas n 
64 ( a3 ) (sa ) Ne 


and also taken into account the second order terms in A(y). For Mo < M there are no real 
solutions for R. As one observes, the radius of the star approaches zero, if M converges 
towards the (finite) mass My. Consequently, there are no white dwarfs with a mass larger than 
My. One calls Mo the Chandrasekhar limit. Obviously, the Fermi pressure can no longer 
compensate the gravitational pressure of the star for M > Mo, and the collapse of the star 
is the consequence. However, for masses M in the vicinity of Mo, which yield very small 
white dwarfs, strong effects originating from general relativity occur. These can no longer be 
neglected if the radius of the star is of the order of the Schwarzschild radius Rs = 2GM/c’. 

The considerations presented here were worked out in detail by Chandrasekhar in the 
years 1931-1935. The first investigations concerning this subject were done by Fowler (1926), 
who realized that the Fermi gas in a white dwarf is completely degenerate (in analogy to the 
electron gas in metals), while the perception that a relativistic treatment is in order originates 
from Anderson (1929) and Stoner (1929-1930). The numerical value of the Chandrasekhar 
mass is My ~ 10°° kg. 

The detailed studies of Chandrasekhar yielded 


Res 


Mo a 2 Maun 
e 


where 12 takes care of the ionization degree of the He atoms (the number of free electrons per 
He nucleus). This is, to good approximation, “, * 2, from which My * 1.44 Moun follows. 

Thus, our sun lies in the range of possible white dwarfs. If it burns its hydrogen reserves 
to helium, it might become a white dwarf of radius 2700 km. In the meantime, however, other 
stages of star development have to be passed (€.g., red giant). The white dwarf radius has to 
be compared to the Schwarzschild radius of 3 km. In Figure 14.8, the relationship between R 
and M/M, is illustrated. The radius is given in units of a characteristic length, 3860 km, and 
the circles are drawn for a comparison of sizes of the respective stars. 

If our sun were significantly heavier, e.g., M = 10M) — 20Mo, the following 
scenario would ensue: after burning of the hydrogen to “He another combustion stage would 
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set in, where successively heavier nuclei (®Be, !*C, 1©O, 2°Ne,..., Si,..., Fe) 
with increasing binding energy per nucleon would be formed. However, if the 
core of the sun consisted of iron, the nuclear (binding) energy reserve would 
be exhausted: of all nuclei, iron binds the nucleons most strongly.* 
A supernova explosion happens when the inner part of a star first collapses 
until very large densities p ~ 10!’ kg m~? are obtained, comparable to atomic 
nuclei. This collapse happens in a very short time (about | millisecond). It 
S produces a shock wave travelling outwards, which blasts off a part of the shell 

of the star into space—such a supernova was recently visible to the naked eye 
M 1,0  asanew, brightly shining star (in the great Magellanic cloud) in February 1987. 
Mp In the interior of such a star, at very high densities, most of the protons of 


Figure 14.8. Numerical the iron nuclei are transformed into neutrons and electrons under the influence 
solution of Equation (14.88). of weak interactions. A (nearly) degenerate neutron gas is created, in which 


Example 14.6: 


the Fermi pressure (* GeV/c) now compensates the gravitational pressure: a 
neutron star has been formed. 
Neutron stars already have been found experimentally; they are the so-called pulsars. 


However, there is again a maximum mass analogous to the Chandrasekhar mass, above which 
the gravitational pressure wins over. It is about 1.8 Mo. 


If the star as it exists before the supernova explosion, the so-called progenitor sun, is 


too heavy, the Fermi pressure (and, at these densities, > 10!’ kg m~?, the pressure due to the 
strong interaction between the neutrons) is not sufficient to stabilize the core of the neutron star 
— again gravitational collapse sets in: the matter of the star is compressed by the gravitational 
forces into a space region which is smaller than the volume given by the Schwarzschild radius 
and vanishes beyond the so-called “event horizon.” Even photons may not escape from this 
collapsed star; a black hole is formed which is detectable by a distant observer only by its 
gravitational interaction (e.g., by the deviation of the light of other Stars). 


There are speculations that the mass limit for neutron stars is even larger, if quark matter 


is formed at high enough densities. Very little is known concernin g the existence of such quark 
Stars. 


TT -rr—oowmx—<_=———— ees 


Pauli paramagnetism 


In this example we want to calculate the susceptibility of an ideal Fermi gas of N electrons 
(i.e., an electron gas in a metal) with magnetic moment d, = yugm,m = se i 72 = 20 
an external magnetic field for low temperatures (kT < €,). Here we use d to denote the 
Magnetic moment to avoid confusion with the chemical potential 2; 4p = @i/(2mc) is the 
Bohr magneton. We are mainly interested in deviations of the paramagnetic behavior from 
the classical Maxwell—Boltzmann limit (cf. Chapter 8). 


To make the calculation as easy as possible, we neglect the influence of the external 


magnetic field on the wavefunctions of the electrons (see the following Example). Then, 
merely the energy of the free electrons 


*See for instance J. M. Eisenberg and W. Greiner, Nuclear Theory I: Nuclear Models, 3" ed., North-Holland 


Amsterdam, 1988. 
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Figure 14.9. (left) Fermi gas with B # 0. (right) Figure 14.10. Two Fermi gases with 
i} = (0). 


changes (the magnetic field points in the z-direction). If the spin of the electron is parallel to the 
1 


magnetic field (m = + 5 ), the energy is decreased by wp 8B; if it is antiparallel (m = — 3), 
the energy is increased by 4,8. Thus the degeneracy of energy states with different spin 
projections, which is present in the case of vanishing external field, is removed. We can 
consider the system to be a mixture of two Fermi gases with d, = tu, und d, = —Us, 
where N, electrons have m = +4 and N_ have m = —4 (N, + N_. = N). Inacertain 
sense, these two gases can interact chemically with each other. Namely, the spin of an electron 


can flip, which corresponds to the reaction equation 
Py be oe 


if AE = 2, B is the required or emitted energy. From this we obtain, according to Equation 
(3.10), a condition for the chemical potentials 44 and — of the two gases, which depend on 
the respective particle numbers N, and N_ (as well as on T and V): 


(N+) = w-(N_) (14.89) 
On the other hand, the two gases are identical up to the energy shift with the ideal Fermi 
gas introduced in the beginning of this chapter (now the degeneracy is g = 1, since the 


magnetic field removes the spin degeneracy of the electrons). The chemical potentials 4. can 
thus be expressed in terms of the chemical potential 2 of a free Fermi gas: 


w4(N4) = H(N4) — UpB 
p_(N_) = W(N_) + eB 


since the energy scale of the two gases is simply shifted by +428. The condition (14.89) can 
therefore be replaced by a condition for the chemical potentials of two free Fermi gases (with 
degeneracy factor g = 1 and particle numbers N,, N_), 


w(N,) — w(N_) = 288 (14.90) 


The advantage of this reinterpretation (Figures 14.9 and 14.10) is that we already know the 
chemical potentials in the case without a field. They have to be determined from the general 
equation (g = 1): 


= N 3 
f3/2(Z) = Vv 


with z = exp{By}, which yields the functions 2(N,.) and w(N_), if one inserts for n Ny or 
N_, respectively. Now wz = 0.578 - 10-4 eV T~!, and therefore even for strong magnetic 
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fields (several tens of thousands of Gauss or several Tesla) the magnetic energy jt, B is small 
compared to the Fermi energy of a realistic electron gas in metals (several eV). According 
to the figures, the numbers N and N_ are thus only slightly different from N/2 in the case 
without a field. Hence we set 


N+ 


sath 


No 
ios =F) 


and consider r as a small parameter, with respect to which the chemical potentials (N,.) and 
H(N_) can expanded. Thus condition (14.90) becomes, via expansion with respect to r, 


n( Fa+n)-u(Za-n) Ey 


=f 
BS 


Ox 


From this equation one can determine the fraction r, and the particle numbers NV, and N_ 
follow immediately. It is obvious that these are only mean particle numbers, since the actual 
particle numbers fluctuate due to the continuous spin—flip processes in the heat bath. 

The total mean magnetic moment can be obtained via 


248 
w(%) 


. ei a(Nx) 4 (N\ 
Ae. Pear az EG) 


The mean magnetic moments in x— and y-directions vanish. From Equation (14.91) the 
susceptibility follows as 


a (D.) 2u2,N one 


ein Se (14.92) 
B90 8B (XN U(X) 


(Dz) = PHN @— N ) ey 


(14.91) 


since 
du (Nx) 
Ox 


Thus, we only have to determine yu'(N/2). Unfortunately, this can be done analytically only 
for the limiting cases KT >> €; (classical limit) andkT < €¢. For T + oo we may use the 


approximation f3/9(z) © z — z?/23/2 +.... In first or second approximation, respectively, 
we obtain 


V V V 372 
If one solves this for .(N) and replaces N by Nx, the derivative (14.92) can be calculated, 


nee Ne s2icTa al as fe 
(ea ry — + > 5 or KT > ef 


The susceptibility thus becomes 


: i os Noe 
ZY —i or Z —A {1+ for KT > €; (14.93) 


nie 2N 
X = Xoo ( = =) with Mey = ae for kT > Gr 


where n = N/V. The value of Xoo Corresponds exactly to Equation (8.52), for i ; (Curie 
law), which was formerly derived via classical Maxwell—Boltzmann Statistics. ForkT « €; 
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we obtain, using Equation (14.48), 


ge oe 
pare ( oO Gay 


3 =) h? 


2m 


To calculate the Fermi energy we have to set g = 1, since we require €,(N) for the 


nondegenerate partial systems (N,, N_). To calculate the derivative (14.92), we consider 
de, (NX) se hie _4 = =N 
ax aie a 1) a Ale 

2 


= 


so that 


2 
a Ne ean es 
ae 12 \e,(#) 


Z 
| eee (14.94) 
eZ 12 \e(4) 


However, the Fermi energy €;(N/2) of a Fermi gas with g = | is just the Fermi energy 
of the real system with N particles in the case without an external field (g = 2), since 


N cee Gea SN Noe 
ef pee = —— —> = —_ — —- with g= oO} 
Z 4n 2V 2m 4n eV 2m 


Thus, we may identify « ;(N /2) with the Fermi energy of the whole system in the case without 
a field. If we insert Equations (14.94) into the expression for the susceptibility (14.92), it 
follows that 


2h FENG 
oe ee =) for kT Ke; (14.95) 
12 Gy 
The quantity Xo is the susceptibility in the limit T = 0, 
Satay. 
a Sore wh 0 (14.96) 
2 Gi 


The paramagnetic behavior of a Fermi gas of electrons is given by Curie’s law for large temper- 
atures or small Fermi energies, respectively (classical limit). For electrons in the conduction 
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band in metals, however, this is not correct because kT < €,. For these electrons Equations 
(14.95) or (14.96) are valid; thus the susceptibility of paramagnetic metals depends only very 
weakly on the temperature. Pauli realized around 1927 that the fact that the susceptibility of 
paramagnetic alkali metals does not depend on the temperature is due to the degeneracy of the 
electron gas in these materials. 

On the other hand, the classical Curie law holds to good approximation for many para- 
magnetic nonmetals, if their atoms have a total spin which is half-integral. The Fermi energy 
of atoms with half-integral spin is, due to their larger mass (at the same particle density), far 
smaller than that of electrons, and the classical approximation kT >> €, is therefore valid. 


14 


Example 14.7: Landau diamagnetism 


While paramagnetic behavior is caused by the alignment of permanent magnetic dipoles in 
field direction, diamagnetic behavior is due to the induction of circular currents in the material, 
which leads, according to Lenz’ rule, to dipole moments opposite to the direction of the field. 
Thus, paramagnetic materials enforce the external magnetic field and diamagnetic materials 
weaken it. In the extreme case of an ideal diamagnetic material, the induced circular currents 
completely compensate the external magnetic field, and the interior of the material is absolutely 
free of fields. This displacement of the magnetic field out of an ideal diamagnetic material is 
observed in superconductors and is known as Meissner—Ochsenfeld effect. 

Here, however, we do not want to consider this special case. Rather, we want to develop 
a simple model to describe the diamagnetic behavior of metals. To this end, we start once 
again with the ideal Fermi gas of the metal electrons in the conduction band. We ignore the 
permanent magnetic dipole moment of the electrons and take into account only the influence 
of the magnetic field on the electrons. One can solve the Schrédinger equation exactly for an 
electron moving in a homogeneous magnetic field, but we do not want to do this here. Rather, 
we want to derive the one-particle energies via a simple plausibility argument. 

If we orientate the magnetic field in the z-direction, the electron continues to move freely 
in this direction (with a corresponding kinetic energy p?/2m), since the Lorentz force always 
acts perpendicular to the magnetic field. On the other hand, in the xy-plane the electron moves 
(classically) on circular orbits. For circular orbits, the centrifugal force and the Lorentz force 
just cancel each other (the electron charge is —e): 


mv? |, Gh, = 
—#,- <= {ix B)=0 
r c 


Scalar multiplication with 7 and use of 7 - (3 x B) = (F x 3) - B yields 


mv? z (7 x p)-B ae it 
_- = — (r . = & 
2 2mc e ae (18.201 


If we now interpret the classical kinetic energy i mv? as the expectation value of the quantum 
mechanical kinetic energy and take into account that L. can assume only the discrete values 
JAA, the mean kinetic energy in the quantum mechanical treatment of the problem is 


&B 
(T) = J: 


2mc 
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Quite analogously, the mean potential energy follows from the potential of a particle in a 


homogeneous magnetic field (electron charge q = —e): 
va Ap+ A with A=-5 (FB) 
_—— ° WwW a x 
mc Pr ome ae 


If one neglects the quadratic term, which represents only a small relativistic correction, one 
has 


é = = EF é = =~ 2 
VY) === (Fx B)- p= ——(r x p):-B = — L, 
2mc mc 
The mean potential energy is just as large as the mean kinetic energy, and the one-particle 
energy simply follows as the sum of both. In the exact calculation, however, the zero-point 


energy also appears. We finally have 


=eée;+ ith = — ai j= ©, il, 2% d 2 Ee 

€ €é; +e. w €; ‘ =O, 1, Zycoo Bimal, 

z F; 2 mc f 2 : < 2m 
(1 * ) 


The restriction to positive components, L; > 0, originates from the fact that the direction 
of rotation of the negatively charged electrons is fixed: as seen from the z-direction it is 
clockwise. The energy levels (14.98) are degenerate; i.e., there are several states with the 
same one-particle energy €;. 

One can easily understand this with the help of Figure 14.11. 
According to this, each discrete level (j = 0, 1, 2, ...) in the mag- 
netic field results from a superposition of many levels of the nearly 
continuous spectrum in the case without a magnetic field. Namely, 
the levels of the field-free case which superpose have an energy 
€ = (p?2 + p2)/2m which lies between the (now discrete) energies 
2, Bj and 2, B(j + 1). 

The number of states g; which belong to a discrete level j are 
consequently calculated as 


Figure 14.11. Energy levels with and 1 
without magnetic field. s= a i dp, dpy dx dy 
fh? Joy g Bjse<2p BUN 
1 ai 
ith a ine 2) and = — 14.99 
with ¢ = 5— (p, + Py) andua = 5 (14.99) 


The integrals over x and y just yield the base area of the container, v2. The momentum 
integrals can be solved substituting plane polar coordinates, if we set pj = (4mpg Bj)’, 


y2/3 Pj+i p23 p23 
BS cy an f (DUD pete pg) ree A 
Oh 


eB 
bye 14.100) 
2 he ( 
The degeneracy factor g; is independent of j. It vanishes for B — 0, which is not surprising, 
since we have assumed the limiting case of a continuous spectrum in Equation (14.99). 
A remark is in order: One could argue that the degeneracy (14.100) of the jth state 
contradicts the Pauli principle, since fermions can occupy the angular momentum state j, only 
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if they differ in other quantum numbers, and this is only a smal] number, which can by no means 
be proportional to V2/3, However, we have to note that B induces many microscopic, spatially 
strictly separated current circles. For each current the argument with the Pauli principle 
may hold, but all in all, each single current circle with an electron with angular momentum 
projection j in the z-direction contributes to the degeneracy factor g;. The Pauli principle 
is not violated, since each current circle is strongly spatially restricted and can be localized 
(formerly, an electron could not be localized more precisely than being in the spatial region 
V, ie., the total volume of the metal). Thus, many electrons may have the same angular 
momentum projection j, as long as they are in spatially separated current circles. 

It seems hopeless to calculate the number of current circles. However, we may exploit 
the fact that the number of electrons in the metal is constant, and consequently, that electrons 
which were formerly found in the occupied states {p,, p,, pz} in the total volume V are now 
to be found somewhere in the spatially localized current circles with an angular momentum 
projection j in z-direction. In Equation (14.97) we have matched the kinetic energy with 
the angular momentum energy, and the number of respective current circles was (indirectly) 
calculated with g, in Equation (14.100). 

After these preliminary remarks we are now able to explicitly denote the sum over all 
States in the logarithm of the grand partition function. We have to integrate over all momenta 
p: and to sum over all values of j, where V'/? dp./h p-—eigenstates lie in the momentum 
interval dp., 


yi/3 pteo 00 p? 1 
InZ = — dp. ; In| 1 —B( = i+ = 
n rae pds] +zexp| p( % +2u08 (s+ 5))}] 
(14.101) 
The chemical potential can be determined for fixed (mean) particle number from 
yi +00 co 1 
|e 
co a8 evtexp {6 (E+ 2u0B (7 + 4))} +1 


Unfortunately, the evaluation of Equations (14.101) and (14.102) is nontrivial. Thus, we first 
want to restrict ourselves to the most simple limiting cases. 

To this end, we consider the orders of magnitude of the characteristic energies € hon 
and 4428 of the system. The Fermi energy €, of the electron gas in metals is of the order 
of a few electron volts. The mean thermal energy kT at room temperature is approximately 
% eV, and the energy of the induced dipole is still very small for a magnetic field of 1 T, 
tp B ~ 10-* eV. We may therefore assume €, >> kT >> 1g B. The energy levels €; are very 
dense for small field strengths, and one can therefore approximately calculate the sum over j 


in Equation (14.101) with the Euler-MacLaurin formula: 


oo 1] a oe) l ; 
vr(i+5)~f f@)ax + we) a (14.103) 


j=0 


2 
With f(x) = In [! + z exp {-B (f + 2n»Bx) |] one obtains for Equation (14.101) 


VeB oo +00 2 
nee (/ ax [ dp-\n + zexp {—2Bug,Bx — ue 
hec 0 ae 2m 
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1 URS 1 
= 7 bun | dp, (14.104) 
: -0 ztexp | Se} +1 


Instead of {"°° dp. one may also write 2 {°° dp., since only p? enters the integrand. 
In the next step we substitute the new variable € = 244,Bx + p?/2m in the first integrand. 
Instead of integrating over x we integrate over € from 0 to oo. We first perform the integration 
over p. for fixed €. For fixed € the minimum of p, is just zero (if x = €/24,8B) and the 
maximum is /2me (if x = 0). By the way, one can convince oneself with the help of a 
small illustrative figure of the p-—x—plane that the integration over € and p, (instead of over 
x and p,) with the prescription just mentioned covers the same integration region and that the 
substitution is regular. If we denote the first term in Equation (14.104) as In Zo, it follows that 


VeB ] foe} V2me 
lh Z = — — d dp. \n|1 — 
n Z Pe —; | ef p: In[1 + zexp {—Be}] 
2m V (2m)3/? 
— a 


i. dee’/* In[1 + zexp {—fe}] 
0 


This is just the partition function of a free Fermi gas without a magnetic field. As one 
observes, the first term in Equation (14.103) reproduces the limiting case B — 0. The higher 
order terms thus represent corrections to the free case. If we denote the second term in Equation 
(14.104) by In Z, and substitute y = Bp / 2m, the integral becomes 


mV (2m)>/? 
6h3 


mV (2m)?/? 


mam omeaicme 2 BY B'?./x fin) 


Because z >> 1 (er >> kT), the function fi2(z) * (Inz)'/?/P(3/2) & 2/f/7 
(ef /kT)*/? may be approximated (cf. Equation (14.26)). Moreover, the prefactors can be 
written more clearly in terms of the Fermi energy (14.44): 


va dy 


ne gel 


oo 
(4, By pl? 
0 


eZ eS 


Here g = 1, since the spin degeneracy is removed due to the magnetic field. From In Z; one 
readily derives the mean magnetic moment, since In Zp does not depend on B, 


=— —InzZz =-—-+N for €f > kT > wpB 
a dB 2VAT 2 a ( ef J rie 
(14.105) 
Finally, the susceptibility becomes 
i ogeny il Nui, 
ee 30 0B a 2 ey 


Quite similar results were obtained in the paramagnetic case (Example 14.6), with an additional 
factor 3 and the opposite sign. The latter results, of course, from the mean magnetic moment 
(14.105) oriented opposite to the field direction, which is typical for induced dipoles. The 
diamagnetic susceptibility of the electron gas is temperature independent for kT < €,, as 
is the corresponding paramagnetic susceptibility. In metals, paramagnetic and diamagnetic 
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moments will superpose, so that an effective susceptibility 
ae Sree 14.106 
Go Se see og en a (14-106) 


remains, which corresponds to paramagnetic behavior. Here we have written 5, = ei/ (2m'c) 
for the diamagnetic part. The metal electrons can approximately move freely, but due to the 
residual interactions (mutually and with the ions) they have an effective mass m’, which is 
more or less distinct from the free mass m. Since the diamagnetic moment originates from the 
induced circular motion of the electrons with this effective mass, the magneton, which is to be 
inserted into Equation (14.106) may differ from the usual value jz. In the paramagnetic part, 
however, this consideration does not hold, since here the magnetic moment is due to the spin, 
the absolute value of which does not change due to interactions. 

We now want to calculate the Boltzmann limit kT >> e, of Equation (14.101), at first 
for an arbitrary magnetic field. In this case z < 1, and one may insert Boltzmann statistics in 
Equation (14.101) (n(1 + az) © @z): 


V Aiee 1 
nZ = As [« pexp |- 63 | Drew {228 (4 + 5) 


The momentum integral is meanwhile well known, and we have already met the sum over j 
in a different context (Example 8.1): 


V iD 
inza ao (= 


hc B 


Here the chemical potential has to be determined from Equation (14.102) in the Boltzmann 
limit z < 1. Instead of performing this calculation it is simpler to differentiate In Z: 


1/2 
) [2 sinh(Byp BY)! for kT > €; (14.107) 


ees ith BupB 14.108 
=l oe Wi = . 
Hee |e elolies ee ee ( 


a 
N=z—I1nzZ 
az 


from which z is readily calculated. For high temperatures, T — oo, x © O and (sinh x)/x * 
1. The chemical potential (or the fugacity z) then approximates the classical ideal gas value 
Veet 
The mean magnetic moment is given by 
1 a zV ae | 1 


(p= 3 OB In Z eo aa Ne = cath | for kT > ey 


ra Vall sinh x 


If one inserts Equation (14.108) and uses the definition of the Langevin Function (cf. Chapter 
8), one has 


(D.) = —Nusl(x) (14.109) 


This expression has—up to the sign—the same form as in the Boltzmann limit of the para- 
magnetic case, Chapter 8. Again, the minus sign in Equation (14.109) can be traced to the 
orientation of the induced dipoles opposite to the field. However, note that here we obtain in 
the limit a dipole with arbitrary orientation. In the preceding Example the Boltzmann limit 
yielded the case of quantum mechanical dipoles with j = ; and only two orientations (cf. 
Example 14.6, Chapter 8). The reason is that the paramagnetic moments of the free electrons 
are due to the spin, which has the fixed value j = ; . On the other hand, the diamagnetic 
moment of an electron in a circular orbit does not depend on the total angular momentum of 
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the electron, but only on the z-component /;. However, arbitrarily large angular momenta 
also contribute to a given component /.. 


————————— a ee 
Example 14.8: De Haas—van Alphen effect 


Up to now we have evaluated Equation (14.101) only in the cases €¢ > kT > wpB and 
kT > €y. The first case is quite realistic at room temperature, since the Fermi energy of 
metal electrons is large compared to the thermal energy kT. However, kT >> 1p B was also 
a necessary condition, since only then the discrete levels €; are sufficiently dense so that the 
Euler-MacLaurin formula can be terminated after the second term. 

We now want to study the case of very small temperatures and comparatively strong 
magnetic fields kT ~ wpB « €;. We will show that just then an interesting new effect 
appears, which is connected with the degeneracy of the electron gas. In this case, oscillatory 
terms in the characteristic variable €;/j12B enter the grand canonical potential. It would be 
very complicated to try to sum up the Euler-MacLaurin series in Equation (14.103) completely. 
Therefore we pursue another path. First, we once again denote the general prescription to 
calculate In Z: 


InZ= Sih (1 + zexp{—fe;}) = / deg, (€) In(1 + zexp{—Be}) (14.110) 
k 0 


In the formulation for continuous one-particle energies the one-particle state density g;(e) 
appears. We now want to determine it explicitly. To this end we use the results of Chapter 7, 
according to which g,(e) follows from the Laplace transformation of the canonical partition 
function in the Boltzmann limit, 
] B'+ioo 
gi(e) = —- exp{Be}Z? (B) dB, B>0 (14.111) 
201i B’—ico 


We can easily write down the canonical partition function Z?(B), since we have already 
calculated the corresponding grand partition function in Equation (14.107). In general, it 
holds for noninteracting system that 


Ineo (6) 


With Equation (14.107), we have for In Z 


VeB {2nm 
h2e B 


Note that the calculation of g;(€) via Z?(B) in the Boltzmann limit (kT >> €;) has nothing 
to do with the real temperatures, which on the contrary fulfill AT « e€,. We just have to 
get g:(€) somehow, which we need in Equation (14.110) for the evaluation of the (quantum 
statistically correct) grand partition function. One way to calculate g,(€) is by definition over 
the canonical partition function in the Boltzmann limit according to Equation (14.111). Now 
the complex contour integral (14.111) has to be calculated using Equation (14.112), 


1/2 
BH = ) [2 sinh(@p)]~! with a= pp,B (14.112) 


VeB 
gife) = Whee (2xm 


yet am exp{Be}dB 
B 


2nri Jegr_in f'/? sinh(@B) 
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The calculation of this integral is performed in the next Exercise. The result is 


On ; ely Ime u 
om /2 1/2 Be a 
gi(e) = 2nV (= ) . +a y rE cos - i 


l=1 


or, if the prefactors are expressed in terms of the Fermi energy €, of the electron gas with 
degeneracy g = | (no spin degeneracy), 


3 || Brea ee ales Ime 1 
BUC Jaea er ars WD me net 


One immediately recognizes that the first term in brackets yields the state density of the ideal 
Fermi gas in the absence of a magnetic field. Thus, this part leads to the grand canonical 
potential of the ideal Fermi gas only in the case B — O (a —» 0), and we abbreviate 


InZ = InZ + 1n Zz 


where In Zp was already extensively studied for the ideal Fermi gas and is here of no further 
interest. The second part carries the index B to illustrate the influence of the magnetic field, 
and reads 


foe) 
In Zz = || ga(e) de ln(] + z exp{—fe}) (14.113) 
0 
with 
BON fae ey Ine ox 
&a(é) 2 G @ De aa cos ( = =] 


This part of the state density describes the conglomeration of the states according to Figure 
14.11. The function gg (e) is periodic in the variable x = €/a, with the period Ax = 2. In 


particular, gp (€) diverges atx = 1,3,5,.... Forx = (2n+1),n =0,1,2,...we namely 
have 
TE iu 1 

co. (in@Qn +1) 5 cos (In — 5 a ) 
and gg(€) becomes proportional to 

el 

ayes — > GX) 

f=] 
The points x = 2n + 1 correspond to the discrete states €;, because € = (2n + lla = 


228 (n + > +). Only the logarithm under the integral is disturbing in the further evaluation 
of Equation ( i 4.113). On the other hand, we know that the derivative of this term with respect 
to the energy is just proportional to the mean occupation number (n.)*°. Especially for low 
temperatures, this quantity has the form of a ©-function (© (e f —€)). Therefore, the derivative 
of the occupation number shows a sharp maximum at the Fermi energy in the case of interest. 
It is thus convenient to integrate by parts (twice) in Equation (14.113): 


] 
z~' exp{Be} + 1 
BG) I 
z—' exp{Be} + 1 


In Zz, = [Gre) In(1 + zexp{— Be})| +e fe deG(e) 


[G(e) In(1 + zexp{—Be})]> + | 
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ef deG( me : (14.114) 
= eGl(e a : 
de z~! exp{Be} + 1 
The functions G(€) and G(e) of gp(e) can be readily denoted: 
3 ey eet 
G = —N{| — i —_ 14.11 
OF) Le 9) cae 
3 wy el), Ine oo 
=— 7, Na| — —_ - = 4.11 
G(e) = a(= | 2 ai cos ( = *) (14.116) 


The advantage of this calculation is that the integrand in the last integral in Equation (14.114) 
contributes practically only in the vicinity of the Fermi energy. 

First, we consider the terms integrated by parts. These have to vanish at the upper 
boundary, since G(e) as well as G(e) are bounded periodic functions and exp{—Be} — 0 
for € — oo. At the lower boundary these terms yield the contributions G(O) In(1 + z) and 
BG(0)(z~' + 1)7', which do not vanish. Of course, these terms can be calculated using 
Equations (14.115) and (14.116) and z © exp{e,/kT} >> 1. They yield a contribution which 
depends on B and N, but is not of oscillatory nature in B. We now want to study the oscillatory 
terms. The oscillating part of the a function reads 


Ince -6f Gle) de a SteaGSTT (14.117) 
Now, we have 
F) 1 — z' exp(Be} ae 33 (5 7 
de z-! exp(Be} +1 (z-lexp{Be} +1)? 4 Grae 2 cH) 
(14.118) 


where we may set w © €, because kT < e€,. If we insert Equations (14.118) and (14.116) 
into Equation (14.117), we have to calculate 


3 cos (ee) 
In Zose * — => Nap? | — = | de — +4 4 
oe 82 oP (=) S (puZ 0 cosh? (§ (€ — €,)) 


The integral has the value 


ime bid in* 

(oe ~ 5 00s ( 24 ;) Sees ts (14.119) 
0 cosh? (4 (e — €r)) B 

(see Exercise 14.10). The result is intuitively clear, since the denominator in the integrand 

produces a sharp maximum at €, for 8 — oo, and in the limit even a d—function. Thus, one 

obtains the numerator at € ,, multiplied by correction factors for finite temperatures. The final 

result reads 


(14.120) 


Imes t 

a ) a (—1)' ©0S (44 = x) 
3/2 ; 2 

es ee sinh (5) 

As one observes, the grand canonical potential indeed contains oscillatory terms in the variable 


€;/4eB. For high temperatures (kT >> jg B), however, these terms are barely perceptible, 
since then the hyperbolic sine in the denominator becomes very large and dampens everything 


3 
In Zag = ( 
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away. On the other hand, if kT is of the order of 1g B, thenap * 1. Then only the term/ = 1 
in Equation (14.120) contributes noticeably, since for the other terms the sinh again grows 
exponentially. If one restricts oneself to this term, one obtains an oscillating contribution to 
the magnetic moment, 


1 a 
DN cg = B OB llth ees 
re 54 
_ 3 Nets oO on Se = 4) 
2 Be;* da sinh (= ) 
_ 3 Nye | (yr sin (= = x) " 
2 ef B\o 


where we have retained only the leading order term (namely the term proportional to €,, since 
€¢ >> a). We calculate the corresponding susceptibility according to x = (D-) /B, since the 
limit B — 0 is not sensible for the strong fields considered here: 


6 mes = 
3x Nur hte? sin (= =e aT ) 
2 €f (HeB)? sinh ( ae ) 


for beB kT K€; 


(14.121) 
This expression can be directly compared to the smooth diamagnetic or paramagnetic contribu- 
tions. Also, the susceptibility has, according to Equation (14.121), an oscillatory contribution 
in the variable €;/j2,B for strong magnetic fields and low temperatures. If one measures the 
susceptibility of a metal as a function of the field strength B at very low temperatures, one can 
directly determine the Fermi energy of the metal from the periodic variations. However, the 
measurement is not simple, since, as already mentioned, the magnetic fields have to be very 
strong and the temperature very low. Even then, the smooth diamagnetic and paramagnetic 
contributions to the susceptibility are rather large in comparison to the actual effect. 

The reason for the oscillations is, of course, the conglomeration of the states in the region 
of the quantized circular orbits. At very low temperatures, without a magnetic field, the Fermi 
occupation of the states is nearly rectangular, and only a few electrons in a region kT around 
the Fermi energy are excited. If the field strength is now increased, the discrete levels €; are 
formed with the degeneracy (high state density) g; discussed in the last Example. If B is 
further enlarged, the difference between the energy levels increases and the degeneracy grows, 
since more continuous momentum states have to fit into each angular momentum level. If 
such a congestion happens to be near the Fermi edge, relatively more electrons can be excited, 
and this changes the susceptibility. As B is continuously increased congestions pass the Fermi 
edge, one after another, and thus lead to the periodic variations of x. For weak fields, however, 
the congestions are close to each other and have a small degeneracy. Thus, the effect vanishes 
for 43 B « kT <« €;. The same happens for higher temperature, since then the energy range 
kT around the Fermi edge, where electrons are excited, becomes larger than the distance 
between the congestions, 

The periodic behavior of the susceptibility of metals at low temperatures and strong 
magnetic fields is known as de Haas—van Alphen effect. 
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Exercise 14.9: Calculation of the state density of Landau diamagnetism 


Calculate the state density 


VeB lft f° sexpiselad 
gi(e) = Cg —— i Sie (14.122) 
2h7c 2mi Jg-icg B'/? sinh(aB) 
Solution The integrand has poles at 8 = O and where the sinh vanishes. This is the case along the 


imaginary S—axis foraB = il, with] = 0, +1, +2,.... Asin Example 7.11 the integration 
contour can be closed in the complex B—plane. For € > 0 this must be 
done via path 2 (see Figure 14.12), since here the denominator vanishes for 
|8| — oo. For |B] — co ande > 0 the half circle 2 does not contribute 
to the contour integral at infinity. Analogously, fore < 0 path 1 has to be 
chosen. Since no poles are inside the contour for path 1, the contour integral 
and consequently the state density vanish fore < 0. 

Fore > 0, however, the poles on the imaginary axis are enclosed, and 
Equation (14.122) has to be calculated according to the residue theorem. 

According to the rules for complex contour integrals, path 1 is equiv- 
alent to the sum of the contours shown in Figure 14.13, where we integrate 
along a small circle around the poles 8 = ilm/a. This is of course nothing 
but the prescription for calculating residues. 


Figure 14.12. Integration contour We first consider the pole at 8 = 0. If we integrate along a small circle 
in the complex B—plane. around 6 = 0, we may set sinh(@f) ~ o£, and the contribution of this 
pole to the total integral becomes 
1/2 
tae ols expIeNae a k § exp{Be} dp = ul € 
2ri Jx-o B'? sinh(ap) Qria p3/2 a (3) 


where we have used results from Example 7.11. 
To calculate the residues of the remaining poles we use the general formula 


1 1 d 
ae a) eS CA) eae § — f (Zo) (14.123) 
Re B 201 Jz, 2 26 Zl Jago = 20 


if f(z) is holomorphic in zo and the contour around Zp is positively oriented and 
simply closed. Since the circles around the poles may become arbitrarily small, the 
sinh in the denominator can be expanded around the respective pole: 


Figure 14.13. sinh(@B) © sinh(ilz) + cosh(ilm)(@B — tlm) +--- 
Integration contours ~ (-1)'(afB — ilx) +--- (14.124) 
around the poles. 
The integrals can be immediately evaluated using Equations (14.123) and 
(14.124): 
1 exp{Be} dp 
Ini _ B'/2 sinh(@B) 


ao 


ee = eae ae dp 
OR Sala a a 201 p- 4 


201 
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(4 ) (i Ime | Ca) 
=| — So — f= 
(04 Qa Qa 


The integral in Equation (14.122) has therefore the value 


1 fo? Nexptfel as 
2ni Jgrico B'/? sinh(@B) 


ee! 2 ap = awl tle ae ae 
“bes Bn yal 


—00,/40 


Here one can summarize the terms for +/, because 


-wof(-Dlemob(-9) 


The one-particle state density thus reads 


B i) 2p a2 Cay Inve 5a 
(20m) a Jr +2(<) Eom a Sa 


aoe Ve 
Ss 2h2c 


Witha = 2B this can be written in simpler terms: 


Om yo? 
eile) = 2nV (>) 


Exercise 14.10: Calculation of integral (14.119) of Example 14.8 


Calculate the integral 


Ime 


p= [ae 9 Gay, 
0 


cosh? (8 (e — e,)) 


Solution One substitutes the new variable x = a (€ — €f): 


28 cos (22x +I L — 2) 
f= — Saar Sie 
B a, cosh’ x 


For low temperatures kT < €, we have Be, /2 >> 1, and one may replace the lower boundary 
of the integral by —oo. The error introduced by this is exponentially small, since cosh~? x 
vanishes exponentially for x — -too. Furthermore, the numerator can be decomposed with 
the help of the addition theorems for the trigonometric functions, 


ik x +00 COS ( ae x) 
)/ dx ——_ 


a 
a= | eos || (a8 
B ( a 4 a cosh? x 
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e 2 
1 +00 sin x 
: sin( Ze, - *\f ke) 
(84 ey 


35 cosh? x 


The second integral just vanishes, since the integrand is odd. With the abbreviation 
2In 


Y = 4p We only have to calculate 
shee cos yx 7 erexpli 
i ee il pp aU (14.126) 
=36 cosh’ x =o cosh* x 


In the second step a corresponding integral with a sine in the numerator was added, which is 
zero (integrand is odd). 

However, the integral in Equation (14.126) can again be completed as 
a closed contour integral in the complex x—plane (see Figure 14.14). The 
contour is closed in the half plane 3x > 0 from +00 to —on, since for y > 0 
the numerator vanishes exponentially for 3x -—> oo, while the numerator 
converges to zero at most quadratically (for #x = O and 3x = 5 mod 7). 
Thus, the contribution of the half circle to the integral vanishes. The value of 


this integral is again just given by the sum of the residues of the integrand (the 


Figure 14.14. Integration poles of cosh”? x). 
contour in the complex These are x, = ix(n + 4) withn = 0,1,2,.... As in the preceding 
x—plane. Exercise, we sum the integrals along small circles around the poles, 


Po cosy = exp{iyx 
i 
66 cosh” x nao vin(nt 4) cosh” x 


We now substitute the new complex variable y = x —iz(n+ } 5 ), and obtain with cosh?(y + 
im(n + i) = = — sinh? y, 


7 ecUs {-y x (n+ 1 ) § exp{iyy} 
ae ee (14.127) 
ies cosh? x si 2 y=o sinh? y 


In the last integral one integrates only around the pole at y = 0. To determine the residue one 
expands the integrand in terms of a Laurent series around y = 0. As one knows, the residue 
is simply the coefficient a_, of y~', and the integral has the value 27ria_,. We have 


EXD) lary yee) 


: 2 2 
sinh” y (y+ Z +-:) 
loeivyee 2 1 , I 
= CEE 1S l= Gti te 
y 3 y y 


thus a_; = iy. With this result we find for Equation (14.126) 


oS casi 1 ae 
=2 = = 2 ——_| 
iL a cosh? x oy os hap {-» «(: ‘i 2 )| sinh Cy 
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The calculation of the geometrical series is quite analogous to the procedure of Example 8.1. 
Thus we obtain the result 


: 4 (2 =| ae 
= — cos{ —e, — — } ——— 
B a’ 4 sinh (4 ) 


Example 14.11: Ultrarelativistic Fermi gas 


We want to study the thermodynamic properties of an ultrarelativistic ideal Fermi gas. Ultra- 
relativistic particles have the energy-momentum relationship € = |p|c, which follows from 
the general formulae = (p*c? + m*c*)'/? for vanishing rest mass. 

While there are certain bosons with this energy-momentum relation (e.g., photons, 
phonons, and plasmons), the number of fermions with vanishing rest mass seems to be rather 
small. It is still not clear whether there are any fermions with vanishing rest mass. For instance, 
one can assert only an upper bound for the rest mass of the neutrino which has relatively large 
measurement errors, m, < 8 eV. On the other hand, the ultrarelativistic Fermi gas can be 
used as a model system for a hot gas of fermions with nonvanishing rest mass, if the average 
momenta in the gas are large compared to mc; i.e., if the average thermal energy kT is large 
compared to the rest mass mc’. 

From relativistic quantum mechanics it is known that one can create pairs of particles 
and antiparticles (e.g., e~ and e*) out of the vacuum at the expense of the energy 2mc?. These 
creation (and annihilation) processes will play a major role in an ultrarelativistic Fermi gas 
(kT >> mc’), Therefore, we must not consider a gas of Fermi particles alone; rather, we 
have to add the corresponding antiparticles. The vacuum represents the particle reservoir of 
the grand canonical ensemble, and particles and antiparticles are always exchanged with this 
reservoir via creation and annihilation processes. 

Thus, we deal with a mixture of two ideal Fermi gases, between which “chemical” 
reactions are possible. In the case of the ultrarelativistic Bose gas it was not necessary to 
consider the antiparticles explicitly, since particles and antiparticles are identical in the more 
important applications (photons and phonons). 

As a concrete example, we consider a hot gas of electrons and positrons. The logarithm 
of the grand partition function consists of two parts, 


In Z(T, V, 24, 2-) = ) | In(1 + 24 exp{—Bes}) + D> In(1 + z_ exp(—Be_}) 
€4 c= 

The sums run over the one-particle states of free electrons and positrons. The term In Z 

depends now on two fugacities z; and z_ or two chemical potentials w4 and jz_, respectively, 

which are related to the mean particle numbers N, and N_ of particles and antiparticles via 


N,= S ee ae a= L oo oe ew (14.128) 


ee 24 exp(Bey} +1 = 22 expipe| +1 


Physically, it would not be sensible to fix all particle numbers N, and N_ separately and then 
determine the chemical potentials wz and 2_. In thermodynamic equilibrium the mean par- 
ticle numbers will change via the continuously occurring creation and annihilation processes. 
Moreover, they may strongly fluctuate. 


The changes dN, and dN_ of the two particle numbers are related by the equation 


dN. ad dN_ 
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If we write the reaction equation (for electrons and positrons) in the form 
e* +e” = reaction products + AE (14.129) 


we observe that an antiparticle is also created and annihilated with each particle. Here the 
reaction products (e.g., photons) play no role, as long as we do not explicitly take them into 
account in the gas. From Equation (14.129) it follows that the chemical potentials of particles 
and antiparticles have to be equal (with opposite sign, cf. Chapter 3), since reaction products 
like photons do not carry a chemical potential, 


i+ pu =0, Ri = || (14.130) 


The particle numbers N, and N_ are indeed not independent of each other, and there are not 
two independent fugacities, but actually only one. However, instead of N, and N_ one can fix 
the difference N = N, — N_, the particle surplus, since it is not influenced by the creation 
and annihilation processes: 


! 1 
N= N,-N-= =k eae eee a (14.131) 
€4>0 zz! exp(Be,} +1 DE z_' exp{Be_} + 1 


From this equation one has to determine the fugacity z, taking into account Equation (14.130). 
We can provide the system with a certain surplus N of particles, which does not change via 
pair creation or annihilation, but the mean particle numbers N and N_ cannot be controlled. 

We want to expand the result (14.130) and simultaneously explain it quantum 
mechanically. 

To this end, we consider the energy spectrum of the free Dirac equation (see 
Figure 14.15). In the ultrarelativistic case we must of course let m — 0. As 
+mc one knows, in this spectrum there are also states of negative energy « < —mc? 
besides the states of positive energy « > mc”. One can now describe particles and 
antiparticles in the spectrum simultaneously, if one assumes that in the vacuum, 

ae without particles, all states of the negative energy continuum are occupied by 
—_. . (unobservable) electrons. 
Figure 14.15. Energy In this picture missing electrons in the negative continuum (holes) are to be 
spectrum of the free Dirac interpreted as positrons (antiparticles). Let us now consider the general expression 
equation. for the mean occupation number for Fermi particles: 


1 
(ne) SP eid (14.132) 

In the derivation of this occupation number no restriction for the allowed 
one-particle energies was made, and thus we can expect that Equation (1 4.132) 
should correctly reproduce the occupation of all electron states. For T = O and 
pt = +mc? we have exactly a distribution as shown in Figure 14.16, since then 
expression (14.132) has the form O(m c? — €). The free Dirac equation has no 
solutions in the range —mc? < € < +mc*, and thus there are no occupied states 
inside the interval. The minimum energy an observable (real) electron has to 
have is thuse = wu = +mc’. 

If the Dirac equation with an external potential has bound solutions in the 
Figure 14.16. Spectrum of interval —mc? < € < +c’, the bound states above the lower continuum 
an electron gas at T = 0. are successively filled with the observable electrons. The chemical potential at 

T = 0 is just equal to the energy of the highest occupied state. 


F not observable e* 
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Even then, Equation (14.132) correctly describes the physical situation. If there are 
further unoccupied states above the highest occupied state, a free electron without kinetic 
energy (€ = +mc’) can be captured by the system, because 4 < mc’. The energy difference 
mc? — 4 is released. 

For an electron gas with N, electrons and a Fermi energy €; > 
ine mc? we have at T = 0 the situation shown in Figure 14.17. This 
occupation of the electron states is correctly described by Equation 
(14.132), if we replace jz by the Fermi energy e, of the electrons. 

If we now increase the temperature of the electron gas, at first 
electrons near the Fermi energy are excited into higher states € > €,. 
This occurs in an energy range of approximate width kT around the 
Fermi energy. 


N 


observable 
electrons 


4 


Figure 14.17. (n.) for an electron gas However, if the temperature is of the order 2mc*, more and more 


at — 105 


electrons from the lower continuum can be excited into free states 
€ > €,. These electrons leave holes in the lower continuum, which 
represent observable positrons. The number of observable electrons has also increased. The 
difference N, — N_, however, is the same as before. The negative energy of the holes 
Eholes < —mc? is simply related to the positive energy of the corresponding positron via 
Eet = —€hole- 
The number of observable electrons and positrons can be calculated as follows: 


Moe ee LS = (14.133) 
e>0 €<0 

with (n.) given by Equation (14.132) and ~ = j+ as the chemical potential of the electrons 
(particles). As one observes, only the chemical potential of the electrons (particles) appears 
in this interpretation of particles and antiparticles, which is due to Dirac. On the other hand, 
comparing Equations (14.133) and (14.129) we can establish a connection with the picture 
of two different Fermi gases, between which chemical reactions are possible. Obviously, the 
positive electron states correspond exactly to the free electron states €, in Equation (14.129). 
The unoccupied electron states of negative energy € < Ohaveto be identified with the occupied 
positron states with positive energy «_ > 0. The expression for N_ can now be transformed: 


1 
a ( ~ zl exp{Be} + iJ 
2 So z_! exp(Be} 
po) EX Piecha | 
1 
= pp eae (14.134) 
Furthermore, the energy spectrum of the free Dirac equation is symmetric around e = 0. 


Thus, one may substitute « — —e_ in Equation (14.134) and instead of counting electrons 
with negative energy one counts present positrons with positive energy, 


1 
Ne zexp{Be_} + 1 


e_>0 


A comparison with Equation (14.129) now yields in fact z = z2!; ie, wy, = —p_, in 
agreement with Equation (14.131). Both interpretations yield the same results, but in some 
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cases Dirac’s particle-hole picture is more convenient. For instance, the particle excess in this 


picture is simply 


a a e) = 


te 


+mc 
| bp air creation 
0 0 
SS 2 
-mc 


o<— positrons—6 


Figure 14.18. Possible processes in 
the electron gas atkT ~ 2mc’?. 


Yo = (n.)) 


€<0 


=o NOE eae 


e<0 € 


The particle excess is thus always given by the difference between 
the total number of all electrons (observable and unobservable) and the 
vacuum state. Here the role of the vacuum without observable particles as 
a reference state becomes especially obvious. Only the deviations from 
the vacuum state are observable. 

Let us add a comment at this place. The whole consideration can 
also be performed in Dirac’s particle-hole picture, if the roles of particles 
and antiparticles are reversed. For instance, electrons would then have to 
be identified with holes in the negative energy continuum of the positrons. 
The reason is the invariance of the free Dirac equation under charge con- 
jugation, as long as there are no electromagnetic fields present. For sake 
of completeness we explicitly denote both possibilities: 

particles=electrons (index+), antiparticles=positrons (index —): 


1 
Me 2 SBE OFT 


e>0 


] 
| eee 2 Ra 
> ( exp(B(e — ws)} +1 


N= (14.135) 


particles=positrons (index —), antiparticles=electrons (index+): 


wes (: ~ exp{B(e — w_)} +1 ) oa exp(B(e — w_)}) + 1 


€<0 


e>0 


(14.136) 


Of course, Equations (14.135) and (14.136) are identical with zw, = —p_. 
However, the way of consideration in Dirac’s particle-hole picture presented here has 
a disadvantage, which should be mentioned. By marking the electrons as particles (or the 


observable 
positrons 


not observable 
electrons 


Figure 14.19. (n,) for an electron gas at kT 
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positrons as particles, respectively) the symmetry of the theory with respect to charge conju- 
gation is somewhat obscured. In the particle-hole picture antiparticles do not appear explicitly, 
but are replaced by unoccupied states of negative energy. On the other hand, our initial idea 
of two independent Fermi gases, which react chemically, is completely symmetric in particles 
and antiparticles. 

For fermions it does not matter which representation one uses, as long as one consistently 
keeps to it. For bosons, which have the same energy spectrum as the fermions, a consistent 
particle-hole picture is not possible, since for them the Pauli principle is not valid. In the 
case of fermions (electron gas) the (unobservable) electrons of the negative energy continuum 
prevent a “falling down” of electrons with positive energy towards infinitely negative energies 
under steady energy gain. For bosons, however, this process cannot be prevented, and one has 
to refer to the initial picture of two gases. Equation (14.130) still holds for bosons if the -++1 
in the denominator is replaced by —1. 

We now want to proceed with the calculation. At first we rewrite the sums in Equation 
(14.125) and (14.131) in terms of integrals, for which we need the state density g(e) of 
ultrarelativistic particles (see Equation (13.6), with degeneracy factor g), 


4nV 


SS) ar 
sO oa 
InZ=g ae [ e* de [In(1 + exp{(—B(e — u)}) + In(1 + exp{—B(e + “)})] 


or after integration by parts, 


Fee a “éde| + ] e497 
ee? exp{B(e — w)} + 1 exp{B(e + w)} + 1 
Nene 


— | J ae ee 14.13 
eee a exp{B(e — n)} + 1 =a | ae 


where we simply write jz for the chemical potential ., of the particles and —y for jz_ of the 
antiparticles. The integrals in Equations (14.137) and (14.138) fortunately can be evaluated 
with analytical means, without using the special functions Satz}. Westibstitute x = 6(e— 41) 
in the first term and y = B(e + 2) in the second. We then obtain for Equation (14.137) 


(5 ) 
oo oF - 11) 
= B 

+8 fd 

e+] 2 i 


5] 
gar Ban (3 +) 
InZ = = ! ——_ 
n on 3 B [4 


We now rewrite the integrals so that we can integrate from 0 to oO, 


An V =) iene) 3 foe) a 3 
nza& a (oe / dx & as Bu) +f ny (y — Bu) 
c h 3 0 e* + 1 0 ey + ] 


0 3 Br 3 

$ — 

+f dx Ct Bw / ae (y > BL) 
—Bu ale 0 ev +1 
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The first two integrals can be directly combined, the last two after the substitution y = —x. 
4 =3 oo ; 3 2 
inZ = g4rV ee i re 2x? + 6x(BL) 
ch 3) 0 e* fe ] 


0 
1 | 
+ dx(x + 2 
IL io Bu) la vs =a) 


If we now consider (e* + 1)~! + (e-* + 1)7! = 1, we find 


g4rV Bp iP ie iG en 
InZ = ee d 6 2 d dzz° 
ele 3 0 ae a ie ‘ e+] +f eo 


(14.139) 
In the last integral we have substituted z = x + By. Analogously, we now treat Equation 
(14.138): 
' 2 : 2 
av [pf ag GtY gar fy B= 
ee al ie ae) 
(6 h —pu ew+ il Bu e” +1 
An V oo 2 fo) a 2 
eS i ay, -| ee) 
en 0 eo 0 ere 
9 2 Bu ee 
Bs i op CP +/ pp Oma Bu) 
iin e+] 0 ev +1 
g4nV _, iP Ei [ 4 
= 4 d d 14.140 
ap P au f tate ae zz ( ) 


In the last line we have again combined the two last integrals from the preceding line and 
substituted z = x + By. Note that this can be done only for N,; — N_, and not for Ny + N_. 

For the total particle number there is no simple analytical solution, as weil as for N and 
N_ separately. One can calculate these quantities with the help of the f,, (z) functions. 

The integrals occurring in Equations (14.139) and (14.140) can be expressed with the 


help of Equation (14.27): 
iz B= pee Gee 
agree a a) eeae0 
oo x 2 
i dx — MAAC) = i ( _ 5) CA) = (14.141) 
0 e* + 1 
Therewith we have the results 
ganV ee A 
= ee 6 — 
in), V, 1) = ae ae [27 io (Bu)? = ~ 5 7 (61) 
gV 4x Tn SE he oe | 
=) en —_ a 
ee A [= ) 2 + (laa) 4 
g4nV , Hr 1 a 
= Ayan; == at 
NCE) arts ka 5 + 3 6H) 


- Ser (Cie) 5 +3 Ge) | 
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From Equation (14.141) one can in principle calculate the internal energy via U = 
—d(In Z)/d8, but the following consideration is simpler: 


U 


U,+U_= ie (ne)g Ep + S (n.)_ €_ 


e+ 


_ g4nV ie aa | 1 ns | 
~ Bed Jo © “| expiBee—m}+1  exp(Be +n) +1 


This is identical to Equation (14.137) up to a factor 6/3, so that 


V 
ee eee 
kp = 3 
or 
1U (CD ee By? 1 oe 
os ee eee ree aes Easy) asl 14.142 
ie = ae oa tae) fd) 8x2 ( ) 


By the way, the first term in Equation (14.142) is quite similar to the Stefan—Boltzmann law 
for the ultrarelativistic photon gas (42 = 0). 
The density of the particle surplus is 


N = i 3 
ye eee! 


The free energy density follows from = x [fl — pas 
i tee = (ey) +a (4) (oi 
V3 Gc)? | 8x? \ET er 3 120 

With this one can also calculate the entropy density } = + (4 — £) 


SUPPLEMENT: NATURAL UNITS 385 
Supplement: Natural units 


At this point, we want to add a few comments regarding a system of units which is frequently 
used in modern physics. The so—called natural units are fixed by the definition 


i — aa (14.143) 


This system of units has many advantages from the theoretician’s point of view. It supports 
the relativistical covariant formulation of theories and saves us from dragging along the 
constant factors/i, c, and k, which occur very often in relativistic quantum mechanics and 
quantum statistics. It is, in particular, useful for very small (x ~* fm), highly energetic 
(E/N ~ GeV), and relativistic (v * c) systems. As a disadvantage one has to note that 
quite different physical measurables (e.g., mass and temperature, or angular momentum and 
velocity) have the same unit and carry—for daily life quantities—very clumsy numbers. 
Planck’s constant, the velocity of light, and Boltzmann’s constant have the values—in 
international SI units (basic units: meter, kilogram, second, Ampére, Kelvin, candela, mol), 
or in practical nuclear physics units (1 eV=1.6022 -107'° J, 1 fm=10-}> m), respectively, 


h 
k= == WOstoe (Gr: Is = 6.582)10.. cv s 
Tt 


¢ — 2.9979 - 10° ms~! = 2.9979 - 1073 fm s~! 


a 3807-10-22 1K = 0.86174- 10° eV K™ (14.144) 


The three constants contain four different units, namely eV, s, fm, and K. Via Equations 
(14.143), three of these units can be eliminated. As the independent unit one mostly chooses 
eV (better MeV) or fm. These two units are related to each other via the relation 


hc = 197.327 MeV fm = 1 (14.145) 


which is very important for converting the units. It is mostly sufficient to remember the 
approximate value fic ~ 200 MeV fm. 

Via the definition c = 1, lengths and times have the same dimension, namely fm (or 
MeV~!). The quantity ¢ = 1 fm corresponds to the time during which the light travels a 
distance 1 fm. Consequently, velocities become dimensionless and are given as fractions 
ofc. Itis clear that this supports the relativistic formulation with four vectors, since now all 
components of x* = (ct, 7) are measured in the same units and the additional factor c drops 
out everywhere. Quite analogously, the definition = 1 causes energies and frequencies 
(E =f), as well as momenta and wave vectors (p = hk) to have the same unit MeV (or 
fm-!). The components of the momentum four vector a (4 , p) then have the same 
unit, fm~! (or MeV), and the scalar product x, p“, which often appears as an argument in 
plane waves, is dimensionless, as is the angular momenta, which is measured in multiples 
ofh. 

This system of units can also be implemented in electrodynamics. For this purpose, 
however, one first has to fix the system of units for electrodynamics itself. In Gauss’ system, 
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the square of the elementary charge reads 


1 e* 1 

e? = 1.44MeV fm = — or e= — = — (14.146) 
137 he 7 

Therefore, in natural units e? is identical to the fine structure constant a (which is inde- 

pendent of the system of units). We have to note that in electrodynamics (especially in 

the covariant formulation) one often uses the Heaviside—Lorentz system. In this system 


we have e7|4,, = 47 e*|Gauss, and thus one often finds an additional factor 47 in Equation 
2 

IS | yale 

( ) 4n Hie 137 

system is that the potential equations 


withhc = 1. The advantage of the Heaviside—Lorentz 


DAY = 49 7" laauss (14.147) 
no longer contain the factor 47; 
Ala (14.148) 


On the other hand, the Coulomb potential reads 


e 


Ss 
4rr 


14.149 
: (14.149) 


Gauss AE 


In modern quantum field theory (QED, QCD) one refers almost exclusively to the Heaviside— 
Lorentz system. 

Finally, the temperature unit Kelvin can be eliminated by the definition k = 1. Tem- 
peratures are measured like energies in natural units (E = kT). Entropy and heat capacity, 
which have the same unit as Boltzmann’s constant, are dimensionless in natural units and 
are measured in multiples of k. 


Applications of 
Relativistic Bose 
and Fermi Gases 


Quark-gluon plasma in the Big Bang and in heavy-ion collisions 


In elementary particle physics one has the opinion nowadays that quantum chromodynam- 
ics (QCD) is the fundamental theory of strong interactions (see Volume 7 of this series). 
All hadrons (strongly interacting particles like the neutron and the proton) consist of the 
elementary quarks in this theory. Besides an electrical charge (multiples of fe), quarks 
carry a so-called color charge (from the Greek chroma (xe@pa), meaning color). The 
color charges are the sources of the color field, just as the electrical charges are sources for 
the electric field. Quarks interact via the color field. The main difference between electric 
charge and color charge is that the latter is a vectorial quantity with three components, 
which are usually called red, green, and blue. 

In mathematical terms, quantum electrodynamics (QED) is a gauge theory based on the 
gauge group U(1) (unitary group in one dimension, see Volume 5 of this series), and QCD 
is a gauge theory with gauge group SU (3) (special unitary group in three dimensions). The 
quanta of the color field are called gluons, in analogy to the photons in QED. However, 
while the photons (or the electromagnetic field) do not carry electrical charge, the gluons 
(or the color field) have a color charge themselves (or better, a color transition charge). For 
instance, a red quark can transform into a green quark under emission of a gluon with a 
certain color charge, while the electrical charge of a particle does not change when it emits 
a photon. 

In QCD a lot of pecularities occur which are not known in QED. Unfortunately, a 
solution of the fundamental equations of QCD is still impossible. Therefore, one has 
to rely on models, which can, however, be partially confirmed by computer simulations 
(lattice gauge theory). An essential difference in comparison to electrodynamics 1s, e.g., 
the rise of the color potential between two color charges proportional to a power of the 
mutual distance, oc r%, while the analogous Coulomb potential decreases like 1 / Fee 
Figure 15.1.) This means that it would take an infinite amount of energy to completely 
separate two (classical) color charges. However, quantum mechanically, quark—antiquark 
pairs are created out of the vacuum, if the distance is of the order of a few fm. At such 
distances the field energy is larger than twice the mass (rest energy) of the quark, and it is 
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energetically more favorable for the system to create a quark—antiquark pair than to maintain 
the field. 

This implies that color fields between two color charges are 
confined to a small tube, because the (virtual or real) gluons also 
cannot move far away from the respective color charges, since 
they are charged themselves (see Figure 15.2). In other words, 
color fields cannot permeate into the vacuum. For color fields, 
the vacuum is an ideal dielectrical material, in which counter 
charges are induced via the (vacuum) polarization, which in turn 
prevent the penetration of the color fields. 

The small color hose between two color charges is com- 
monly called a color flux tube. 

A simple consideration shows that such a tube acts like a 
rubber band. To draw the two charges apart requires a constant 
force which is independent of the distance, corresponding to a 
linear potential V « r. 

Figure 15.1. Electric field. An important consequence of this property is that there are 
only neutral color (white) objects in nature, and single color 
charges (quarks or gluons) are not observable (confinement). Since 
there are obviously no free quarks, perturbation theory, which uses 
plane waves as basis states and is very successful in QED, becomes 
inapplicable in QCD. Only at very high energies (very small dis- 
tances) does QCD perturbation theory yield useful results which 
can be experimentally checked. At very small distances the confin- 
ing potential becomes small, and the quarks behave approximately 
like free particles. One calls this property of quarks asymptotic 
jreedom. 

A simple but nevertheless very successful model for hadrons is 
based on this fact, namely the MIT bag model (Figure 15.3). After the 
original ideas of Bogolyubov, this model was developed by a group 
of physicists at the Massachusetts Institute of Technology (MIT) in 
the 1970s. In this model, hadrons are bags in the vacuum, in which 
quarks may move freely but cannot penetrate the vacuum due to certain 
Bag boundary conditions at the surface. 

To get a neutral color proton or neutron, the bag is filled with 
three quarks (red, green, blue), which together are color neutral (white). 
Figure 15.3. MIT bag model. However, it can be shown that it is necessary to introduce several kinds 
of quarks (flavors) to describe the variety of hadrons. The existence 
of at least five different quarks is sure nowadays, for another there are Strong theoretical 
indications.* One calls them u(up), d(down), s(strange), c(charm), b(bottom) or b(beauty), 
and ¢(top) or r(truth), respectively. 


Figure 15.2. Color field. 


Vacuum 


“Remark: All quarks except the tops have been unambiguously detected. Recent experiments at Fermilab: 
F. Abe et al., Phys. Rev. Lett. 73, 225 (1994). 
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A neutron, for instance, has the quark content (udd) and a proton has (uud). However, 
the masses of the neutron and the proton (m ~ 1 GeV) originate only to a tiny fraction 
from the masses of the quarks, which are supposed to be relatively small, m, * 5 MeV, 
mq * 10 MeV. The largest part stems from the kinetic energy of the quarks in the 
bag. 

On the other hand, the free motion of the nearly massless quarks in the bag causes 
a Fermi pressure, which we have already discussed in connection with the ideal Fermi 
gas. Thus, a bag would not be stable, but would try to expand. One therefore additionally 
assumes that the vacuum exerts an external pressure on the bag, which is called bag pressure 
and abbreviated by the letter B. Such an external pressure, additionally introduced by hand, 
is of course necessary only because one cannot treat QCD exactly; otherwise the color fields 
would care for the confinement. 

This crude model can already explain the occurrence of well-ordered hadronic families 
(mass multiplets, see Quantum Mechanics: Symmetries, by W. Greiner and B. Miller). With 
a few additional refinements (color fields in perturbation theory) one can even reproduce 
quite satisfactorily the mass splitting inside a multiplett. 

In an atomic nucleus at normal nuclear density (~9 * 0.17 fm7°), the single nucleons 
(bags) with radius R * 1 fm are well separated. However, it is reasonable to assume that 
at large densities and high temperatures the bags overlap and melt into a larger area, where 
quarks and gluons can move nearly freely. One calls such a state of nearly free quarks 
and gluons in thermodynamic equilibrium a quark—-gluon plasma. Today it is commonly 
assumed that this state of matter existed in the first milliseconds after the Big Bang, and 
may also exist in the interior of quasars or very heavy neutron stars. In recent times some 
have tried to create such a quark—gluon plasma under laboratory conditions in high-energy 
nucleus-nucleus collisions. To this end, however, heavy-ion beams of extraordinarily high 
energy are necessary. Only since 1986 have such beams been available at the SPS accelerator 
of the European Nuclear Research Centre CERN in Geneva. 

We do not want to go into the details of the many problems which still have to be 
solved in this context, e.g., which fraction of the kinetic energy of the nuclei is transformed 
into thermal or compressional energy, respectively, which are the experimental signatures 
for the creation of the plasma, or how it finally decays into hadrons. However, with a few 
simple considerations in the framework of quantum statistics we can obtain an overview of 
the main properties of a quark—gluon plasma. 

To this end, we treat quarks and gluons as ultrarelativistic Fermi or Bose gases, respec- 
tively. Of course, this can only be a crude approximation, since quarks interact strongly 
even in the plasma. However, such an estimate will yield the order of magnitude of the 
pressure, the energy density, etc., in the plasma. For the contribution of the gluons to the 
pressure or to the energy density, respectively, we find using Equation (13.66), in natural 
units 

1 

Po = 5 = (15.1) 

Here gg is the degeneracy factor of the gluons. Gluons have (like photons) two spin 
projections (polarizations). However, since there are three independent components of 
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the color charge, and consequently 3 - 3 — 1 generators of SU (3) (eight different color 
transition charges, see Quantum Chromodynamics, by W. Greiner and A. Schifer), we have 
8G = 2-8 = 16. The entropy density can be readily calculated with the help of Equation 
(13.68): 
Sc ree 3 
ee ee (15.2) 

SG V &§G 90 

Analogously, the contribution of quarks and antiquarks to the pressure is given by 
Example 14.11 (in natural units): 


1 U 2p aie 1 ( py? 1 Lone 
a ee 18.) 
eo are Gaoae ve 
The degeneracy factor of quarks is composed of the product of the two spin projections, 
the three colors and the two quark flavors u and d under consideration (for ordinary nuclear 


matter without exotic particles containing strange quarks, charm quarks, etc.); i.e., 20. — 
2-3-2 = 12. The entropy density is 


So Blice yan 
= 2 =e0T?| 2 +2 (4) 15.4 
oy a Be | 90 ' 6\T eat 
To determine the chemical potential 4 of the quarks, the equation 
hie ome (00 is 
Se Ee) 182 
i es E VAG ae 


is required. This equation relates the quark surplusn = ng — nz tothe 
chemical potential. With respect to the creation of a quark~gluon plasma 
in high-energy heavy-ion collisions it is convenient to write the quark 
surplus density in terms of the density of the nucleons. The density of 
the nucleons nyy, however, is just one third of the quark density, since 
three quarks initially constitute one nucleon. It thus holds that 


1 


Anuc = Ro (15.6) 
If we define the dimensionless quantities x = iT andey 
0 1 2 3 x a Nuc /T3, Equation (15.5) becomes 
Figure 15.4. Concerning the 3 
solution of Equation (15.7). yout = (15.7) 
1 


One hopes to achieve approximately 5 times nuclear density Nnuc * 0.85 fm73 and tempera- 
tures of about T ~ 150 MeV inheavy-ion collisions. This corresponds to y © 2.9. With the 
help of Figure 15.4, we can solve Equation (15.7) graphically, which yields x ~ 2.05. The 
chemical potential of the quarks has thus a value of approximately uw ~ 2.05T ~ 300 MeV. 

However, we can even proceed a step further and determine the phase boundary of the 
quark—gluon plasma in the 4zT diagram. The plasma should be stable as long as the total 
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T.[MeV] 
100 


50 


Figure 15.5. Phase boundary in the wT 


diagram. 


pressure p = Po + pc wins over the external vacuum pressure, represented by the bag 
constant. This leads to the estimate 


37? Ne eee ae \ 
B= = T4 —< — (= 
Po + Pc | +(2) +55 (4%) (15.8) 


for the phase boundary T,(j1-) in the wT diagram (see Figure 

15.5). For pte = 0 we have, for instance, T, = 0.7B'/4 = 

Suen 102 MeV, for a value B'/4 = 145 MeV (in natural units), 

aa estimated via the MIT bag model, and for T, = 0 follows 

[lc = 2.1B'/4 = 305 MeV. 

This estimate for the phase boundary is, of course, very 
crude, and one should reckon with a factor of 2 uncertainty. 

One nevertheless observes that a chemical potential of 300 

100 300 300 MeV and temperature of 150 MeV should be sufficient to reach 

u.{MeV] the plasma state of quarks and gluons. Experiments to create 

such a quark—gluon plasma are currently being done at CERN. 


hadron gas 


Exercise 15.1: Interacting quantum gases 


As one knows, a quantum state R of an interaction-free quantum gas is completely determined 
by specifying the occupation numbers {71, m2,...,7,,.--} of the discrete quantum states r 
with the energy €,. Its energy is the sum of all energies e, of the particles in the quantum states 


r, 
free 
Er = ) Nn; €; 
-. 


where €, = ,/p? + m? (in natural units) is the relativistic energy of the particle with mass m 
in the momentum state p,. 

1) Derive an expression for the grand canonical partition function Z(T, V, z) of an 
interacting quantum gas assuming that the total interaction energy can be written in the form 


U(V,n) = Vu(n) 


(n = N/V is the particle density). Such density-dependent interactions have applications in 
nuclear and elementary particle physics (see the following Example). 
The energy of a quantum state R then reads 


Ep = ae eu 


r 


So n-€, + Vu(n) (15.9) 


r 


where €, represents only the kinetic and rest energy of a single particle. Its potential energy, 
on the other hand, is contained in the term Vu(m). 
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2) Derive the thermodynamic state quantities 


Ge ® : 
N= = ia Mean particle number 
Ou |ry 
ad 
Sa Entropy 
OT Inv 
i ® 
ji = 4 a) Mean total energy 
ap z.V 
ab 
= = = Pressure 
OV Nar 
via differentiation of the grand canonical potential @ = —T In Z(T, V, z), and check the 
Euler equation 
TB ce TES sah I) ee 10) (15.10) 


1) The grand canonical partition function reads 


Z27,V,d= zVZ(T, V, N) (15.11) 
N=0 


with the fugacity z = exp{B 1} and the canonical partition function 


Z(T, V,N) = )~ exp{—BEx} (15.12) 
R 


where the prime on the sum indicates that one has to sum over all quantum states under the 
restriction 


in ea (15.13) 

In the grand canonical partition function this restriction drops out, since we sum over 
all N, and we obtain after inserting Equation (15.9) into (15.12), and the result into Equation 
@iSal: 


oo/} 
PAUL J) = eit {- (x Fae = ip) ro) (15.14) 


nyn2,..=0 ig 


where we have exploited z¥ = exp{NBu} = exp{B > nw} according to Equation (15.13). 
The upper summation index in Equation (15.14) indicates that infinitely many bosons can be in 
the quantum state 7, but only one fermion, due to Pauli’s principle. Thus, for bosons we have 
to take the index oo, and for fermions the index 1. Here we treat both cases simultaneously. 

For the further evaluation of Equation (15.14) it is necessary that the exponential function 
decompose into factors of the form exp{—fn,(...)}. This is possible only if the term Vu(n) 
is linear in N = )°. n,. In general, this is not the case; Vu(n) is a complicated function of N, 
which has to be determined after the interaction is specified. Therefore, the only possibility 
is to linearize Vu(n) as a function of N, which can be done via a Taylor series expansion of 
u(n) around the mean value of the particle number density 7: 


u(n) = u(n) + u'(m)(n — 7) +--- (15.15) 
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Higher order terms are neglected due to the argument that fluctuations n — 7 around the mean 
particle number density become small in the thermodynamic limit. 

In fact, we now have decomposed U(V, n) into two constant terms, U(V,n) = Vu(n) 
and Vu'(n)n = u'(m)N, which depend only on the mean particle number N, and into a term 
Vu'(a)n = u'()N, which is linear in N = )>, n,. Now we can write the total energy of the 
quantum state R also in the form 


Er = > n,(e + u'@)) + UV, a) —u'@)N (15.16) 
Except for the last two (constant) terms, the energy of a single particle in the quantum state r is 
just €, + u'(m). Thus, each particle has a mean potential energy u’(m), which originates from 
its interaction with other particles. One can also think of this potential energy as being due 
to a mean field at the position of the particle, for which reason the ansatz (15.15) corresponds 
exactly to the so-called molecular field approximation (mean-field approximation, cf. Chapter 
18). 

The evaluation of Equation (15.14) is now simple, since one can draw the constant terms 
in Equation (15.16) in front of the sum (they do not depend on the occupation numbers 
ito Waig-6 oo): 


Z(T, V, w) = exp {—B (U(V, m) —w'@)N)} 
00/1 


x on |? Se +w@—m|] 
0 r 


0 Ped 


exp {—B (U(V, 1) —u'@N)} 


oo oo/1 
<|[) (5 exp {—B[e, +u’@) — y] nd) (15.17) 
r=I 


nyp=0 


since the exponential function in the first line of Equation (15.16) factors. The sum in brackets 
in the last line of Equation (15.17) is just a geometric series in the case of bosons, and even 
simpler, contains only two terms (n, = 0, 1) in the case of fermions. Our final result thus 
reads 


Z(T, V, uw) = exp {—B (U(V, %) — w'@N)} 


oo { (1 + exp{—B(e, + u’(m) — B)}) Fermions 
xT] 
r=1 {| (1 — exp{—B(e, + u'@ — w)}/)! Bosons 
With the abbreviation a = +1 for fermions, anda = —1 for bosons the grand canonical 


potential can be written 


® = —TInZ = —Ta )In(] + a exp{—A(e, + u'@) — w)}) + UV, ®) — Nu’ (n) 


(15.18) 
Note the two “additional” terms. They will play an important role in the following part of the 
Exercise. 
2) We have 
= a® 
= OM Irv 
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dua) 
On |ry 
— dna aN 
Fr eae er ye 
Caray : TV 


aexpl-B(, tu — wu) (,_ , Wu') 
4a DS cere ae aa =) (» aan 


From this follows 


4 


w(.- du’ (7) jaa au (7) 
OK Irv On Inv 
an 
ey 
OM TeV 
+ a2BT (1 - oat) ) 
Ve 
1 
ear ee 15.19 
Obrane Wain ae 


We now take into account the fact thatdu = a dn, since u depends only on the particle 
number density. Then we have 

a an 

u(n) ze u'(n) we = 

TV Ou Iry Vo Ou 


(15.20) 


and the first two terms in Equation (15.19) cancel. With a? = 1 and BT = 1} (in natural 
units), we thus obtain 


7 1 
ye a ae ee | 
X exp(B(e, + u’(@) — w)} +a (15.21) 


r 


because the brackets in Equation (15.19) do not vanish in general, since u(n) can be an arbitrary 
function. The mean occupation number can be immediately read off due to N = Sone: 
1 
rn, = — 15.22 
expiB(e, +u'@) — w)) +a a 
In comparison to the free case, only the one-particle energy was modified in the mean-field 
approximation: €, > €, + u'(n). 


The entropy reads 
ab a = du! aN 
Ge __y dun) W u'(n) rere oe 
OTe of ey OF iv oT 


+a) )In{l +a exp(—B(e, + u'@) — 1)}} 
r=l 


oo (ce, +u'(@) — w) (-£)- £ du’ Gy 


ra eT s oT 


ral exp(B(e, +u'(n) — p)} +a 


HY 
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As in Equation (15.20), one can show that the first and third terms cancel. With Equation 
(15.21) it furthermore follows that the second term cancels the last term in the numerator of 
the last sum. With — wt = a , the result reads 


= ay In(l + aexpl-Ble +w@ — w+ = A] +u'® - HW) 


(15.23) 
The mean energy follows from 
d(®B) 
dB 


E= 


Faye 


= (BVu(n) — BNu'(n)) %5 


_ _azexpt-Bler +w'@) (8 gy 
a), 1 + az exp{—Ble, + um} ( a (Bu \7)) 


pm) 
ap i 

aN 
OB 


r 


du(n) 
ap 


_y a(bu'@) 


U(V,n) + BV 
uous - ap 


— Bu'(n) 
rae 


zV 


é, =; 9(Bu'(n)) 
x exp(B(e, + u’(n))}z7! +4 ee ap 


z.V 
Due to 

) on 

u (n) ame u’ (A) le 

dp Rol ap Eo 

the second term cancels the fourth. It remains that 


E =) i,-¢, + U(V,7) = \ ie, + Vuln) (15.24) 


ie if 


nw ap 


as one would have expected according to Equation (15.9). 

The role of the additional terms in Equation (15.18) is to cancel partial derivatives of 
u’(n), which result from differentiating In{1 + a exp{—B(e, + u’(n) — 2)}}, so that the terms 
(15.21), (15.22), and (15.24) result, which are physically immediately plausible. 

Before we calculate the pressure, we want to verify the validity of the derived relations 
in the thermodynamic limit. In the thermodynamic limit, N + 00, V — oo, x = const., 
the mean particle number, entropy, and energy are extensive state quantities; i.e., all three are 
proportional to the volume. Due to the substitution 


V = 
Os, aoa i d*p 
: (27)? 
in the thermodynamic limit (g is the degeneracy factor) this is valid only if u'(n) does not 
depend on the volume (cf. Equations (15.21) and (15.23)), and furthermore, if u(n) does not 
depend on the volume (cf. Equation (15.24)). This leads to the requirement that the particle 
number density n = a must not depend on the volume. We check this as follows. We have 
an a (* sou ( aN * | 
OV |ar av \ V pe V\ aV of V 
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aes [¢) gS 
(27)? exp(B(e(p) + u’(n) — w)} +a 


+ deol (ge eee 
(any J P\ \ expiple(p) tu’ — w)) +a 


we du'(n) 
exp{B(e(p) + u'(a) — w)}B 
OV har 
For the first term we write ¥ : the second we rewrite using i = u"(n) av a 
uT 
u’(n) +t ( = = ¥) as 
(veg 
aN N ers 
Hu, 


Therefore, we have 


aN N 
aVv V 
eds 


= . (- mE w'@) exp(B(e, + uA) — ») ( au 


on 
aV 


<= 


WIE 


This relation is true if 
l=- yas exp{B(e, + u'() — w)\u"@) 


However, in general this is not the case, since u(n) is at first a completely arbitrary interaction 
potential density. Thus it must hold that 


aN = my 15.25 
avy oe) 
ETE 
Les a vanishes. 
ae 
After these preliminary remarks we derive the pressure: 
ad - ov, 
|e Ee 
: wT 
+ <2 S7infl + cexpl-ple, +x'@ — wh) 
—- n exp{—B(E, — 
vy 2 aexp € u(n py} 
cee 15.26 
Ss (15.26) 


where we have used Equation (15.21) and the fact that the particle number density does not 
depend on the volume; consequently, u(n) and u’(7) are also independent of the volume. We 
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already derived the result (15.26) in the interaction-free case, when we inserted the Euler 
Equation (15.10) into the definition of @ = E — TS — wN. Consequently, Equation (15.10) 
is also fulfilled in the present case. However, one also can convince oneself of this fact via 
another argument, and show that ® = —T In Z is still defined as E — TS — pN, by using 
Equations (15.21), (15.23), and (15.24): 


E-TS—ypN= rc + Vu(n) — Ta yIn{l + aexp{—B(e, + u’(n) — 1)}} 


— Uae +0 — vw) — a DO, 


Vu(a) — u'(@yN — Ta > nfl + aexp{—B(e, + u'@ — 4)}) 


— aD) 


The Euler Equation (15.10) follows, using Equation (15.26). 


Example 15.2: Phase transition between the quark-gluon plasma and the hadronic gas in heavy- 
ion collisions 


The interacting quantum gas treated in the last Exercise is important, for example, for a 
thermodynamic description of the phase transition between a quark—gluon plasma (QGP) and 
hadronic matter in heavy-ion collisions. 

In the last Example we saw that a simple criterion was the stability condition for the 
transition between a QGP and normal, neutral color, confined nuclear matter: if the bag 
pressure is larger than the pressure exerted by the gluons and quarks, the plasma is unstable 
and decays into separate quark bags, the nucleons. This very simple argument gives the order 
of magnitude of the quantities 4, and T, characterizing the phase transition. However, we have 
to take into account that the plasma is not suddenly created during the heavy-ion collision, but 
that it is formed out of highly compressed and strongly heated nuclear matter. Thus, we have 
a two-phase system during the transition. For a complete description of the system (assuming 
thermodynamic equilibrium), we have to apply Gibbs’ phase coexistence relations, 


Toop = Truc 
Lece = Nuc 
Pace = PNuc 


To this end, we need the equation of state of the QGP and of the hadronic phase. While 
the relations derived in the last Example for an ultrarelativistic gas of quarks and gluons can be 
used for the QGP, we assume the nucleonic phase to be a mixture of interacting quantum gases, 
consisting of nucleons and their resonances, and of mesons (cf. Volume 2 of this series). The 
interaction U(V, n) is completely unrestricted in its functional form, except for the fact that 
one can write it as Vu(n). In general, it is constructed in such a way that the total energy of 
nuclear matter has a minimum in the ground state (at T = O, the measured ground state density 
no = 0.17 fm~?, the ground state binding energy Bp = —16 MeV for infinite nuclear matter, 
and the ground state incompressibility K ~ 210 MeV, determined from giant monopole 
resonances), namely, just the value Bo. For larger densities, U(V, m) strongly increases to 
describe the repulsion of the nucleons. 
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The ansatz 
K 2 
CAV i) eet tana?) 
1879 


is an example where the first part represents the compressional energy of nuclear matter. The 
second part f(n) is needed to compensate the Fermi energy of the nucleons in the ground 
state, which is by definition contained in the compressional energy. The Fermi energy in the 
ground state enters already via the kinetic part of the total energy. 


PART AY 


REAL GASES 
AND PHASE 
TRANSITIONS 


16 Real Gases 


In the following section we will show how the properties of real gases whose constituents 
interact by virtue of a two-particle potential U;, can be calculated approximately. The 
Hamiltonian reads 


N 32 
H= Doe + SO Un (i — Fed (16.1) 
ye | Ee 
provided U;, depends only on the distance |r; — 7,| between particles. Now the partition 
function 
! 3N B = 2 3N 
Z(T, V,N) = Wi fa p exp ni Bi fa r exp SEG 
(16.2) 
has to be evaluated. The integrals over momenta do not cause difficulties: 
| anm \3N? 
Z(T, V, N) = —~ {| —— d**r exp {— U; 
( ) am (7) | oe Be 
1 (2amkT \?X? 
=> — =a far I] exp {—BU;x} (16.3) 
N! h ik,ick 
Yet to be evaluated is 
Qn(V,T) = far [] exp (-BUi8)} (16.4) 
lig soll sas 


If Uj, = 0, then Qy = V%, and we recover the result for an ideal gas. 

In order to give an approximation for Z in the case U;, 4 0, let us consider the typical 
feature of the potential. It is strongly repulsive for very small distances and attractive for 
larger distances between particles. It vanishes at rj, — 00. Given low densities of the 
gas, the mean distance between two particles is very large, so that the gas approximately 
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behaves like an ideal gas. The same is valid for high temperatures, because then the mean 
potential energy of the particles is small compared with their mean kinetic energy Cie 
Therefore it is sensible to expand Z around the limiting case of the 


pe ideal gas. Now if BUi, < 1, then exp{(—BUj,} © 1, and hence 
fix = (exp {—BUix} — 1) pees (16.5) 
i; is an appropriate parameter for this expansion, as fj, — 0 for (rjx) + 00 
Ce or T — oo. Now the following product has to be calculated: 
ll Go = 1+ SS i+ DD tei (16.6) 
iki ck i,ki<k ik. 
Figure 16.1. In the next section higher orders of the series (16.6) will be investigated 


in more detail. Here we restrict our considerations to the first two terms. 
Inserting Equation (16.6) into (16.4) yields 


fer(s > me] 
1,k,i<k 


vg vne Sf ate, f Pra exp (-BUn) — 1 
ik ick 


On(V,T) 


II 


bee (16.7) 


The leading term V” is identical with the result for Qy in the case of an ideal gas. The 
following terms represent corrections due to the interaction U;,. Substituting center-of- 


mass coordinates R = AG + r,) and relative coordinates r = (r; — r;,) in the integral 
leads to 
_ NW -1 
Qn(V,T) =V" + V% ree [or (xpi=sU (7) (16.8) 


for there are N(N — 1)/2 pairs with i < k which all give the same contribution to Z. 
Defining 


a(T) = [ar (exp (—BU(r)} — 1) = ax [ r? dr (exp {—BU(r)} — 1) (16.9) 
0 


we get from Equation (16.3), with N >> 1, N(N — 1)/2 = N?/2, 


1 f{2nmkT \3X? N2 
ZT, V,N) = — ( ) reve ary +--.| 


N! he 


ye N7a(T) 
= Wi aN 1 ate ae | (16.10) 
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The thermal equation of state of the gas can now be calculated from the free energy: 


OF a NkT a N? 
NkT aN 
DeSean ea (16.12) 


(16.11) 


Here we have considered only the two leading terms in Equation (16.10), and in Equation 


(16.12) we have made use of the fact that a(T) is just a small correction. 


Example 16.1: The Sutherland potential 


The equation of state (16.12) shall be evaluated for a realistic case. 
For this purpose the interaction potential U(r) of the particles must 
be given, e.g., the Lennard—Jones potential, also called the 12/6- 
potential, 


vio = wo((2)"-2(8)) 


This potential possesses a minimum at r = ro with the depth —Up, 
and a strongly repulsive part for small r. Although it is quite realistic 
we do not discuss this potential here, as the evaluation of Equation 
(16.9) is very tiresome. We better employ the Sutherland potential, 


+00 r<1ro 


oo eaey 


0 to 219 Stor, 


k 
Figure 16.2. Sutherland and ip 2 Me 
Lennard—Jones potential. 
Here the atoms are regarded as solid spheres with radii 79/2. (r 
denotes the relative distance |r; — r,|. The minimum distance rp between solid spheres is just 
twice the radius of one sphere.) For r > ro, the potential is attractive and proportional to r~®. 


Herewith Equation (16.9) reads 


HOR = he i. ?dr(-1) + 4 f r dr (xe {4 (2)'| = 1) 
0 ro r 


As per our assumption, we have BUp < 1, and hence 
6 r 6 
exp {BU () x | + BUo (=) BGs 
ip 


” ae ane ro \§ 
a(t) ~ Sr} + 4xBU | r dr (>) 


rO 


2 


An 
Se! — BU») 


Using this expression we obtain 


Pee Pe 2nr3 Up 
ea, 30 kT 
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with v = V/N. Alternatively, 


-1 
2nrZUo kT 2nr? kT 2nr3 
pee fi eS 16.13 
(0+ ay? ) v ( 3u v 3u ( 


In this last approximation we have used the fact that the proper volume Arr /3 of the atoms 
is small compared to the volume per particle v, provided the density is not too high (rarefied 
gas). As we can see, Equation (16.13) exactly corresponds to the van der Waals equation of 
state 


(p+ 5) @—b =ar 


and we have thus microscopicly calculated the van der Waals parameters a and b (do not mix 
up this a with that in Equation (16.9)!): 


mere Aer 
a 
b= 1 


The parameter a depends on the depth Uo of the potential and measures the strength of the 
attractive force between particles, whereas b is the so-called covolume. The latter is not exactly 
identical with the volume of the particles because their minimum distance is rp and not ro/2, 
which is the radius. 


For absorption: Mayer’s cluster expansion 


The partition function of a real gas was derived at the beginning of this chapter: 


JAGE V, N) = N1a3N On, T) i (16.14) 
with 
N N 
On V, T= f ar [ ] exp {—8Uix) Se [[] a+ fo (16.15) 
ik i<k iki<ck 


The product in the last expression can be calculated in a general fashion. There are exactly 
p=3 N(N — 1) factors (1 + fj,) (number of pairs (i,k) withi < k). Of course, the leading 
term is just 1? = 1. The second term can be obtained by replacing one of the p factors 
by a factor f;, and summing over all possible combinations. Correspondingly, in the third 
term there are two factors fix, etc.: 


N 
inl Ge fix) = 1. y- Fix ata a Fisk: Finks ats Ss Fit, ini ie 


iki<k iki<k neha Her peice. 

(16.16) 
The primes attached to the sums indicate that the indices have to satisfy certain conditions. 
Of course, we must have i; < ky, iz < ko,..., ip < ky. However, there is one more con- 
dition which can easily be understood by ordering the factors (1 + f;,) according to the pairs 
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(i, k). For this purpose one relates a number between 1 and p to every pair (i, k) ina definite 
way; let us call this number num(i, k) (especially easy to survey is the so-called lexico- 
graphic order: pairs are first arranged according to their first index and then, given the same 
first index, according to the second index). Now if one reorders the factors on the left-hand 
side of Equation (16.16) with respect to their (increasing) numbers, num(i, k), and preserves 
this order when multiplying out, then the factors fj,x,, fi,4,, . . . inthe sums on the right-hand 
side also must display increasing numbers of the pairs (i), k;), (i2, kz), .. ., respectively. 
Hence the second condition imposed on the sums is num(i;, k;) < num(iz, ko) < - 
This implies that the last sum in Equation (16.16) contains only a single term, for there is 
only one possibility if all p pairs occur and have to be sorted according to their numbers. 
Thus we now have to calculate 


On(V,T) = oy (: + S30 fiat Ne. Fists Finks 


ikick PRUE 


ie Su) (16.17) 


i eC ee 


This seems to be impossible in the general case. However, one immediately realizes that 
Equation (16.17) contains a lot of terms in the integrand which contribute the same value 
to the integral, e.g., 


[OMe fat hero = [Mr 2fa- (16.18) 


as integration variables may be arbitrarily renumbered. Furthermore, one recognizes a 
possibility of systematically decomposing and rearranging the terms in Equation (16.17) 
according to the following example: let N = 14 and 


L= fan Bria fir fia for Feo fo,11 fir.13 (16.19) 


be a term in Equation (16.17). Obviously, Equation (16.19) can be rearranged: 


— [reared fis fou [ @riarad?refiahis fared fe 


x [@ra@rafan f drs pars [ano f ars (16.20) 


i.e., Equation (16.19) can be decomposed into two factors, which represent integrals over 
the coordinates of two or three interacting particles, respectively, and some trivial integrals 
over a particle coordinate. 

Because of the possibility of renumbering integration variables, which we pointed out 
in Equation (16.18), all factors with the same number of integrations over coordinates, 
namely the first two terms, the third and fourth terms, and the last four terms, of Equation 
(16.20), respectively, have the same value. 

However, this cannot be generalized. For instance, in Equation (16.19) an additional 
factor fg, might have occurred, which we then would have had to write in the integrand 
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of the first integral in Equation (16.20). Although the first two factors in Equation (16.20) 
would have been integrals over the same number of coordinates, their values would have 
been completely different, for in one case the integrand would have been a product of only 
two fj,S, in the other case, however, a product of three. 

Of course, for large values of N and expressions with a structure even more complicated 
than the one of Equation (16.19), there may be more factors which represent integrals over 
one, two, three, or more particle coordinates. Obviously, the most complicated terms in 
Equation (16.17) are those which cannot be decomposed into factors, i.e., those which 
contain products of f;,s where i or k take on all allowed values between | and N. 

After these introductory remarks, we see that many terms in Equation (16.17) have the 
same value, and at least some have common structures. Hence one can suppose that it will 
not be necessary to evaluate all the terms in Equation (16.17), one by one, but only certain 
representatives of classes. Then one just has to count all the members of a class. 

The method we are going to introduce in the following was developed in 1937 by Mayer 
and his collaborators. It will become particularly clear if we represent the terms in Equation 
(16.17) graphically. We relate every term in Equation (16.17) to an N-particle graph by 
representing the N particles by numbered circles and every factor fj, by a line between the 
particles i and k. The way in which the circles and lines are arranged is of no importance. 
They may be arbitrarily shifted with respect to each other so that the graph becomes as easy 
to survey as possible. Therefore, lines may cross. Two N-particle graphs are to be regarded 
as identical if they can be transformed into each other by shifting particles together with all 
the lines connected with these particles. Thus Equation (16.17) can also be interpreted in 
the following way: 


On(V, T) = Sum of all different N-particle graphs (16.21) 


The first term in Equation (16.17) is, according to this prescription, a graph without any 
line ; 


[OO @ rs @)= fawn = yN (16.22) 


In the second term, a sum of all graphs appears, in which exactly one particle is connected 
with another, e.g., 


(O-® @ ove ®)= [O%rha 


(® we @)= [erehe (16.23) 


As already mentioned, all these summands have the same value. Quite analogously, we can 
also represent expression (16.19) for N = 14 by a 14-particle graph: 


pace ©® ©“ © @@ @ 


[So |eoea OO @@ ae 
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where we have reordered the circles in the last line and put the connected parts of the graph 
in square brackets. Obviously each factor in Equation (16.20) corresponds to a square 
bracket in Equation (16.24). One calls the connected parts of the graph a cluster. Hence, 
two 3-particle clusters, or simply 3-clusters, two 2-clusters and four 1-clusters occurs in 
Equation (16.24). 

As mentioned above, the two 3-clusters have the same value in this example, as well as 
the two 2-clusters and the four 1-clusters. That this is not always the case for clusters with 3 
or more particles, we have already made clear. One can readily understand this graphically, 
e.g., the 3-clusters 


OB ©-@ 
d 16.25 
x = wy rio 


have different values due to the additional link (interaction) between particles 8 and 11 (the 
additional factor fg 1;) in the second cluster in Equation (16.25). 

Each N-particle graph can be factored into such clusters. There are, however, also 
N-particle graphs, which consist of a single cluster (NV-cluster). Thus, we can construct 
an arbitrary graph of such clusters. In general, such a graph will contain m, 1-clusters, 


my 2-clusters, ..., my N-clusters. For the 14-particle graph (16.24), for instance, m, = 
4,m2 = 2,m3 = 2,m4 = ms = --- = m,4 = 0. The numbers m, have to fulfill the 
condition 

N 

yo ml =N (16.26) 

[=1 
since the sum of all particles in the particular clusters is just equal to the total particle 
number. 

Each N-particle graph can now be classified by fixing the set {m,..., my}. The 
sum of all N-particle graphs which belong to a fixed set {71,..., my} will be denoted 
by S{m,..., my}. If we now perform the sum of all S{m,,..., my} over all possible 
sets {m,, ..., my}, which fulfill condition (16.26), we will register all possible N -particle 
graphs; i.e., Equations (16.17) or (16.22) can be written as 

/ 
O71 Cn — >) WS rrieer ety) (16.27) 
{m),....71Nn} 


where the prime on the sum indicates that condition (16.26) has to be fulfilled in the 
summation. For 3 particles, Equation (16.27) reads, for example, 


On Py —5(3, 0, 0) Si, 0p SiO; Ory (16.28) 


since for N = 3 only three sets {7m , m2, m3} fulfill condition (16.26). The corresponding 
graphs are 


S3,0,0} =(@® ,® ,©) 


one id oll io blaleee 
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Due to Equation (16.27), our problem now reduces to the determination of the sums 
S{m,,..., my} for fixed numbers {7,..., my}. 

The numbers 7), ..., 7y determine how many 1-clusters, 2-clusters, . . . , N-clusters 
are contained in an N-particle graph. Thus, in S{m,,..., my} all graphs are contained, 
with m, 1-clusters, ..., my N-clusters. The structure of all these graphs is identical 
inasmuch as for each graph there exist m, single circles, 2 m2 circles connected by a line 
to form a 2-cluster, 3 m3 circles connected by two or three lines to form a 3-cluster, etc. 
Obviously, there are several different types of /-cluster with a certain particle number /, 
for instance the two 3-clusters in Equation (16.25) (we will soon precisely define what we 
mean by the word type). It is essential to understand that the set {7,,..., my} does not 
fix the numbering of the circles. If we consider a graph of S{m,,..., my} with a certain 
structure of circles and links, and a fixed numbering of circles, we can also find graphs in 
S{m,,..., my} which originate from the first via a permutation of the particle numbers. 
However, not every permutation leads to a new graph (see, e.g., the second graph in Equation 
(16.25). There one can permutate the particle numbers 8,9, and 11 without obtaining a new 
graph; a new graph can only be obtained if a new particle number appears). Of course, in 
S{m,, ..., my} all graphs also appear which contain different types of clusters and which 
cannot be transformed into each other by a permutation of the particle numbers. 

The structure of the terms in S{m,,..., my} is always the same. Each term of the 
sum factors according to 


Term in S{m,,..., my} = [m, 1-cluster] - - - [my N-cluster] (16.30) 


Hence, if all m, /-clusters have the same value, an N-particle graph characterized by Equa- 
tion (16.30) could be written as Nhs (/-cluster)’”’. However, this is not correct, since the 
different types of /-clusters may have different values. At this point, we have to specify 
what we mean by a type of cluster. To this end, it is sufficient to define when two clusters 
of equal particle number are of the same type. First of all, the two clusters which are to be 
compared do not necessarily have to contain the same particle numbers. Since the value of 
a cluster does not change by a simple renumbering, we may change the particle numbers in 
a cluster, such that they coincide with the numbers of the other cluster. However, the order 
of the numbers is not to be changed. For instance, if one 3-cluster contains the numbers 
1,2,3 and the other the numbers 8,9,11, we have to renumber 8,9,11 to 1,2,3 or 1,2,3 to 
8,9,11; other ways of renumbering would change the order. If both clusters contain the 
same particle numbers they can be directly compared. They are identical (i.e., of the same 
type), if they can be transformed into each other by a shift of the particles with the respective 
links. Here also, the particle numbers have to coincide. According to this rule, the two 
3-clusters in Equation (16.25) are of different types, 3-clusters of the same type would be 


Be 
D (16.31) 
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In the lowest line of Equation (16.29), the four possible types of 3-clusters are shown. 
They cannot be transformed into each other via shifts. An arbitrary 3-cluster with other 
particle numbers is uniquely mapped onto one of these types by our definition. 

Trivially, there is only one type of 1-cluster and only one type of 2-cluster, but there are 
four different types of 3-clusters, etc. Different types of /-clusters do not necessarily have 
different values. For instance, all graphs of /-clusters, which originate from a permutation 
of the particles, have the same value (e.g., the first three 3-cluster in the last line of Equation 
(iG=25)) 

Let there be K, different types of /-clusters. Then each factor in Equation (16.30) can 
be classified according to these types. The m, /-cluster can consist of n, /-clusters of type 
1, n2 I-clusters of type 2, ..., nx, /-clusters of type K;: 


{m,l-cluster] = [n,/-cluster of type 1][n2/-cluster of type 2] 
--+[nx,l-cluster of type K;] (16.32) 


The numbers n),..., 2x, have to fulfill the condition 
K; 
is n; =m (16.33) 
all 
since there will be exactly m, I-clusters. For instance, the 14-particle graph (16.24) 
decomposes into the factors 


[2 3-clusters][2 2-clusters][4 1-clusters] (16.34) 
according to Equation (16.30), and the first of these factors can be written as 
[2 3-clusters] = [1 3-cluster of type 1][1 3-cluster of type 2] (16.35) 


where the enumeration of the types is, of course, arbitrary. Since all /-clusters of a certain 
type have the same value, Equation (16.32) is identical to 


[m l-cluster] = [type 1]"’ [type 2]’” - -- [type Ki" (16.36) 


Now we have decomposed each N-particle graph which contributes to S{m,, ..., my} into 
its smallest (not further reducible) parts. We still have to summarize the terms in the sum. 

Let us first consider all terms of S{7m,,..., my}, where all partial graphs (factors) 
are fixed (including particle numbers, positions of the links, etc.) except for the factor 
(m, I-cluster], which will run over all possible partial graphs. All the terms in the sum 
possess the same factors [77 1-clusters] - - - [m)—, (J —1)-clusters][774; (+ 1)-clusters] - - - 
[my N-clusters], and differ only by the factor [7m, /-clusters]. 

The particle numbers contained in the m, /-clusters are fixed, since the particle numbers 
in the fixed factors are not to be changed. However, the m, /-clusters in each term of the 
sum can be composed of quite different types of /-clusters, and the available /m, particles 
can be distributed among the cluster types in different ways. 

The set of these terms is still rather complex. Therefore, we first consider a subset 
of all terms under consideration, namely those in which each /-cluster is formed of fixed 
particle numbers. Since now the particle numbers are fixed in each m, /-cluster, two graphs 
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under consideration can differ only in their composition of particular /-cluster types; 1.e., if 
they have different sets of numbers {7;, ..., x,} which have to fulfill condition (16.33). 
Therefore, one runs through all terms of the considered subset if one sums over these sets 
of numbers. The factor [7m /-clusters] belonging to this subset of graphs thus reads 


mi 
[yn;l-cluster] = yy [type 1]"” [type 2]"* --- [type K;]" (16.37) 
N1,.--,NK, = 
ny a Oe SP Une = mM, 
An analogous consideration can be performed for each /. Thus, we obtain for the sum of 


all different N-particle graphs which contribute to S{m,, ..., my} and where the numbers 
of the particles which form the particular clusters are fixed: 


[m,/-cluster] 


N 
= I] me [type 1]"' [type 2]"? --- [type K,]"™ (16.38) 
= Ni, See tin, — 0 
Wey RI = 


Note that permutations of the particle numbers inside a cluster are implicitly contained in 
Equation (16.38). Such permutations either lead, as we have already seen, to another type 


of cluster and thus to another set of numbers 7,...,7 k,, or they do not change the cluster 
type, but then we do not have a different N-particle graph. 
We now have to take into account that graphs also contribute to S{mm,,...,m ny} which 


belong to other distributions of the particle numbers over the respective clusters. These 
have not been considered up to now. Further types of graphs do not exist, since all different 
graphs which can be formed with given particle numbers for the clusters are contained 
in Equation (16.38). All graphs not considered up to now originate from those already 
considered, via permutations of the particle numbers. Since such permutations correspond 
to a renumbering of the integration variables, and since therefore all these graphs have the 
same value, we need only multiply Equation (16.38) by the correct factor. There are in total 
N! permutations of the particle numbers. However, permutations inside an /-cluster are not 
to be counted, since they are already contained in Equation (16.38). Thus, the factor should 
be 


N! 
ae 


This however, is, not quite correct. With this factor we would also count such permutations 
of the particle numbers which exchange only all particles of two /-clusters of the same type. 
Such an exchange does not correspond to a new graph but only to a rearrangement of two 


w{m,,..., my} (16.39) 
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factors, as one readily observes for the example of two 3-clusters of the same type: 


Lol") = (AolLAs i 


There are exactly n;! possible permutations of all /-clusters of type j. The general 
factor [m, [-clusters] thus contain n;!n2!---nx,! of such rearrangements for a given set 
of numbers n, ---nx,. If we want to use the factor (16.39), we have to divide the sum in 
(16.38) by the factor n,!n2!---nx,!. The final result thus reads 


lise a ee oat = 


my 


vn I 1 se [type 1]"" [type 2]” [type Ky]’ 
1s 


=] Lines ALK, =O bet, Sy ny! nz! nk,! 
(16.41) 
This equation can be simplified using the polynomial theorem: 
m 
- [type 1]"" - -- [type Ki] 
Nyt, SON berbn KK, = AY o° Teh 
1 : 
= aa (type 1+ type Mdxe oa dL type Koa ace 
es 


In other words: the sum S{m ;} can be expressed as the sum of all types of /-clusters with 
fixed particle numbers: 


N 
1 
Sitter) =o! I] aD ml (Sum of all types of /~—clusters)’”" (16.43) 
I=) \° : 


The main simplification we have achieved is that now one has only to evaluate the integrals 
for the single cluster types with a fixed enumeration of the particles, and no longer for the 
full N-particle graphs. We now define the abbreviation 


be) = (Sum of all types of /-clusters) (16.44) 


1 
REM 
We will interpret these dimensionless numbers (16.44) later on. The factor I!—! for each 
l-cluster results from the corresponding prefactor in Equation (16.43). The prefactor 
4-3¢-D y-! renders the expression dimensionsless and affords us a way to express Equation 
(16.43) in terms of the b; which is as simple as possible: 


a Vo 
S(m,,..-,my} = NG" I] = (55 | (16.45) 
i my: 


The factor Oy (V, T) in the canonical partition function is therefore 


N m 
1 1 Ve 
Oni Nia! y aI (2 =) (16.46) 


(iny,...tn} =] 


412 REAL GASES 16 


The canonical partition function now reads 


Z(T, V, N) = De ee a — (» is) (16.47) 


(Gi cece my} 


where the prime on the sum indicates that one has to sum only over such sets {m),..., } 
which fulfill condition (16.26). This somewhat inconvenient condition vanishes, if we 
consider the grand canonical partition function 


co 
A(T, V,z) = D2" Z(T, VN) (16.48) 
N=0 


One writes 
gM = dal — TY] (z')™ (16.49) 
I=1 
and it follows that 
Z(T, V,N) = SE i fl A | (% 12 SZ) (16.50) 
N=0 (m),....my} [=I 


Here the second sum is still restricted by the constraint Se, m,; — N. However, since one 
also sums over all particle numbers JN, this is equivalent to 


[e,¢) [o.e) i ; V my 
27T,v.Ny= )) [[-,| (1 =) 
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(16.51) 
I=1 [=1 
Therewith the grand canonical potential can be immediately calculated: 
V lee) 
= -kTInZ = -kT— Sz! 
¢ = ye 12 (16.52) 


Now we will take a closer look at the b; and the meaning of the prefactor in Equation 
(16.44). To this end, we explicitly denote the b; for the smallest cluster / = 1, 2: 


1 1 

i a v ia =i (16.53) 
= — far Brofi2 
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= lags Pryfi2 = af f(r)r* dr 


b= =, (O-®) = 
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_ 2a = U(r) F 
=e ‘ (xp |- me | - \)r dr (16.54) 


Here the new coordinates R = aca + 72) and F\2 = 7; — 7 were substituted in 
the cluster integral to be calculated. The integration over the center-of-mass coordinates R 
of the cluster simply yields a factor V. An analogous substitution R= } (7, + ---7)) is 
possible for all /-clusters, and always produces the same factor V. Therefore it is sensible 
to multiply all cluster integrals by 1/V. After separating the center-of-mass part, the cluster 
integrals no longer depend on the volume (if it is large enough), but only on the range of 
the potential (as long as this is much smaller than the size of the container). The integrands 
decrease exponentially with the distance between the particles, so that one may extend the 
integration over the relative coordinates to infinite distances without error. Thus, we have 


lim b,(V, T) = b\(T) (16.55) 
V>00 


For b3 one has four contributions from the different types of 3-clusters, 


»= ald bl ‘lo b] loll 


] 
~ 606V fen Br d’r3(fifis + fisfa + firfes + frofisfsl (16.56) 
We have already found that the first three terms have the same value, since one can arbitrarily 
rename the integration variables and exploit fix = fyi. If one finally substitutes R = 
SF, +r, +73) and 7; = 7; — rj, one has 


1 
ey &16V [av f @rofa f drisfs + vf dns rafafahe| 


1 
= 2b; + 616 Brio drisfiofishes (16.57) 


The first integral in Equation (16.57) factors and may therefore be expressed by the coeffi- 
cient by, which is already evaluated. It is actually not necessary to calculate all /-clusters 
anew, but only certain types. One calls these types irreducible |-clusters. 

The b;(V, T) are dimensionless numbers which do not depend on the volume in the 
thermodynamic limit, but only on the temperature, and which can be easily calculated 
successively. All thermodynamic properties of a real gas can now be determined by the 
cluster integrals b,(T). It is often sufficient to consider only the smallest cluster: for low 
gas densities the fugacity z = exp{u/kT} is also small (z < 1). The contribution of larger 
clusters can therefore be neglected. Furthermore, for low densities it is very improbable that 
many particles form a larger /-cluster. However, this does not hold near phase transitions. 
In this case many particles can form larger drops. Hence, many terms have to be explicitly 
calculated near phase transitions. From Equation (16.52) we directly obtain for the pressure 
of the real gas 
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If one fixes the particle density of the gas instead of the chemical potential (or z), one 
has to determine z from condition (9.64): 


ee 
Z| = Ss ye Ibjz (16.59) 
Tan {=1 


Equations (16.58) and (16.59) are the famous cluster expansions of Mayer (1937). 
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Virial expansion 


Equations (16.58) and (16.59) contain implicitly the thermal equation of state of the real gas; 
however, itis very convenient to look for an explicit expansion of this equation of state which 
corresponds to the phenomenological virial expansion presented in the thermodynamics part 
of this book. To this end, one has to eliminate the fugacity z from Equations (16.58) and 
(16.59). From Equation (16.59) one sees that z can depend only on the parameter NA3/V. 
Hence, there exists a series expansion 


ee) aS ! 
z= bE (=) (16.60) 
=| 


with v = V/N. The coefficients c; can depend only on the b;. If one inserts Equation 
(16.60) into (16.58), one obtains, after ordering the powers of ne /v, a series expansion of 
the equation of state which is analogous to Equation (16.52), the virial expansion 


i-1 
pV e ie 
rire ee (= (16.61) 


Also, in this case the coefficients a) may depend only on the b;. Especially for an ideal gas, 
b; = land b; = Ofor! > 2, and correspondingly, a; = 1 and a; = 0 for! > 2. We want 
to determine the coefficients a from the b;. To this end, we multiply Equation (16.61) by 
43/v and insert the series (16.58) on the right-hand side: 


peo TS ese 

as Soa = roc = ye biz! (16.62) 

If one orders the first sum with respect to powers of z, a comparison of the coefficients 
directly yields the equations for the a,: 

by = a0} 

by = a;2b, + ab? 

b3 = a13b3 + a24b,b, + a3b? 

ba = a; 4bq + ay (4b5 + 6b) b3) + a36b¢by + agbt (16.63) 
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These equations can be successively solved for the a;: 


ay = by = 
2 ae (U/ 
a, = —b, = =e ‘ (exe |- — a i) r? dr 
a; = 4b; — 2b; 
a4 = —20b3 + 18b2b3 — 3b, (16.64) 


For sake of completeness, we want to denote a general expression for the a, without 
derivation: 


b= Tl ’ 1-2 .m;)! eee 
oo 4 yy Een Hd (= 2+ Xj mi)! Ij; (fbi (16.65) 
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The summation in Equation (16.65) runs over all sets {m;} which fulfill 

I 
SG - Dm; =1-1 mm; =0,1,2,... (16.66) 
=. 


Equation (16.65) holds for / > 2, since trivially a} = b; = 1. If one restricts oneself 
to the first two terms, the virial expansion reads 


pV 
NkT 
This corresponds exactly to Equation (16.12), which we formerly obtained by much simpler 
reasoning (a = 2b2A3). If one calculates the second virial coefficient b2 (7 ) with the realistic 
Lennard-Jones potential, Example 16.1, one obtains 


os 21 cae Uo ro I ro \® 5 


Substituting r’ = ro/r, one has 


Ss 3 + ae Uo p # A 1 : = 1) poll 
bo(T)A> = 20175 exp a : 2 a 1|r“dr' — (16.69) 
0 r 


Thus the quantity By(T) = —b2(T)A?/rg is a dimensionless number which depends only 
on the parameter kKT/Upo. If one now determines with the equation of state (16.67), the 
optimal parameters Uo and ro for various gases, and plots B,(T) versus kT / Up, one should 
obtain for all gases approximately the same curve, which also can be derived theoretically 
by a numerical evaluation of Equation (16.69). This curve was already presented in the 
thermodynamics part of this book: if one compares the experimentally found values for 
B>(T) with the theoretical result, one observes an astonishing agreement. For instance, for 
argon one obtains the values ro = 3.82 - 107'° mand Uo/k = 120 K (Figure 1.8). 
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In this Chapter, we want to give an overview of a very young research field of statistical 
physics: the physics of phase transitions. In the first part of this book we have already 
mentioned phase transitions between solid, liquid, and gaseous aggregation states. In the 
following we also want to present other phase transitions, and to discuss advanced methods 
for their theoretical description. This should give the reader the ability to understand the 
original literature in quite different branches of this research area. 

First we summarize the knowledge with respect to phase transitions that we have 
gained in the thermodynamics part of this book. According to Gibbs’ phase rule (3.4) a 
homogeneous phase possesses two intensive degrees of freedom (as long as no additional 
degrees of freedom, like electric or magnetic dipole moments, play a role). Most often, 
one chooses pressure and temperature (but sometimes also T and it). The third intensive 
variable is given by the Gibbs—Duhem relation (2.74). 

Due to the postulate of coexistence of two phases (solid—liquid, solid—gaseous or liquid— 
gaseous) 3 of the initial 6 intensive variables can be eliminated via Gibbs’ relations of phase 
equilibrium. Due to the Gibbs-Duhem relations (one for each phase), 1 intensive variable 
remains, which can be independently fixed (e. g., T). Then one calculates, for instance, the 
pressure p as a function of T, which leads to the melting, sublimation and vapor pressure 
curves in the pT diagram. All three phases coexist simultaneously at the crossing of the 
three curves, the triple point. Here all intensive variables of the system (7, p, 2) are fixed. 
There are 9 intensive variables, but also 6 Gibbs phase coexistence relations, and additionally 
3 Gibbs-Duhem relations, so that the system of equations in the variables y;, T;, and Pi; 
t = 1, 2, 3 has a unique solution (which corresponds to the triple point). 

It is immediately clear that rearrangements of the structure are connected with the 
particular phase transitions, e.g., in water. For instance, in ice crystals there is an ordering 
of the water molecules over macroscopic distances, while in the liquid phase this order is 
lost. However, there is also a certain order in the liquid, since the water molecules (which 
are electric dipoles) mutually interact. Only in the gaseous phase is the mean distance 
between the molecules so large that this interaction plays no important role, and the particle 
motion is nearly free. 
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It can be shown that most rearangements of the structure in phase transitions can be 
described by a so-called order parameter (Landau, 1937). This order parameter, which we 
will generally denote by W in the following, should represent the main qualitative difference 
between the various phases. This means in particular that it should vanish for the liquid— 
gas phase transition at the critical point, since then a distinction between both phases is 
no longer possible. In this case, e.g., the density difference ¥ = Ap = p; — Pg would 
be a suitable order parameter, as well as (for fixed particle number) the volume difference 
V. — V, or the entropy difference. 

It is often difficult to find a suitable order parameter for a certain phase transition. As 
we will soon see, for a qualitative understanding of many phase transitions it is already 
sufficient to know whether such a W exists at all. In particular, the order parameter is 
small in the vicinity of the critical point and can thus serve as expansion parameter in the 
description of critical phenomena. 

For a given temperature, phase transitions occur via changes of external parameters 
such as the volume, magnetic field, etc. Therefore one often describes phase transitions 
with the help of diagrams, where the respective external field is plotted against the order 
parameter. 

The experimental investigation of, e.g., liquid-gas phase transitions is not without 
problems: at the critical point (or in the coexistence region) the compressibility as well 
as the specific heat and the volume expansion coefficient diverge; furthermore, the density 
difference between the gaseous and liquid phase vanishes. Due to the divergence of the heat 
capacity itis difficult to reach thermodynamic equilibrium in the vicinity of the critical point. 
Minor fluctuations in temperature lead to large changes of state. One has to control the 
temperature exactly atleastupto AT/T * 1072 to 10-3 to have an acceptable measurement 
error. 

Temperature deviations yield large changes of the volume, i.e., 

P<p. strong density fluctuations, due to the diverging expansion coeffi- 

Pate cient. Microscopically small drops are continuously formed which 

P>P. immediately evaporate again. Since the size of these droplets is of the 
order of the wavelength of visible light, there is a strong diffraction 
of light at the critical point (critical opalescence). 

Phase transitions exhibit themselves dramatically in many ther- 
modynamic state quantities in the form of discontinuities. For 
instance, the entropies of the liquid and the gaseous phase are very 
different (different degrees of order) in evaporation at constant pres- 
sure and at constant temperature (e.g., water: p = 1.01325 - 10° Pa, 


Figure 17.1. ST diagram. T, = 100°C), which in turn leads to a discontinuity of the entropy 


at the evaporation temperature T,(p) (cf. Figure 17. 1). 
The entropy difference S, — 5S; corresponds, according to 


AO Tie = 51) (17.1) 


to an amount of heat AQ, which has to be brought into the system at the evaporation 
temperature T,(p) to achieve the evaporation. AQ is the so-called evaporation heat or 
latent heat. If one heats water, for instance, water at atmospheric pressure, at first the 
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© p=const. 


phase 1 | phase 2 
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Figure 17.2. Free enthalpy, entropy, and specific heat as 
a function of temperature for a first-order phase transition. 


temperature rises according tt AQ = CAL until the evaporation temperature T,(p) 
is reached (e.g., Tz = 100°C). Further heating, however, effects no further temperature 
increase, as long as not all of the liquid has evaporated. The additional energy serves to 
break up the remaining bonds between the water molecules and to increase the entropy from 
5; to Se. When all the liquid has evaporated, further heating effects again a temperature 
rise. This corresponds to an infinite heat capacity C, = TdS/dT| p at the evaporation 
temperature. 

Phase transitions which are connected with an entropy discontinuity are called discon- 
tinuous or phase transitions of first order. On the other hand, phase transitions where the 
entropy is continuous are called continuous or of second or higher order. 

To achieve a more general and unique classification of phase transitions, one starts 
from the Gibbs’ free enthalpy G (in the literature often one also uses the grand canonical 
potential ®). It is convenient to consider the free enthalpy as a function of the natural 
variables, e.g.,G(N, T, p, H, E,...). Apart from the particle number and the temperature, 
further intensive field variables appear like pressure, magnetic field, electric field, etc., 
which represent the state variables which can be externally controlled. Then the conjugated 
extensive quantities like entropy, volume, and magnetic and electric dipole moments assume 
values according to 

dG 
wV=+ — 17. 
Oh In... Cie 
where we use the letter h for the relevant field variable and W for the conjugated state 
quantity. This is, in general, related to the respective order parameter in a simple way, for 
which reason we use the same notation (e.g., pressure — volume, temperature — entropy, 
magnetic field — magnetic dipole moment, etc.). 

For a first-order phase transition, one of the first derivatives of the free enthalpy with 

respect to the external fields is discontinuous: 


dG 
V oe 
ING [Dae dp 


ee (17.3) 

IIE OF |v 7... 

This discontinuity produces a divergence in the higher derivatives like the specific heat C,, 

the compressibility «, the expansion coefficient @, or the susceptibility x (see Figure 17.2): 
as a*G 


CC, =F = — 
: ci aT2 


Pp 
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Figure 17.3. Free enthalpy, entropy, and specific 
heat as a function of temperature for a 
second-order phase transition. 
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For instance, in the liquid~gas phase transition, C, (as well as « and @) diverges. One 
immediately anticipates this without calculation if one considers that in the coexistence of 
liquid and vapor the (vapor) pressure is a function of temperature, and for T = const. it 
has to hold that dp = 0, or for p = const., dT = 0. 

Like evaporation, melting and sublimation are also phase transitions of first order, since 
they involve a latent heat. Note, however, that some processes which are called melting are 
not phase transitions in our sense. For instance, glass becomes viscous as it is heated up, 
and then becomes liquid. This corresponds to a continuous change of viscosity, in which 
no discontinuities appear. Furthermore, glass is not crystalline in the solid state, but shows 
an amorphous structure which does not change suddenly under heating. Thus, even atroom 
temperature glass has actually to be considered to be a liquid (however, a liquid with an 
extremely large viscosity). The degree of order of glass does not change, in contrast to the 
solid—liquid phase transition of water (by the way, similar arguments apply also to many 
kinds of fats and other organic materials). 

For a phase transition of second or nth order, the first derivatives of the free enthalpy 
are continuous; however, second derivatives like the specific heat or the susceptibility, or 
nth-order derivatives are discontinuous or divergent. In Figure 17.3 the discontinuity of the 
specific heat at Tq is due to a kink in the entropy. 

The transition to superconductivity without an external magnetic field is an example 
of phase transitions of this kind. Essentially, most kinds of second-order phase transitions 
are not due to kinks in the entropy, but are due to a vertical tangent at T = Ty. 

Because of the characteristic shape of the specific heat, such phase transitions are called 
i-transitions (see Figure 17.4). An extraordinarily interesting example is the transition to 
superfluidity in 4He (see Example 13.1). Further examples are rearrangements in alloys 
(order-disorder phase transitions), the transition to ferroelectricity in certain materials, and 
rearrangements of the orientation in crystal lattices. 
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Figure 17.4. Entropy and specific heat as a 
function of temperature for a A-transition. 


A comparison of the figures shows a characteristic difference between the first-order 
phase transitions and the i-transitions. For the latter, the onset of the phase transition can be 
anticipated even before the transition temperature is reached due to a strong increase of the 
specific heat C,, while for first-order phase transitions C, diverges only when both phases 
coexist. Note, however, that phase transitions of first order may become phase transitions of 
second order if the critical temperature is approached. For example, for T < T, the entropy 
is discontinuous in the liquid—vapor phase transition, but the discontinuity becomes smaller 
if one approaches T,. Finally, for T = T. or p = p; the entropy discontinuity vanishes, 
and one obtains instead a vertical tangent, which corresponds to a 4-transition. 

Thus, the order of a phase transition may depend on the specific conditions under which 
it is investigated. In any case, a phase transition is related to a nonanalytical behavior of the 
free enthalpy. Therefore, one can classify phase transitions, if one finds the points where 
the free enthalpy or the grand canonical potential become nonanalytical. However, this can 
be calculated from 


oO 
P= — py — ki 2) Swit 2GV 1) yee ip (17.5) 
N=0 
Unfortunately, in this framework one is able to treat only a few model systems with 
interactions explicitly. 

However, with a method developed by Yang and Lee (1952) we can get an overview 
of how such nonanalyticities occur. To this end, we especially consider the liquid—vapor 
phase transition. The interaction potential between the particles is essentially of the shape 
of the Lennard-Jones potential or the Sutherland potential (see Example 16.1). For large 
densities, it follows that the canonical partition function 


Z(1,V,N) = —— | d’r)---d?ry exp }—B ) Uis (17.6) 
i<k 

(for a given volume and very large particle numbers) must always vanish. Namely, for 
growing particle number the mean distance between particles becomes ever smaller, and in 
ee Uj, there are always more terms where the distance between the particles is small. 
That is, the corresponding U;, are large, and the exponential factor in the integral becomes 
vanishingly small. Thus, the partition functions (17.6) contribute to (17.5) only as long as 
N S Nnax(V) ® Vro 3 if ro denotes the range of the hard core of the potential. In this 
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case, the grand canonical partition function can be considercd to be a polynomial of order 
Nmax 1N the variable z. As one knows, such a polynomial can be decomposed into a product 
according to 


Ninaw Nina 
Zz aVi \ = Z(N,V,T)z% = I] (: — =) (17.7) 


N=0 k=] 


if the z, are the complex roots (Figure 17.5) of 


Nanay 


SZ (Nay, a0 (17.8) 
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Of course, these have to be pairwise complex conjugated, 
since the coefficients Z(N, V, T) are real. The roots z;,(V, T) 
are functions of V and 7, and their number Nmax(V ) increases 
proportionally to the volume. Furthermore, the solutions of 
Equation (17.8) cannot be situated on the positive part of the 
real z-axis, since all Z(N, V, T) are positive. From this fact one 
realizes that for finite volume or finite Nmax(V), respectively, 
the grand canonical potential (17.5) or the pressure must show 
analytical behavior on the real axis. The function 


Noax 
Figure 17.5. Distribution of the z, in the = g =p= kT In Z = kT ft & 
complex z—plane. V V 


k=) 
(17.9) 


is holomorphic for all z, # z, hence especially on the real z-axis. 
N 


However, in the thermodynamic limit, V > oo, N > ™, 7 = 
const. (Nmax — ©0), the number of z, becomes infinite, so that 
these can come arbitrarily near the real axis. (See Figure 17.6.) 
Then the grand canonical potential is only piecewise analytical on 
the real z-axis (a function is called analytical in the point z if it can 
be expanded in a power series around z), and phase transitions can 
occur at certain places. 

Note that according to this consideration real (mathematical) 


nonanalyticities are possible only in the thermodynamic limit. 


Figure 17.6. Distribution of the zx in This means in particular that there are in a strict sense 

the thermodynamic limit for a phase no phase transitions in small systems (a few particles), but for 

transition. very small systems a statistical treatment is nevertheless a crude 
approximation. 


However, even for finite particle numbers, the change in thermodynamic quantities 
can be so sudden that they cannot be distinguished at all from real nonanalyticities by 
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experimental means. According to Yang and Lee the limiting function 


pi, 1) 
kT 


1 
(5a gO a jim (5 In z) = (17.10) 


has the following important properties: 


1. It is well defined for all positive real z. 
2. It is a continuous, monotonously increasing function of z. 


3. It does not depend on the shape of the volume, as long as this is not formed in such a 
“pathological” manner that the surface grows faster than V2/?. 


4. The quantity (1/ V) In Z converges uniformly for V — oo toward the limiting function 
F(z) in any region of analyticity. 


5. The derivatives 0/0(In z) F(z)(= 1/v, which the reader may confirm as an exercise) 
are also analytical in the regions of analyticity of F(z). 


In the regions of analyticity of F(z), the system behaves as a single homogeneous phase. 
The “equations of state” p = kT F(z, T) (cf. Equation (17.10)) and Vy = Le F(z) are 
analytical and without discontinuities, as just discussed. If we enter regions where the roots 
Zz approach the real axis, the equations of state become unstable, which announces the 
transition to another phase. Phase coexistence is possible just at the boundary of the region 
of analyticity. In particular, the region around z = 0 is to be identified with the gaseous 
phase (for a classical ideal gas, z = NA?/V < 1). 

By the way, from this one can derive an interesting relationship between the roots z; 
and the cluster integrals b,(V, T) of Mayer’s cluster expansion (see Chapter 16): If one 
expands the logarithm in Equation (17.9) around z = 0 in the region Iz/zz| < 1 forall k, 


Pp i Niwa ee) i z l fore) 1 Nias 1 ! 
! 
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one obtains by comparison with Equation (16.62), 


3 Ninax ] if 
b(V,T) = -— (—) (17.12) 


It becomes obvious that the cluster expansion will correctly describe the gaseous phase in 
a certain range around z = 0; however, near a phase transition it must fail, since a power 
series expansion in z (like in Equation (17.12)) is no longer possible. 


Theorem of corresponding states 


In the section concerning the Maxwell construction we already have seen that the liquid— 
vapor phase transition can be described with the help of the van der Waals equation. If 
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one writes this equation of state in terms of the so-called reduced variables (cf. Equations 
(3.25-27)): 


= Pp = v = Ve 
,= = d= —, T= — (17.13) 
De Ve ie 


one obtains the following dimensionless equation: 
ON a = 
(? + >) (3v — 1) = 8T (17.14) 


As one observes, no parameters occur which depend on the 
material. Therefore all ‘‘simple” real gases, which are described 
with sufficient accuracy by the van der Waals equation, obey 
the same equation of state (17.14) in reduced variables. Simple 
gases are, for instance, noble gases, Nz, O2, H2, CO, CH, etc.; 
i.e., gases which do not possess an electric dipole moment and 
whose atoms or molecules are not strongly correlated even in 
the liquid phase. This assertion which was first found by van 

der Waals is called the theorem of corresponding states. 
Interestingly, analogous assertions hold also for many other 
properties of these gases. For instance, if one plots the reduced 
evaporation heat AQ/T, versus p(vg — v;)/T, one finds ex- 
Figure 17.7. Reduced evaporation heat. perimentally a curve which is common to all simple gases and 
which is to good approximation a straight line with a slope of 

5.4 (Figure 17.7): 
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With this result the Clausius-Clapeyron equation for the 
= temperature dependence of the vapor pressure can be written 
in the form 
-4 
12 ba be 18 d 5. 8 AQ/T 
ue Ce ee Bet (17.16) 
i ter dT Ue U; Ug — U; 
Figure 17.8. Evaporation pressure of a AQ a2 TE 
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If one integrates this from T to T, or from p to p-, one obtains 


T 
fe 5 aaa! (1 i x) are) OS (17.18) 
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Thus, the vapor pressure also has the same form in reduced variables for simple gases or 
liquids, which is excellently confirmed by the experiment (see Figure 17.8). By comparison 
with Example 3.2, one obtains, with respect to 1 mol, 


aoe 5.4 (17.19) 
(Rela 


However, this approximate relation between the evaporation heat and the critical temperature 
is valid only at a sufficiently large distance from the critical point (0.5 < T/T. < 0.7), 
since we have assumed v, >> v in Example 3.2. 


Critical indices 


A fundamental problem of the theory of phase transitions is the behavior of a system in the 
vicinity of the critical point. As we have already seen, several thermodynamic quantities 
begin to diverge at this point, and the order parameter vanishes. However, one can make this 
statement more precise, if one derives the behavior of the most important thermodynamic 
quantities in the vicinity of the critical point as a function of temperature. To this end one 
uses power laws, the exponents of which are called critical indices. For the liquid—vapor 
phase transition, one needs six critical indices, with the commonly used standard notations 
a, a’, B, y, y’, 6. The order parameter p; — pg vanishes for T > T, like 


TP 
WV = pi — py & (1 = =) (17.20) 
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The specific heat at the critical volume Cy—y, may diverge in different ways for T > T-, 
depending from which side one approaches the critical temperature: 
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A corresponding behavior is found for the compressibility, 


T Ne 


KX ae (17.22) 
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The last exponent describes the critical isotherm 
P—PeX|p—pl® for T=+T, (17.23) 


The following table contains a few experimental values for the critical indices of simple 
gases. 


EXAMPLES FOR PHASE TRANSITIONS 


Exponent Ar Xe CO, 


a 2095 202 We 
a < 0.40 = 0.124 
B 0.362 0.35 0.34 
y’ 1.20 : Ll 
y 1.20 1.3 1.35 
5 = 4.4 5.0 


3He 


0.105 

0.105 

0.361 
WE 
TAF 
4.21 


4He 


0.017 

0.017 

0.354 
1.24 
1.24 
4.00 
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Also, in this case the simple gases show a very similar behavior, according to the 
theorem of corresponding states (only the indices a, a’ of *He show strong deviations, 
which indicates that *He is by no means a simple fluid below the critical point T, * 5.2 
K). We have to note that the experimental determination of critical indices is very difficult, 


and may contain large errors. 


Quite analogously, critical indices can be defined also for other phase transitions. It 
can be shown that many phase transitions of second order can be described by the same 
critical indices. In the following, we first want to give an overview of the wide field of 


phase transitions using various examples. 


Examples for phase transitions 


a. Magnetic phase transitions 


Certain materials like iron, cobalt, and nickel show ferromagnetic 

properties below a transition temperature 7. (Curie temperature). The 

| same holds also for certain alloys from elements which are themselves 
not ferromagnetic (Cu2MnAl, Cu,MnSn). In comparison to para- 

magnetic behavior which is assumed above the Curie temperature, 


weed ferromagnetic materials are characterized by several peculiar proper- 


ties. While field strengths of the order of 10? Am! are necessary to 


Figure 17.9. Weiss areas 


reach the saturation magnetization in a paramagnet, only a few 10° 


(schematically). Am ! are sufficient to achieve the same for a ferromagnet. The initial 
susceptibility of ferromagnetic materials is approximately nine orders 

of magnitude larger than that of paramagnets. After switching off the external field, 

a permanent dipole moment remains in ferromagnets which depends strongly on the 

prior mechanical and thermal treatment of the material. Ferromagnetism can be found 


only in solids with a well-defined crystalline structure. 


According to P.A. Weiss (1907), the ferromagnetic pecularities are related to the 
fact that even in a nonmagnetized ferromagnet the atomic dipoles are not statistically 
distributed, but are aligned in larger areas of the order of tenths of millimeters (Weiss 


areas). (See Figure 17.9.) 
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These Weiss areas have therefore a spontaneous macroscopic dipole moment. 
However, in a nonmagnetized ferromagnet, the dipole moments of the single sponta- 
neously magnetized Weiss areas are still statistically orientated, wherefore the material 
as a whole appears unmagnetized. 

The spontaneous alignment of the atomic dipoles is due to the exchange interaction 
of the electrons, which mutually couples the magnetic moments. In the discussion of 
paramagnetism we were able to neglect this interaction. 


Figure 17.10. Hysteresis (the 
dashed curve represents the original 
curve of magnetization). 


ee experiment 


--- Curie-Wei- 
law 


The spontaneous magnetization does not change abruptly be- 
tween the single Weiss areas but continuously over a range of 
approximately 300 atoms (Bloch walls). If one puts an initially non- 
magnetized ferromagnetic substance in an external magnetic field, 
the single dipoles are not aligned in a mutually independent manner 
against the temperature motion, but the aligned Weiss areas expand 
at the expense of the nonaligned areas via movements of the Bloch 
walls. In strong external fields, whole areas may spontaneously flip 
their total dipole moment. This explains the essentially larger sus- 
ceptibility of ferromagnets and the small field strength necessary to 
achieve the saturation magnetization. 

The movement of the Bloch walls may be considerably influ- 
enced by structural defects, impurities, crystal boundaries, etc. Thus 
the initial treatment of the material plays an important role. 

After switching off the external magnetic field, a remanent mag- 
netization d,,,- of the material remains due to the coupling 
between the atomic dipoles. To remove this one has to ap- 
ply a certain counter field H.. The magnetization shows 
a strong hysteresis in dependence of the external field (see 
Figure 17.10). 

The coupling energy of the atomic dipoles is on the order 
of 0.1 eV. If the temperature rises beyond a value correspond- 
ing to the thermal energy kT7., the bonds are broken and the 
dipoles become statistically independent, which leads to para- 
magnetic behavior above T... Then, the Curie-Weiss law holds 
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Figure 17.11. Reciprocal of the mass 
susceptibility of nickel in the vicinity of 
1307 C7, 305 @ aieine 
density. 
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The temperature 7,’ to be inserted in Equation (17.24) in most 


cases is considerably larger than the Curie temperature of the phase transition (eo8 
nickel T. = 631K, see Figure 17.11). 
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Figure 17.12. Spontaneous 
magnetization of the Weiss areas 
below the Curie temperature without 
(H = 0) and with a magnetic field 
(H > 0). 


Figure 17.13. Isotherms of an ideal 
ferromagnet. 


Figure 17.14. Phase diagram of an 
ideal ferromagnet. 
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In the vicinity of the critical temperature 7,, the susceptibility 
can also be described in terms of critical indices, 


E 
IF 
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Te 
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(oe 
(: = z) with y’ © 1.33 for Lor 
(17.25) 


Below the Curie temperature T., a spontaneous magnetization of 
the Weiss areas is built up even without an external field (see Figure 
17.12). In the case of small positive magnetic fields (H — 0°), 
the spontaneous magnetization is the order parameter of the phase 
transition. For T — T, it vanishes like 


T\é 
dm(T, H > OT) « (1 = z) 


c 
with B & 0.33 (17.26) 

The critical index 8 of the order parameter has nearly the 
same value as for the liquid—vapor phase transition, and the 
values for y and y’ are also on the order of the previously found 
values. 

For T = T,, the order parameter and the phase transition 
are continuous. For JT < T,, the magnetization jumps as a 
function of the external field, and the phase transition is of first 
order. 

If one plots the magnetization d,, versus the magnetic field 
strength at constant temperature, one obtains schematically (without 
the hysteresis branches) Figure 17.13, which is quite analogous to 
the diagram for the liquid—vapor phase transition. 

From the two last figures one can construct the schematic phase 
diagram of an ideal ferromagnet (Figure 17.14). The critical isotherm 
T = T, can be described by 


H «|dml> for 
with 5 © 4.2 


= ay, = 0 


(17.27) 


in analogy to Equation (17.23). Also, this critical index agrees well 
with the corresponding index for the liquid—vapor phase transition. 
One finds that this (approximate) agreement of the critical indices 
happens for many phase transitions of second order (for T = T,, the 
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liquid—vapor, as well as the paramagnetic— ferromagnetic phase transition, is of second 
order). 


Hence, phase transitions of second order show an approximately 
universal behavior which does not depend on the details of the interac- 
tion, but only on a few global properties of the system, like dimension, 
number of components, and range of the interaction. Only after renor- 
malization group theory was developed (K. Wilson, 1971), which also 
gained large importance in quantum field theory, was it possible to es- 


=a tablish this universality hypothesis (Fisher 1966, Griffiths 1971) from 
ES. the theoretical point of view. 

PBS In the following we want to study some important microscopic 
PBs properties of magnetic phase transformations. 

a= According to Equation (8.40), the atomic magnetic moment is pro- 
a% portional to the total angular momentum. If a magnetized piece of iron 


is remagnetized in a strong counter field, this causes a change of the 
Figure 17.15. Experiment of angular momentum of the iron. If the iron rod is fixed so that it can 
Einstein and De Haas. freely rotate, the torque moment corresponding to the change of angular 
momentum rotates the rod. 

This effect, which was first investigated by Einstein and De Haas (1915), allows 
for a determination of the gyromagnetic factor g (Figure 17.15). The experimentally 
found value g ~* 2 asserts, according to Equation (8.40), that the atomic moments 
contributing to the magnetization are solely due to the spin of the electrons (j = 
s,l = 0). Obviously, only between the spins of the electrons is there an interaction 
which is sufficiently strong to enforce a spontaneous alignment of the moments. This 
interaction, however, is not the classical magnetic dipole-dipole interaction, which 
would be far too weak, but rather is the quantum mechanical exchange interaction. 
The interaction energy of two electrons is quantum mechanically given by two parts 
due to the antisymmetrization of the two-particle wavefunction, the direct and the 
exchange interactions (see also Volume 1 of this series): 


Ki; = [ woyouavae d’ry Direct 


li; — [ yououwawadr d°*7> Exchange (17.28) 


The interaction energy is K;; + I;;, where the + holds for antiparallel spins and the — 
for parallel spins. The energy difference between the configuration with parallel spins 
and that with antiparallel spins is 


Exp — Etl = Seely, (17.29) 


If /;; > 0, a parallel alignment of the spins is preferred; and for I;; < Q, an antiparallel 
alignment (Figure 17.16). It now becomes obvious that ferromagnetism can occur 
only in materials which have sufficiently many electrons with unpaired spins, whose 
contributions do not cancel. Furthermore, the overlap of the wavefunctions has to 
be large enough that J;; assumes sufficiently large values. The exchange interaction 
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Figure 17.16. Schematic representation of various magnetic 
systems. 
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Figure 17.17. Susceptibility of 


an antiferromagnet. 


decreases rapidly with increasing distance between the electrons; thus in practice only 
the nearest neighbour atoms of a certain atom in the crystal lattice contribute to the 
interaction. 

In iron, nickel, and cobalt the unpaired 3d electrons are responsible for the ferro- 
magnetic behavior. Manganese even possesses 5 unpaired 3d electrons; however, it is 
not ferromagnetic; nevertheless, many manganese alloys like MnAs, MnBi, and MnSb 
are ferromagnetic. 

From the measurement of the saturation magnetization of iron, with four unpaired 
3d electrons, one obtains a mean magnetic moment of 2.2 jg per atom. Hence, on the 
average, 2.2 electrons per atom contribute to the magnetization. 

The domain structure of the ferromagnet can be understood if one considers that 
the system wants to minimize the free energy for a given temperature; i.e., it wants 
to minimize the energy and maximize the entropy. However, not only the exchange 
energy contributes to the free energy, but also the magnetic field energy. If the whole 
material were uniformly magnetized, the latter would be very large, and could cancel 
the energy minimization due to the parallel alignment of the spins. On the other hand, 
if the material is separated into many spontaneously magnetized regions, not only is 
the magnetic energy reduced, but also the entropy is increased. 

Just as a strongly positive exchange integral J;; enforces a parallel 
alignment of the spins, a strongly negative J;; leads to an antiparallel align- 
ment. Materials with a spontaneous antiparallel alignment of the magnetic 
moments are called antiferromagnetic materials. Antiferromagnetism is 
observed only up to a temperature analogous to the Curie temperature, the 
so-called Néel temperature. 

At the Néel temperature a phase transition to paramagnetic behavior 
sets in. Of course, antiferromagnetic materials do not show a spontaneous 
al; magnetization; however, the phase transition exhibits itself by a kink in 
the susceptibility (Figure 17.17). Above the Néel temperature a behavior 
similar to the Curie-Weiss law holds, 


Cc 
Pe 


a for T > Ty (17.30) 
If the antiparallel dipole moments of neighboring atoms (e.g., different atoms in alloys) 
have different values, a spontaneous magnetization can occur. Such materials are called 
ferrimagnets. They have a much smaller saturation magnetization than ferromagnetic 
materials. Their hysteresis curves can be influenced in wide regions by implementation 
of other atoms. Furthermore, many ferrimagnetic materials are nearly insulators. Thus, 
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they are used in transformers and solenoids, since they do not cause losses due to 
turbulent currents. 


b. Order—disorder phase transitions 


oZn 
@Cu 


Figure 17.18. Structures of 
B-brass; above, ordered; 
below, statistically distributed. 


For phase transitions of this kind, the low-temperature phase possesses 
a certain order of the atoms or molecules which vanishes above the transition 
temperature. Order refers here to the order of the atoms or molecules in 
a crystal lattice (position order), or to the relative mutual orientation of 
certain molecules (orientation order). In principle, the solid—liquid and 
solid—vapor transitions also belong to these phase transitions. However, it is 
conventional to consider only solid-solid phase transitions in this category 
(since otherwise nearly all phase transitions would belong to this class). 


Position order 


Besides various rearrangements of the crystal structure, changes in the 
order of the atoms on the lattice sites also happen in some alloys, e.g., of 
type AB (CuZn) or A3B (Cu3Au). The phase transition in 6-brass (CuZn) 
at T = 465°C has been known for a long time. In the low-temperature 
phase brass possesses a CsCl structure, where copper and zinc are sited in 
a well-ordered manner in different sublattices (Figure 17.18). 

However, above the transition temperature, 6-brass trans- 
forms to a cubic space-centered structure with statistically 
distributed Cu and Zn atoms. The characteristic form of the 
specific heat of B-brass near the transition points indicates 
a A-transition (second order) (Figure 17.20). The order pa- 
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- rameter is here the mean fraction of ordered layers (Figure 
17.19). More precisely: let there be N A-atoms and N B- 


Figure 17.19. Temperature dependence of atoms in the alloy. The number of A-atoms in sublattice 1 
the order parameter, for a) B-brass b) alloys is i (1 + r)N. Consequently, there have to be 5 (1 —r)N 


of type AB3. 


Cp 8 
(k/ Atom) 


200 400 


A-atoms in sublattice 2. 

The remaining free lattice sites of the two sublattices are 
then occupied by B-atoms, for instance, 5 (1 —r)N B-atoms 
in sublattice 1 and $1 + r)N B-atoms in sublattice 2. The 
quantity r just vanishes, if A- and B-atoms are statistically 
distributed on both sublattices in a uniform way, and it holds 
that r = +1, if sublattice 1 contains only A- or B-atoms, 
respectively. 

In contrast to alloys of type AB, the respective phase 
transitions in alloys of type AB; are of first order. The order 
parameter has a discontinuity 7, , and the phase transition is 
connected with a latent heat. 

600 T(K) Orientation order 
A typical example of orientation order can be found in 


Figure 17.20. Specific heat of B-brass. NaNO). In the low-temperature phase (T. = 163°C), the 


NO, molecules are aligned with respect to the molecule plane. 
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However, for 7 > T, they can rotate freely around the oxy- 

gen axis and are completely statistically oriented. Since the 
ONa NO, molecule has a strong electric dipole moment, a spon- 
Qo _ taneous (macroscopic) electric dipole moment arises in the 
en __ low-temperature phase (Figure 17.21). 

In analogy to the ferromagnetic media one calls materi- 
als with a spontaneous orientation of the permanent electrical 
dipole moments ferroelectric materials. The order parameter 
is the mean orientation of the NOZ molecules. 

Other examples of orientation order are the ammoni- 


Figure 17.21. Orthorhombic unit cell of umhalogenides NH,4Cl, NH4Br, and NHJ. 


NaNO in the ferroelectrical phase. 


Figure 17.22. Possible 
orientations of the NHz 
tetrahedra in NH4Cl. 


The NH; tetrahedra can assume two different orientations 
in the crystal lattice (see Figure 17.22). Above the critical temperature, 
both are statistically distributed; below T, = 256K, all tetrahedra in 
NH,Cl have the same orientation, while in NH4Br below T.. the tetrahedra 
assume an alternating orientation. 


. Dislocation and ferroelectric phase transitions 


This type of phase transition is a mutual displacement of atoms 
or molecules of a crystal lattice. These displacements happen in the 
direction of the eigenvector of a normal oscillation (the corresponding 
generalized coordinate is q), the potential of which changes with tem- 
perature (see Figure 17.23). One also speaks of a “softening” of a lattice 
oscillation or of condensation of the corresponding phonons. At T, the 


second derivative of the potential energy vanishes atq = 0. For T < T,, there are 
new stable equilibria for the respective particles. The corresponding elongation qo can 
be connected with an electric dipole moment (polar optical phonon). 


o 


Figure 17.23. Anharmonic, 
temperature-dependent potential. 


In this case, a spontaneous electric polarization occurs 
below the transition temperature, i.e., ferroelectric or antifer- 
roelectric behavior, depending on whether the dipole moments 
are aligned parallel or antiparallel from one elementary cell to 
the next. For T > T,, the dielectric constant drops with temper- 
ature, analogous to the paramagnetic susceptibility (paraelectric 
phase). 

Anexample of a dislocation phase transition with ferroelec- 
tric properties is Bariumtitanate (BaTiO3). The elongation of the 
ions for T < T, is illustrated in Figure 17.24. The dipole mo- 


| ment per elementary cell is of the order of D, © 1.04-107'%e m, 


which corresponds to a displacement of the Ba2* and Ti** ions 
with respect to the O?~ ions of approximately 0.15 - 107!° m 
Examples of antiferroelectric materials are the perovskites 


PbZrO}; and PbHfO3. Purely dislocation or purely order—disorder phase transitions are 
limiting cases. One often finds mixed types of phase transitions, where several atoms 
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Figure 17.24. Displacement of ions in 


BaTiO3. 


Figure 17.25. Phase diagram of '*C. 
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are displaced and others assume an orientation or position 
order. 


Rearrangements of the crystal structure 

The solid phases of many materials may assume different crys- 
tal structures, depending on the pressure or the temperature 
(for alloys, also depending on the decomposition). 

For instance, for ice at pressures up to 8 - 10° Pa six 
different modifications are known (ice I... ice VI), where 
the usual ice at p * 10° Pa is only one of these structures. 

Some nonmetals can even transform to a metallic phase 
at extremely high pressures. If there is no appropriate catalyst 
present, the solid—-solid phase transitions may sometimes happen 
extremely slowly. For example, diamond is actually not stable at 
atmospheric pressure (see Figure 17.25). Tin transforms below 
13.2 °C from a metallic phase with tetragonal symmetry (B-Sn) to 
a semiconducting phase with diamond structure (@-Sn), but this 
also happens extremely slowly (tin pestilence). 


e. Liquid crystals 
In some organic materials with high molecular weight and a long, 
stretched form of the molecules, the long-distance order of the 
molecules is not lost in the melting process. Even in the liq- 
uid phase the molecules assume a certain order, which can be 
described by a position-dependent orientation vector n(x, y, z). 
In contrast to normal liquids, liquid crystals are therefore not 
isotropic. Depending on the kind of orientation, one distinguishes differ- 
ent forms (Figure 17.26). In the nematic phase the molecules assume a 
certain preferred direction, e.g., the z-direction, but there is no correlation 
in the x- or y-directions. 

On the other hand, the smectic phases form layers with a preferred 
direction of the molecules, where a lot of further substructures occur. 
The layers may glide on each other. Inside a layer the molecules can be 
arbitrarily distributed without correlations in the x y-direction (smectic 
A), which leads to a two-dimensional liquid, or they may form rows with 
a certain correlation in the xy-direction (smectic B), which corresponds 
to two-dimensional crystals. In cholesteric liquid crystals the molecules 
are ordered screwlike. The coordinate dependence of the orientation 
vector 7: is of the form 


os a +@ i oo 

rae isa : = Ses _= 

n L Zz ny = sin L zZ+¢ he = 0 
(17.31) 


The screw period L depends strongly on the temperature and on external 


electric or magnetic fields. At the critical temperature or at the critical field strength, 


EXAMPLES FOR PHASE TRANSITIONS 433 


=100"0" 1.0 
(T-TA)(K) 


Figure 17.27. Specific heat of 4He at the 
A-point T;, = 2.171K, according to 


Fairbank (1957). 


L becomes infinite. The Bragg reflections at the particular layers lead to impressively 
glittering color effects for cholesteric materials. 

Some materials may assume several liquid crystal forms with increasing 
temperature. They have several transition temperatures. 

In general, only complex organic materials form liquid crystals. Many of them 
have transition temperatures or melting points around 100 °C. At room temperature 
they have the consistency of viscous fats rather than of crystalline solids. 

Only after researchers succeeded in producing materials with transition tempera- 
tures of the order of a few degrees Celsius, did liquid crystals become interesting from 
a technical point of view. The optical anisotropy of nematic liquid crystals leads to a 
strong reflection of light. At the phase transition to the isotropic liquid the reflection 
vanishes. In liquid crystals with a sufficiently large dipole moment, the permeability of 
light or the reflectivity can be simply and nearly powerlessly controlled by an electric 
field. These materials have gained large technical importance in liquid crystal displays 
(LCDs). 

Macroscopic quantum effects: superconductivity and superfluidity 
Here we want to give an overview of the physics of super- 


aa conductivity in certain metals below the critical temperature 
20 T., and of the transition to superfluidity in liquid 4He at the 
16 i-point. The latter is one of the most prominent examples for 
2 a A-transition of second order. Note the characteristic form of 


the specific heat at the A-point shown in Figure 17.27. The 
temperature resolution is successively increased by three or- 
ders of magnitude in the three pictures. In this case the order 


1001.0 -1.00 1.0 Parameter is the thermodynamic average of the condensate 
(T-TA)(mK) (T-TA)(wK) wavefunction W of the superfluid phase. The density of this 


phase is related to the order parameter via p, « |W|*. When 
approaching the A-point from small temperatures the order pa- 
rameter should vanish like (1 — T/7;,)*, inanalogy to Equation 
(17.20): 

Experimentally, one finds 6 ~ 0.33, which again confirms the universality of 
phase transitions of second order. Especially, one can see that the wavefunction itself, 
and not the density, is the order parameter. For the latter, we would obtain B = 0.66. 

From our considerations concerning the condensation of an ideal Bose gas, we can 
obtain an estimate for the parameter 6. According to Equation (13.34), we have 


ps “1 —(T/T)°” 
SYD xs 3 
ele ieee) te) = (1 La) (17.32) 


which implies B 0.5 (W « p.’”). 


Quite analogously, in the case of superconductivity the order parameter is given 
by the thermodynamic average of the wavefunction of the superconducting Cooper 
pairs. These are created by the (relatively weak) interaction of the metal electrons 
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Figure 17.28. Magnetization curves for 
superconductors of the first and second kinds. 


with the phonons of the lattice oscillations. In the normal conducting phase, scatter- 
ing processes of the electrons with the phonons (or the oscillating ions, respectively) 
are responsible for the nonvanishing resistance of the metals. In these processes the 
ordered kinetic energy of the electron current transforms into a statistical excitation 
of lattice oscillations (heat). At low temperatures, the exchange of phonons between 
two electrons may, however, also lead to a bound state (Cooper pair). One electron 
deforms the ion lattice, and the other electron exploits the attraction of the (positive) 
ions which are shifted from their equilibrium position. It happens that this interaction 
is especially large for electrons with opposite momenta and antiparallel spins. 

The bound states are separated from the free one-particle states by an energy gap. 
Even with a certain kinetic energy, a Cooper pair may be energetically favored in 
comparison with two free electrons without kinetic energy. In this case, the breakup 
of the Cooper pair via a scattering of an electron from a free phonon would lead to an 
energy increase, and thus does not happen. Only if a kinetic energy (critical current 
strength), which is equal to the energy gap, is surpassed, are one-particle scatterings 
possible, and the superconducting state breaks down. 

For this reason, the materials which conduct especially poorly in the normal 
conducting state, like lead, show particularly high transition temperatures. In these 
materials the strong electron-phonon interaction leads to a large energy gap, so that 
the superconducting phase is still stable at larger temperatures. 

This qualitative explanation of the superconducting state is quantum mechanically 
precisely founded in the theory of Bardeen, Cooper, and Schrieffer (BCS theory), and 
of Bogolyubov. 

Superconductors are not only conductors with vanishing electrical resistance. Up 
to a limiting magnetic field strength H, they also show the behavior of an ideal dia- 
magnet: an external magnetic field is completely screened via induction of a counter 
magnetization inside the superconductor. This screening also happens if the mag- 
netic field penetrates the material in the normal conducting state, and if the material is 
afterwards cooled below the transition temperature (Meissner—Ochsenfeld effect). 

One distinguishes two categories of superconductors due to their behavior in ex- 
ternal magnetic fields (see Figure 17.28). Superconductors of the first kind show the 
following magnetization curve: the superconducting state breaks down suddenly when 
the limiting field strength H, is reached, and the order parameter has a discontinuity 
as a function of H forT < T,. 
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Figure 17.29. Temperature dependence of the 
limiting field strength for several superconductors 
of the first and second kinds. 


For superconductors of the second kind (mostly alloys or transition metals with 
high resistance in the normal state), the magnetic field starts to penetrate the material 
at a critical field strength H,;. However, all the Cooper pairs do not break up suddenly, 
but their number decreases with increasing field strength, until at a field strength H,2 
the normal conducting state is reached. 

If one has a superconductor of the first kind (e.g., lead) and alloys it with, e.g., 
indium, one obtains a superconductor of the second kind. The critical field strength 
H., drops with increasing indium content, and H,2 grows. However, the area below 
the magnetization curve is conserved. The dependence of the limiting field strengths 
H,, and H,2, respectively, for both types is shown in Figure 17.29. 

The entropy of superconductors is smaller than that of the same materials in the 
normal conducting state, which can be reached below the transition temperature in the 
presence of a magnetic field H > H,.(T). At T = T, the entropy shows a kink which 
corresponds to a discontinuity in the specific heat (Figure 17.30). 

Thus, the transition to the superconducting state is an example of a phase transition 
of second order, which is, however, not a A-transition. 
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Figure 17.30. Entropy of superconductors. 
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The Models of 
Ising and 
Heisenberg 


The theoretical description of phase transitions is very difficult. We have already explained 
some reasons for this in the preceding sections. Only a few models can be treated in 
the framework of statistical mechanics without large numerical efforts. One is due to 
Lenz (1920), and was later on worked out in detail by his pupil Ising (1925). Ongi- 
nally, it was invented for the phase transition of ferromagnets at the Curie temperature; 
however, in the course of time it was realized that with only slight changes the model 
can also be applied to other phase transitions, like order—disorder transitions in binary 
alloys. Furthermore, the model may be applied to several modern problems of many- 
particle physics, for instance for the description of so-called spin glasses. These are metals 
having amorphous instead of crystalline structures, which have the interesting property 
of nonvanishing entropy at T = 0. Recently, it has been realized that Ising’s idea (in 
modified form) could also explain pattern recognition in schematic neural networks. Thus, 
this model gains more and more importance for the development of models for the human 
brain. 

Ising’s model mainly consists of a lattice of spins (magnetic moments), which can 
assume only two orientations, 0 = +1 with respect to the z-axis. According to Equation 
(17.29), there is an interaction between neighboring spins, in contrast to a paramagnetic 
system, and the interaction is such that parallel spins correspond to an energy —/ and 
antiparallel spins to an energy +/. Since the exchange interaction decreases rapidly with 
distance, we need to consider only nearest neighbors in the lattice. Since the parallel 
orientation of the spins is energetically favorable, this interaction leads to an enhanced 
parallel alignment of the spins. On the other hand, if the value of the exchange integral / 
is negative, antiparallel alignment is preferred. 

The Hamiltonian thus reads, at first without an external magnetic field: 


lal(Gis s5en Ge) S —il So io; o = +) (18.1) 
ldlniale: 
where one has to sum over all pairs of nearest neighbors. It is clear that the structure of the 


Hamiltonian depends on the coordination number q of the lattice (the number of nearest 
neighbors). 
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At T = 0, all spins will be aligned parallel, which leads to a magnetic dipole moment 
D = Nu, ifeach spincarries the dipole moment jz. On the other hand, at large temperatures 
kT > I, the interaction plays no role, and due to the higher entropy a Statistical orientation 
of the spins will be preferred. However, it is yet not obvious that this model system really 
exhibits a phase transition at a certain temperature T. (which will depend on /), since the 
magnetization could also vanish continuously with increasing temperature. 

To decide this question, one “simply” has to calculate the partition function belong- 
ing to Equation (18.1). However, one finds that this calculation is very difficult even for 
the most simple three-dimensional lattices. To date, there exists no analytical solution for 
the three-dimensional Ising lattice, but merely computer simulations as well as some very 
good approximative procedures based on the renormalization group theory developed by 
K. Wilson (1971). However, for the one-dimensional case the solution is relatively simple, 
and was calculated by Ising. Interestingly enough, the one-dimensional problem shows 
no phase transition to ferromagnetic behavior (i.e., T- = 0), as we will see in the next 
Example. For this reason, Ising first considered his model as useless for describing fer- 
romagnets. Heisenberg proposed an improved model (1928) which was based completely 
on the quantum mechanics developed up to this date. The Hamiltonian of the Heisenberg 
model is 


PAG o. .5)) 71 (18.2) 
seis 
It contains, in contrast to Equation (18.1), the complete spin vectors of the interacting 
electrons of neighboring atoms. The additional factor 2 ensures that the meaning of J is 
the same in both models. In general, it holds that 
2 ey ee? = S(S 1) 2s 1) 


i 


3 
= 0) 45 1) = ms (18.3) 
ifs = , is the spin of the electrons which couple to a total spin S = 0, 1. For parallel 
spins (S = 1), one then obtains Hj, = — i Z, and for antiparallel (S = 0), Hi, = 31. 
The energy difference H,; — H;, = ~—2I/ is thus the same as in the Ising model. 


If we neglect the x- and y-components of the spin vectors in Equation (18.2), whose ex- 
pectation values vanish anyway, we obtain the Ising model, however, with the z-components 
of the spin operators as variables, which leads to an additional factor - because |s_|).— i 
and |s;2542| = i. 

Once the Ising model was far better motivated, researchers tried more extensively to 
solve this model for lattices with a higher coordination number. In 1936 Peierls was able 
to show that the Ising model should exhibit ferromagnetic properties at low temperatures 
in higher dimensions, while these properties vanish in the one-dimensional case even for 
arbitrarily small temperatures. After Kramers and Wannier worked out an elegant way to 
solve the Ising model (1941), which also enabled them to achieve initial results for the two- 
dimensional case, Onsager succeeded in calculating the exact expression for the partition 
function of the two-dimensional Ising model without an external magnetic field (1944). 
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This solution is of great importance, since it represents one of the few cases where an exact 
solution is possible and which shows a phase transition, 

In the meantime, a lot of approximations were investigated which also admit simple so- 
lutions in the three-dimensional case. Pierre Weiss postulated the existence of a molecular 
field in his investigations concerning ferromagnetism (1907), which should be responsi- 
ble for the alignment of the magnetic moments, but the origin of which was completely 
unknown. This was the foundation of the molecular-field approximation (or mean-field 
approximation). One replaces the influence of all neighboring spins on a certain spin by a 
mean field which follows from the average orientation of the neighboring spins. 

By the way, this approximation is well known from many other fields of physics. It 
corresponds, e.g., to the Hartree-Fock approximation in many-body problems, and to the 
replacement of field operators by their expectation values in quantum field theories. An 
approximation equivalent to the mean-field approximation is due to Bragg and Williams 
(1934, 1935). They studied order—disorder transitions in binary alloys. They realized that 
the energy of a certain atom does not depend so much on the details of its actual vicinity 
in the crystal lattice as on the average degree of order of the crystal. The average degree of 
order plays here the same role as the mean field of Weiss. 

Based on these ideas, Bethe (1935) and Rushbrooks (1938) were able to find an im- 
proved approximation to the solution of the Ising model. The interaction of a central spin 
with its nearest neighbors is treated exactly, and only the interaction of these neighboring 
spins with the spins further away is replaced by the mean-field approximation. 

From today’s point of view, the Ising model is only a very schematic and crude approx- 
imation for the complicated spin wave interactions, which are the fundament of modern 
theories of ferromagnetism. However, it is of great value for the qualitative understanding 
of the phase transition. 


Example 18.1: Ising model in one dimension 


Figure 18.1. 
Ising lattice. 


The problem is essentially simplified if we postulate periodic bound- 

ae ary conditions; i.e., we connect the ends of the linear lattice to obtain 

= a closed circle with N spins (see Figure 18.1). This corresponds, 

e.g., to periodic boundary conditions for a free particle in a box. The 
Hamiltonian, including an external magnetic field, reads 


—_— oe ee 


e N 
oa Hy(o1,...,0v) = —1 ) > ojo, — wB 6; 
N 1 An. i=l 
Closed one-dimensional if y2 is the magnetic moment of the spins. Taking into account the 


infinite structure of the Ising chain, we can write the sums somewhat 
more symmetrically (oy4; = o}): 


N N 
] 
FINN G) ON) id y Cie — qe y (0; + 0741) 
i=l t=! 
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Each state of the system is determined by the set a), ...,0;,..., @y, where o; can assume 
only the values +1 (spin up) or —1 (spin down). The partition function thus becomes 


N 
pl si, 10 )\ = 2 Aare y exp Ss Povo + 5 HB: + aw] (18.4) 
(ieee on=t} ll 


Originally, Ising used a combinatoric method to evaluate the partition function. More simple 
and elegant, however, is the matrix method of Kramers and Wannier. We define an operator 
P in spin space (2 x 2 matrix) by the matrix elements 


a ] 
(c, |?| ois) = exp {p [toioi + 5 UB(o; + ain} (18.5) 


If aspin o, = +1 corresponds to the unit vector (3) and a spin o, = —1 to the unit vector (Q), 
one immediately finds that the 2 x 2 matrix P must have the form 


p — (exPlBU + HB) exp(—B1) 
exp{—B/} exp{B(/ — uB)} 
to fulfill Equation (18.5). One then obtains for Equation (18.4): 


Zy(B, T) => se poe se (0: |P| 02) (02 |? 03) (oy || on) 
o)=+1 on=tl 
Since the states |41) form a complete set, the closure relation }°,_.., |a) (o| = 1 holds, and 
thus 
BG = Oy (o1 |>| a1) = Tr P® (18.6) 


a; =+1 


The trace can be readily calculated if P is transformed to diagonal form (this is always possible, 
since P is symmetric). Then the eigenvalues of P appear on the diagonal. These follow from 
the secular equation 


explo + 128)) — A exp{—Bl} 
exp{—B/} exp(B(UI — wB)} —A 


d? — 2 exp{B/} cosh(BuwB) + 2 sinh(2B/) = 0 


The eigenvalues A,, A2 are the solutions of this equation: 
Aa = exp{B} cosh(BuB) + [exp{—2B8/} + exp{2B/} sinh’ (BuB) 


Therefore, due to the invariance of the trace with respect to orthogonal transformations we 
obtain in Equation (18.6): 


ee 


A, O 


N 
0 2 1 2 


Zy(B,T) = Tr P” =Tr ( 


Thus, the partition function is exactly calculated, as is the free energy: 
F(N, B, T) = —kT InZy(B, T) = —kT In (ay +27) 


The thermodynamic properties of the system follow in a well-known way from the free energy 
by differentiation. For sake of brevity we introduce two useful abbreviations: 


x=BpuB y=B6l 
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Then the eigenvalues A, and A, read 


1/2 


Aio(x, y) =e’ cosh x + fe~*” + e*” sinh’ x (18.7) 
é My 


First we convince ourselves that the chain shows paramagnetic behavior if the interaction 
between the spins is switched off: 


Ai2(x, 0) = coshx + [1 + sinh? x]'”? 
ie 
0 


(18.8) 


The free energy 
F(x, 0) = —NkT In{2 cosh x} 


agrees exactly with Equation (8.55). Especially interesting is the question of whether we 
obtain a spontaneous remanence magnetization in the chain without an external field (limit 
x —> 0+), but with mutually interacting spins, as is necessary for ferromagnetic behavior. To 
answer this question we calculate the total magnetic moment: 


OF 
DN, B,T)= -— 
OB \y 7 
oF a . fy 
= . a = Hoe In ee + AD Whee 
aT Aa tay tear 
= N LD OA Sn on 0 Sc 18.9 
Le Wp as (18.9) 
With the help of Equation (18.7), we find 
) e* sinh ae: : 
i —— ne ({e7?” + e* sinh? x}'/? + e” cosh x) 
ax = + e2¥ sinh? x] 
e” sinh x (hy) 
= le2. 
[e-2Y + e2¥ sinh? la 
If we insert this into Equation (18.9), it follows that 
: N _ 4N 
Dela, y) = Nu 
[exp{—4y} + sinh? x}!/2 AY +2 
(18.10) 


One immediately realizes that always lim,.9 D-(x, y) = 0, since 
the sinh appears as a factor and the functions A;,2(x, y) are always 
finite for x —> 0. For vanishing field, also, the magnetic moment of 
the chain vanishes. 

The function D.(x, y) is shown in the Figure 18.2. For y = 0 
it is 


Figure 18.2. The function D,(x) 


D.(x, 0) = Ny tanh x 


which corresponds to paramagnetic behavior. For y > 0, the spins can be more easily aligned 
by the external field, wherefore the curve becomes steeper; however, this is not sufficient to 
produce a finite magnetization without an external field. 
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If the interaction becomes very large in comparison to kT (y > oo), then 

Ai2a(x, y > 1) & exp{y + x} (18.11) 
and therefore 

D(x, y > 1) & Nu tanh Nx 


The slope of the curve at x = 0 is directly given by the square of the number of spins. If this 
number is very large, for strong spin-spin interaction or for low temperatures (T — 0), far 
smaller fields than in the paramagnetic case (y = 0) are sufficient to enforce the saturation 
magnetization, since in the paramagnetic case the slope of D, is only linear in N. One therefore 
says that in the one-dimensional Ising model (N > 1) the phase transition to ferromagnetic 
behavior happens at 7. = 0. 

We are now able to study the correlation of the spins more explicitly by calculating the 
mean numbers of up and down spins (N and N_, respectively), as well as the mean numbers 
of parallel and antiparallel nearest neighbors (N,,, N--, and N,_, respectively). To this end, 
we write 


1 
Nes ol est) D, = w(N, — N_) = Nur 


Since the magnetic moment D, is known according to Equation (18.10), we obtain 


1 sinh x ay — ay 
ee ee eras 
2 [exp{—4y} + sinh® x]'/? Ay +A; 


In the limit x ~ 0(B — 0, T # 0) it always holds that Nz = 5N; i.e., there are as many 
up as down spins, while for x —> 00 (B > oo, T # ov), all spins are aligned: N, = N, 
N_ = 0. However, we will soon see that the interaction causes a positive correlation of 
the spins also in the limit x — 0. This correlation can be measured by the average value 
of the quantity o;0;41, i.e., the relative mutual orientation of nearest neighbors. If the spins 
i,i + 1 are aligned parallel (no matter whether up or down), o;0;,; = +1; if they are 
antiparallel, o;0;,, = —1. The relationship between the average value (o;0;+1) and the 
numbers N,,, N__, and N,_ follows from a simple consideration, which we can perform 
even for a lattice with arbitrary coordination number q (q nearest neighbors). In a lattice 
with even coordination number gq there are just gN/2 different pairs of nearest neighbors. 


If they are all oriented up (N44 = qN/2, N-- = N,— = 0), or down (N__ = qN/2, 
Ni, = Ny_ = 0), it holds that 3°, , oo, = qN/2. However, if all nearest neighbors are 
antiparallel (Ni. = gN/2, N44 = N-- = 0), it holds that }°,, o;0, = —qN/2. Thus, 


the desired relationship obviously reads 


(x aos) = NN Nae (18.12) 


nn, 


Here we can eliminate the numbers N,, and N__ with the help of N, and N_. We first 
assume that each of the N,4 mutually different pairs of parallel up spins contributes two up 
spins to N,, and each of the N,_ antiparallel pairs contributes exactly one. The number of 
up spins would then be 2N,., + N4—. An analogous consideration holds, of course, for the 
down spins. Now there are in total g N /2 different pairs, wherefore we have counted each spin 
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q-fold with this consideration; i.e., the relations between N,, N__ and N;, N_ finally read 
qNy = 2Ny4 + Ny- 
qN_ = 2 Na= + Ny 


If we eliminate N,, and N__ from Equation (18.12) with this result, all three numbers N,., 
N__, and N,_ can be calculated from the quantities N,, N_, and Oe a;0x) (jn 22) 


we -1(-a(Bes) 


a 
Nes Ny 1 Ny 
N  N 2 N 
a = e 
eR a (18.13) 
N N 2 N 


Finally, note that the average value (o;0;+,) for a certain pair does not depend on the index, due 
to the translational invariance of the lattice, and thus N (o;0;41) = Oa 0; ois1). According 


to the general prescription for calculating mean values in statistical mechanics we have 


N 
> O;Oi41 | = 
i=l 


pe ee, ones isis) exp {B ae [Looi41 + 4 uBlo; + ois1)] 
een Co aes exp {B pa [Toiois1 ar 5 wB(o; ar ois1)]} 


One immediately anticipates that this average must also follow by differentiation of In Z 


with respect to the quantity y = B/, since the chain rule yields the sum ne 0;0;4, as an 
additional factor in the nominator: 


a 
(s aan) = 3 = eS aD {ay + ay] (18.14) 


Here the derivative of 4,.. with respect to y is needed: 
a 2y i h2 _ p-2y 
—hy2 =e" coshx + a 
dy {e72v + e2¥ sinh? x| 

e” cosh x + [e?” sinh? x + e7?"]!/? 

Dex 
(eae + e2Y sinh? ie 
ge. 
[a= + e2” sinh? qe 
Thus Equation (18.14) becomes 


N 
Qe ) ee a 
(Haan SS ee 
i=l (eee + e2* sinh’ x] AY +A; 


Ai2 + 
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According to Equation (18.13), the number of antiparallel pairs is 


Ny ca hh 
pan lee Took (18.15) 
N [e-* + sinh xj!/2 Ay + Ay 


If the interaction is switched off (y = 0) (i.e., in the paramagnetic case) this becomes, with 
Equation (18.8): 


Me oAil= ae 18.16 
= 0) = cosh: “x : 
Framed 5 (18.16) 
For x = 0, therefore, N,. = 3 N, and due toN, = N_ = iN, it follows from Equation 
(Ss ithate Nee — aN eee — iN; i.e., half of all pairs are antiparallel, one-quarter are 


parallel up, and one-quarter are parallel] down. If a magnetic field is turned on, the number of 
antiparallel pairs decreases rapidly according to Equation (18.16), and correspondingly, the 
number N., increases. 

If we consider, on the other hand, the case of strong interaction between the spins (y > 1), 
Equation (18.15) becomes, with the help of Equation (18.11): 


_ sinh(N — 1)x 
sinh x cosh Nx 


Ny 


N 


Ge =e” 


The number of antiparallel pairs is thus exponentially suppressed with increasing interaction; 
i.e., a block structure is enforced in the chain, where the spins in each block are aligned parallel. 
Since there are equal numbers of up and down blocks for vanishing magnetic field, the total 
magnetization vanishes. 


Example 18.2: Ising model in the mean-field approximation 


In the mean-field approximation of the Ising model, it is assumed that each spin does not 
interact directly with its nearest neighbors, but with a mean field, which follows from the 
mean orientation of the neighboring spins. One substitutes the approximation —Iq (a) 3°; 9; 
for the exact interaction —/ }°,, o;o0,, where the q nearest neighbors are replaced by the 
mean spin qg (a). To investigate this approximation more closely we consider the identity 


GO —"G, (Ge) (0;) On (G7) (Oy) 1a (G, — \0;) (oa) (18.17) 


where the average values (a;) do not depend on the index i due to translational invariance. 
The exact interaction thus reads 


(SAMO aoe) 


oes DS. [o; (0) + (0) Oo — (a)? 


+ (0; — (¢)) (o% — (o))) (18.18) 


Since each central spin o; with neighbor o; is also a neighboring spin of the central spin o;, the 
values of the first two sums are identical. On the other hand, there are exactly gN /2 different 
pairs: q/2 different pairs belong to each spin o;,i = 1,..., N, q/2. Thus Equation (18.18) 
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becomes 


N 
Hj(Gi, <1, ON) = laa a (a)? 


wi 


~ 1°; — (0) (o — (2)) 
EM, 
So far this expression is still exact. The first term just has the form mentioned in the beginning, 
while the second term represents a constant expectation value which no longer depends on 
a special orientation of the spins. Finally, the last term contains the spin fluctuations, i.e., 
the deviations of a certain spin from its mean orientation. The mean-field approximation 
corresponds to neglecting this term. Thus we have the effective interaction 


N 
fis [eet en 
Hy (o;,...,0n) = —T¢ (6 2 a ee (a)? (18.19) 


If one takes the expectation value 


U = (HP) =-1qN (oc)? +1 Z Wine = =i > N (a)? (18.20) 
one finds for complete alignment, (o) = 1, the value U = — 1 iqN I, as it should be, since 


each of the gN/2 different pairs contributes the amount —/. Sines the Hamiltonian (18.19) 
contains the statistical average (a), which in principle has to be calculated first, we obtain a 
self-consistency problem for determining (c). 

The average of the magnetic dipole moment is 


N 
De (s “| = Nu (oc) (18.21) 


if each spin has the magnetic moment yz. This is equivalent to determining the magnetic 
moment from the general formula 


(18.22) 


N.T (a) 


where the free energy itself depends on the average (oc). The identity of Equa- 
tions (18.21) and (18.22) is most easily anticipated if one inserts the definition Z = 
Dooati *** Dvoy=a1 €XP{—BH} with the energy H"-* = H”S — pB we (7, from 
Equation (18.19) into F = —kT In Z(N, B, T, (o)) and performs the differentiation (18.22). 

If one combines Equations (18.21) and (18.22), one obtains an implicit equation for (c). 
By the way, in Equation (18.22) one differentiates at constant (c), although this mean value 
depends on the thermodynamic variables N, B, and T. The only reason for this is to set 
the general prescription (18.22) in accordance with the physically sensible “definition” of the 
magnetic dipole moment (18.21). 

The complete Hamiltonian with an external magnetic field in mean-field approximation 
is, as mentioned above, 


N 
TET Ge cy e==ed . N (a)? — (B'S + B) Ya; (18.23) 


pl 
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0 O55 Sia i5 .. 2.0 


Figure 18.3. Concerning the solution of 
Equation (18.26), B = 0. 


with the additional mean magnetic field caused by the spins 
Br. = g ! (0) 


Formally, H”-/ is identical up to the constant term with the corresponding paramagnetic 
expression (8.41). In particular, Equation (18.23) is a sum of one-particle Hamiltonians, 
wherefore the evaluation is considerably simplified. The partition function is 


oD exp | 5 Ba io} 


oy=+1 on=tl 


N 
x exp {anon + B) ya 


fil 


Z(N, T, B, (o)) 


N 
1 
exp {- 5 BaNI io? } [= exp {Bu(B"! + ne} 


o=t1 
= exp {~ ; BqNI (o? | [2 cosh {Bu(B"* + B)}]” 
with the corresponding free energy 
EN abc) — 54aNl (0)? — NkT In{2cosh {Bu(B"* + B)}] 


From this we have according to Equation (18.22) the following equation for (o): 


it 
(o) = tanh {x (f (o) + B)} (18.24) 
Lb 
To put this equation into a convenient form we substitute the new variable 
x = Bq! (o) + BuB (18.25) 
and obtain 
] 1 
—~— (x — BuB) = tanhx, or —- x = tanhx for B=0 
Bal Bql 
(18.26) 


The determination of (o) from Equation (18.24) is of course identical with the determination 
of x from Equation (18.26). The solutions x of Equation (18.26) are the intersections of a 
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Figure 18.4. Order parameter (a) of the 


Ising model. 
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straight line ax + b with the function tanh x. We first investigate the particularly interesting 
case of a vanishing magnetic field (B = 0). The straight line crosses the origin x = O and 
has the slope 1/(8q/) (Figure 18.3). 


If we set 
= en iL = ale (18.27) 
kT Bal 
one realizes that for T > T.. only the trivial solution x = 0 and thus (0) = O exists. The 


spins are completely statistically oriented for T > T, without an external magnetic field. 

For T = T,, the slope of the straight line is just 1, as that of tanh x atx = 0. 

For T < T,, there is also a nontrivial solution xo besides x = 0. This corresponds 
to a nonvanishing orientation (a) # 0, and thus to a spontaneous magnetization of the lat- 
tice. Hence, there really occurs a phase transition to ferromagnetic behavior at the critical 
temperature T.. However, this is also the case for g = 2, although we know from the exact 
solution (preceding example) that there is no phase transition in this case. Thus, the mean-field 
approximation can only be good for larger q values (e.g., g = 12 for a cubic face-centered 
lattice). Near T = T, one can find an approximate solution of Equation (18.26) by expanding 
tanh x with respect to small x (B = 0): 


1 son 
—x=x- -x see 
ik 3 


or 


Tr \ "2 
xo = 3 (: a =) for if sb. (18.28) 


Since x9 = (a) T./T the critical index of the phase transition for the order parameter (a) is 
exactly B = 5 , which is at least in the vicinity of the experimental value B © 0.33. 

If one plots the values for xo or (a) versus the reduced tem- 
perature T/T., one obtains the typical ferromagnetic behavior of 
spontaneous magnetization (cf. Figure 17.12). For comparison, 
experimental data is also shown in Figure 18.4. For low temper- 
atures (TJ ~> Q), the slope of the straight line is very small, and 
the intersection is at large x values. Then one can expand tanh x 
for large x, and Equation (18.26) becomes 


ie 
noe ] ~ 2exp{—2x} +... 


This equation can be iteratively solved. The zeroth approximation 
is X») = T./T. If one inserts this on the right-hand side, one 
obtains the first approximation 


5) ilgis) be 


ie Te le 
=—xX~1-—2 —2— = 
(a) Tr. Xo exp | = for Tr. << 


For low temperatures, this model predicts an exponentially small deviation from the saturation 
magnetization (7) = 1. However, experimental precision measurements yield 


io) = 1 — consi 


This is a first hint of the insufficiency of the mean-field approximation or of the Ising model. 
Obviously, in reality the system can be far more easily excited at low temperatures than is 
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FPR 
‘CAG OES ier 


Figure 18.5. Collective precession of the spins (spin-wave). 


predicted by our model, because the deviations of the saturation magnetization grow like 
T?/?. The reason is that the Ising model takes only the z-components of the spin vectors into 
account. However, at low temperatures a complete spin flip rapidly becomes very improb- 
able (x exp{—Ae/kT}). In the classical interpretation the spin vectors can also perform a 
precession around the z-axis. Thus, collective excitations of the precession can occur (see 
Figure 18.5), the quanta of which are called magnons (in analogy to the phonons of the lattice 
oscillations). If the phase shift of the precession is constant between single spins, spin waves 
are formed. Since magnons have an energy-momentum relation € « p, like phonons, their 
excitation leads to a T3/? behavior, as in the Debye model of the lattice oscillations. 

The internal energy of the Ising lattice can be calculated from Equations (18.20) or (18.23). 


For B = Oitis 
1 
Uy = —- 5 gNI (a)? (18.29) 
Thus, for B = 0 the specific heat of the system is given by 
d(a) d (a) 
=-—gNI = —NKT, — 
Co qNI (o) 7 () aT 


where Equation (18.27) was used. The derivative of (a) can be calculated from Equation 
(18.26). It is 


= tan | = ()} 


and therefore 


d (oa) wn eli ie _ T. (a) T, d (a) 
aT (1 tan? { 7 coy} ( eG +) 


= (1 - (c)’) (- oe ) (18.30) 


—— = (18.34) 
dT (1 - (o)?) & -1 
Especially interesting, of course, is the behavior near T = T.. The internal energy increases 


with decreasing order parameter (a), until it vanishes at the critical temperature T = T,, 
where (c) = 0. For T > T,, (c) = O and as well Up = 0. Since (a) shows a kink at 
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T = T., the specific heat has to be discontinuous. Above T, it has to be Cp = 0, since also 
Up = 0. For T < T, itis 


ane 


(Sey = se 


Co(T) = -Ne (a)? (18.32) 


Near the critical temperature we may use 


Re i ee 
wP=(z) 20-z) 


as an approximation (cf. Equation (18.28)). Hence 


or em ~me(Z)a(1- 2) aver 


T, 


In the limit T — 7, we thus have 
3 
CoAT.) = p Nk 


The specific heat jumps by 3 Nk at T = T, (Figure 18.6). 

Let us briefly examine the case B # 0. Since the straight lines ax + b 
are now shifted to the right, there always exist nontrivial solutions (a) 4 0 
of Equation (18.26) (cf. Figure 18.7). 

If we restrict ourselves to high temperatures T >> T., BuB < 1 and 
the slopes of the straight lines become very large. The intersections x are 
then very near to x = 0, and we may again expand tanh x in Equation 
Figure 18.6. Specific heat in the (18.26) in terms of small x values 


Ising model. T 
press = Byes 
Tr. (x — BRE) = x 
1.0 / or, with Equation (18.25), 
UB 
io) =e [0G eer 
The total magnetic moment thus has the form 
Nw?B 
0 = Ni) = — fie? 9 So 7G, 
0 0.58uB 1.0 x, 1.5 s, 2.0 kK(T — T.) 
Figure 18.7. Concerning the solution of and the susceptibility obeys the Curie-Weiss law, 
Equation (18.26), B 4 0. D Np2/k 
C= = = liele 9 Sp IG. 
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It is very useful to study the mean-field approximation again from a different point of view. To 
this end, we use the notations of Example 18.1. In particular, let N,;, and N_ be the numbers 
of up and down spins, and N44, N__, and N,_ the numbers of pairs with parallel up and down 
spins, and with antiparallel spins, respectively. 

With 


Nx 


ee 
ae 


D=Nupur (18.33) 


it follows that r = (0). Now we can readily calculate (microcanonically) the number of states 
for a given number of up and down spins, 

N! 
There are just N! ways to permutate the spins; however, Ns! permutations of the spins with 
equal orientation do not yield a new situation. Therefore, the entropy is, with Stirling’s formula 
InN! +=¥NinN—-N: 


Na N_ 
S=kinQ=—k(N, In — 4+ N_ In —_ 
n (wn 5 + n=) 


or with Equation (18.33): 


S= -uv (5 +oin{sa+n}+ ,a—nin{Fa-}) (18.35) 


The total energy (18.29) can be expressed in terms of the numbers N,,, N__, and N,_, where 
parallel pairs contribute the energy —/ and antiparallel pairs the energy +/, 


OF ce ION ee SO (18.36) 


We now try torelate the numbers N,,, N-_, and N,_ to N, and N_ with the help of a plausible 
approximation. Of course, this cannot be exact, since we already know regarding Equation 
(18.12) of the last example that with the help of VN and N_ only two of these numbers can be 
eliminated. 

We take p, = N./N as the probability of finding an up spin at an arbitrary lattice 
site, and p. = N_/N as the probability of finding a down spin. In total, there are 3qN 
different pairs. If we now assume the probability of finding two neighboring up spins to be 


proportional to p?, the mean number of parallel up pairs should be Nj4 = 5qNp;, and 
analogously, the mean number of parallel down pairs N__ = 3 qNp~. Itnecessarily follows 
that Ny_ = i qN(l = jee — p*), since always N44 + N__+N4- = iqN. 


Thus, the following scheme is obtained: 


Nag = i Np? = tna +r)? 
2 8 
== q 2 q 2 
N_. = +{Np? = =NO- 
las Ui) 
— 8 4) Dy, ah mae 
Nae = (l-p2-pi)= re ro) (18.37) 


Also the total energy (18.36) can now be expressed in terms of the order parameter r, if 
we substitute the numbers N,,, N__, and N4_ by their averages (18.37): 


jo - re (18.38) 
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which agrees with Equation (18.20). From Equations (18.38) and (18.35) the free energy 
follows as a function of r, 


fo {Ul ES 


1 1 l 
— pani? + wer] oc +nin{ 50 +n] 


+50 -ryin{ 50 -»}| 


In thermodynamic equilibrium F assumes a minimum. The most probable value of r is 
thus determined by 


OF | 
ar 


This condition, 


l-+r 
l-r 


1 
qNIr= an 


is just equivalent to Equation (18.25), if we use [In aa ie = arctanh x, 


I 
tan (27+) = ir 


The mean-field approximation can therefore be interpreted in a very illustrative way by the 
approximation scheme (18.37). This scheme just corresponds to averaging over all confi gu- 
rations the lattice can assume, where each configuration has the same probability. This is, of 
course, not correct in a strict sense, since in the vicinity of up spins, more up spins gather. 
These correlations are neglected in Equation (18.37). 


Exercise 18.3: 


Heisenberg model in the mean-field approximation 


Investigate the following generalized Hamiltonian: 


N 
H=— SS Lin 8 < Se = 8iupH i ys (18.39) 
fm=1 i 


in the mean-field approximation. Here the /;, are the exchange integrals, 5) the spin opera- 
tors (spin quantum number s), and H is the external magnetic field strength. Show that the 
mean-field approximation yields the same results for the Heisenberg model as for the cor- 
responding Ising model. Derive an equation to calculate the mean field, and determine the 
critical temperature of the phase transition in the field-free case. Calculate the paramagnetic 
susceptibility in the limit T >> T.. What changes, if the exchange integrals become negative 
(antiferromagnetism)? 

Solution: 

To get HT in the mean-field approximation, one uses an identity which is analogous to 
Equation (18.17): 


=> > 


Sime ce = S; (Sin) als (5)) 5 A oe (5) : &) ar (Ss; = (s:)) i (S,, oa (Sin)) 
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Neglecting the fluctuations (the last term), one obtains 


N N N 
BS = — S32 Ian Gn) + eH} 3+ D> dm Gi) + Gn) (18.40) 


i=] mal erty 


Since the expectation values of the x- and y-components of the spin vectors vanish 
(magnetic field in z-direction), Equation (18.40) is completely equivalent to the mean-field 
approximation of the Ising model, where a priori only the z-components of the spins are 
considered. However, when we compare both models we have to consider that the 1), are 
larger by a factor of 2 than the value / of the preceding example. One immediately anticipates 
this, if one takes into account the expectation value of the energy in the field-free case and 
assumes that the /),, are zero except for nearest neighbors, and that for these they all have the 
same value 1’, 


Uo(H = 0) 


II 


N 
(A""(H = 0)) == SD Lim (s)) Z (S1) 


iym=1 


N 
—— oy ye » Lim = =Neul (s.)? 
i=] m=n.n. 


where only the z-components (s),) of the spin operators have nonvanishing averages, which 
furthermore do not depend on the indices / orm, respectively. Especially fors = 5,5, = +}, 
or (s;) = 5 (o), one realizes by comparison with Equation (18.20) that here /’/2 has to be 


identified with /. 
The mean magnetic field which acts on the spin / is given by 


eu = ae Lin oe ar ginH 


m 


Then the Hamiltonian simply reads 


N N 
A"! = —gyp SS Hy" - 3) + Ep with Eg = ye ie (Gp Ge) 
il el 


From the considerations in Chapter 8, we know how the spin / behaves in the mean field 
H,”"'. For instance, its mean magnetic moment is given by (we only consider the particular 
spin no. /): 


(Dj.) = gues B,(Bgus hs) 


where B,(x) is the Brillouin function for index s. On the other hand, it holds that D,, = 
gite (s)-), and we obtain the self-consistency equations 


(siz) sB,(BgusHy""'s) L= ils bab 6 N 


s B, {» (2 I, Lin ee) a out) (18.41) 


m 


for the determination of the expectation values (s;,). Equation (18.41) is now in general 
a system of N equations for determining the NV expectation values. The advantage of this 
general formulation is that the antiferromagnetic behavior also can be investigated. In this 
case, the spins tend to orientate themselves antiparallel, due to /,, < 0. The mean orientation 
(s).) of the spins will therefore change sign from lattice site to lattice site. On the other hand, 
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the contributions | (s;:) | should no longer depend on the lattice position /, since the lattice is 
translationally invariant and looks the same when viewed from any position /. Thus we can 


set 
(eG; = II Ferromagnets 
(siz) = Cif (s:)| : 
(Cy = sel Antiferromagnets 


Now only one equation remains which determines the absolute value of the mean 
orientation, 


| (S:) | = SB, | (2 ss (Gralhpall OH) | ale wwit)| (18.42) 


The expression }°,, Cin Zim also can no longer depend on the index /. This equation for 
[ese lastfors i , completely equivalent to Equation (18.24), since in this case it holds that 
By ;2 = tanh x. If we substitute 


x = 258 D> Clim| (sz) | + Bane! 


nt 


Equation (18.42) becomes 


=) 
a ee In (x ~ BguaHs) = sB,(x) (18.43) 


m 


The critical temperature for H = 0 is determined analogously 
to the preceding example. The slope of the Brillouin function at 
x = 0 is given by Equation (8.51). The critical temperature thus 
follows from 


mE 


-1 
] 
2 x 3 [as Tul xx AG le 1)x ar eRe 


Figure 18.8. Concerning the solution of 


Equation (18.43). 


2 
kT, = 3 s(s +1) Y) Calin (18.44) 


nm 


In the case of a ferromagnetic nearest neighbor interaction, we have to set Doe lay ae 
and for s = 4 it follows that kT.(s = 5) = 441", which agrees with Equation (18.27), 
because $1’ = I, 

If one plots the spontaneous magnetization determined from Equation (18.43) for different 
values of s, analogously to Figure 18.4, comparison with experiment yields the conclusion 
that the ferromagnetic behavior is indeed due to spins 5 = ; (Figure 18.9). However, this 
does not hold for some ferromagnetics of the 4 f electron series, e.g., gadolinium. In these 
elements the orbit angular momenta may also contribute to the magnetic moment. 

Finally we have to determine the susceptibility in the paramagnetic phase. For T >> Ure 
the mean orientation (s)-) also points in field direction in the antiferromagnetic case J, < 0, 
and the coefficients C,,, can be generally set toC,, = 1. 
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For T — 00, the intersection x9 is again at x ~ 0 and one 
may expand the Brillouin function in (18.43) in terms of small x: 


-1 
[as y In (x — PguaHs) © aC + 1x 


m 


or, according to Equation (18.42), 


experiment 


ona t (sa) = Ets + 1) Gazz (s:) = cuit) 


mn 


x Fe 
If one solves this for (s.), one obtains 


is(s + l)gueH 2 
Gos oR UDRDELEES with kT) = <s(s+1) lim 
Figure 18.9. Spontaneous magnetization. KT — 7) 3 m 


Therefore, the susceptibility is 


H H _ T-T 
with 
Bae g7uRNs(s + 1) 
= 3k 
In the ferromagnetic case T/ agrees with the temperature of the phase transition (18.44), 
i 


In the antiferromagnetic case, however, T/ < 0 because Jj, < 0 and T/ # T-, as the 
comparison with (18.44) shows. We now realize that in Equation (17.30) the parameter © is 
-T,. 


i 


Example 18.4: Order—disorder phase transitions in the Ising model 


Inthis Example we want to show that the consequences of the Ising model can be readily applied 
to other phase transitions. We will use the mean-field approximation as it was presented in 
the last Examples, in the formulation of Bragg and Williams. As a model system we will 
consider an alloy of type AB with N, A-atoms and Ng B-atoms, i.e., with the concentrations 
x4 = N,/N andxg = Nz/N. Below the critical temperature, the atoms are ordered in two 
separate sublattices, which we call lattice a and lattice b. Above 7., the atoms are statistically 
distributed over both sublattices (cf. Chapter 17). If we denote the number of A-atoms on 


A A 
lattice a by | that of A-atoms on lattice b by b | and analogously for the B-atoms, 
a 


we can write 


= —x,(l +r) 
a z a 
A _ N 1 
ralpe 5 al =a) 


N 
> Ga tar) 


N 
aA) (18.45) 
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The order parameter r has an analogous meaning to the case of the spin lattice. If r = 1, 
al] A-atoms are located in lattice a and none are in lattice b; all further free positions have to 
occupied with B-atoms. The second line in Equation (18.45) follows from the fact that lattices 


a a A B i A B j 
a and beachcontain 5 N positions, so that , oP ‘ = 5 Nand b + b = 5N. 


The atoms of both lattices will now interact. The nearest neighbor of an atom on lattice a is 
always an atom on lattice b, and vice versa. There are essentially four different interaction 
energies, namely €,4,4 for the interaction of an A-atom on lattice a with a neighboring A-atom 
on lattice b, as well as €42, €g4, and €gg. Here we may assume that the energy €,, for the 
interaction energy of an A-atom on lattice a with a B-atom on lattice b is identical with the 
energy €p,4. We now introduce the notations 


ee) ee) Ee) Ea] wy 


for the numbers of the respective pairs of nearest neighbors. 
Here 


A A 
a b 
is the number of nearest neighbor pairs with an A-atom on lattice a and an A-atom on lattice 


b, etc. If the lattice has the coordination number q, there are, of course, in total again i qN 
pairs. The total energy thus reads as follows: 


ee A A A B BOA BB 
= €4a aye +€ap Pa St ae + €pp a (18.47) 


We now approximate the numbers in Equation (18.46) quite analogously to Equation (18.35). 
The probability p,q of finding an A-atom at a certain position on the lattice a, is 


DB || ZA 
Paa = WN - = x,(1 4+7r) 


since there are exactly 3N lattice sites available for the ee A-atoms on lattice a. 
Analogously, we have for the other probabilities 


ay, i = x,4(1 —1r) 


B 
= (Xp — X4r) 
a 


2 B 
Fa b = (Xp + Xar) 


Since there are i qN pairs of nearest neighbors, we can make the following approximation 
for the mean numbers in Equation (18.46) (Bragg—Williams approximation): 


zl 


peer = A gNx2Q — 7? 
ae a oe ENE x4( = Py 
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A B ] ] 
= 5 IN Pac Pap = ao te C3 ar aee) 


BUA ] 1 
= >49NPBaPar = RNa = En — Ae) 


a b 2 
B B ] 1 

= >9NPpaPao = 59N (Xp — Xar)(Xe + Xar) (18.48) 
a b a 2 


One convinces oneself that the sum of the numbers in Equation (18.48) is exactly 
$9N(Paa + Ppa)(Pab + Pao) = + qN; i.e., the total number of all neighbor pairs. If 
one inserts Equation (18.48) into (18.47), it follows for the dependence of the total energy on 
the order parameter r that 


1 
E= nay {€aax4 1 2€An< Ave €naxp} = qNxger” 


where € = ; (€4a + €pp) — €ag. This expression corresponds to Equation (18.38). 
We are now also able to calculate the entropy of the system, or the number of states for 
given r: 


aan SO es 


This expression corresponds also to Equation (18.34) but now the two sublattices must 
be treated separately. If one inserts here the expressions (18.45) and exploits Stirling’s 
approximation, one obtains 


— ; Nk [xa +r) In{x,(1 +7)} + (pg — xar) In{xg — xar} 


+xa4(1 — r) Infxa(1 — r)} + eg + xar) Inf{xg + xar}) 


We are now looking for the minimum of the free energy with respect to the order parameter 
r, since this is the most probable state of the system (equilibrium state): 


OF a 
— = —(E-TS)=0 
or dr ( ) 
This requires that 
qxa€ 1 l+r xg 4+X,ar 
r= -In —_—_—_— 
kT 4 l—r xp —Xar 
1 1 
iy | Ta (18.49) 
4 ]— y XB + Xar2 
The last equality follows, since x4 + xg = 1. If one employs the definition of the arctanh 
function, 


1 1 
arctanh x = -— In se 
2 | = Se 
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Figure 18.10. Dependence of the critical 
temperature on the concentration of the A-atoms. 


one can write Equation (18.49) in more convenient form: 


2 
Se Ne tanh fone r 
Xp +xar? kT 


Again we get a self-consistent equation to determine the order parameter r. It has to 
vanish in the vicinity of the phase transition (r — 0), so that we may expand tanh x for 
small arguments in the well-known way, while on the left-hand side the quadratic term in the 
denominator can be neglected, 


PROG 
XB kT 


The critical temperature T, depends on the concentration of the atoms (Figure (18.10), 


KT, = 2qe€xX4Xpg = 2gex,(1 — x4) 


One obtains a parabolic dependence of the critical temperature on the concentration. The 
highest critical temperature T, is achieved for equal concentrations x, = x, = ; . It has the 
value T? = 3 qe/k. 
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CARR MCLEAN 38-297 


The series of texts, Classical Theoretical Physics, is based on the highly 
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